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Abstract
We perform an electromagnetic particle simulation of triggered emissions in a uniform magnetic field for understanding of nonlinear wave–particle interaction in the vicinity of the magnetic equator. A finite length of a whistler-mode triggering wave packet with a constant frequency is injected by oscillating an external current at the equator. We find that the first subpacket of triggered emissions is generated in the homogeneous magnetic field. By analyzing resonant currents and resonant electron dynamics in the simulation, we find that the formation of an electron hole in a velocity phase space results in resonant currents, and the currents cause wave amplification and frequency increase. We obtain the interaction time of counter-streaming resonant electrons in a triggering wave packet with a finite width. By changing the duration time of the triggering pulse, we evaluate the interaction time necessary for formation of an electron hole. We conduct 4 runs with different duration times of the triggering pulse, 980, 230, 105, 40 [image: $$\Omega _e^{-1}$$], which correspond to cases with interaction times, 370%, 86%, 39%, and 15% of the nonlinear trapping period, respectively. We find generation of triggered emissions in the three cases of 370%, 86%, and 39%, which agrees with the conventional nonlinear model that the nonlinear transition time, which is necessary for formation of resonant currents, is about a quarter of the nonlinear trapping period.
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Introduction
VLF triggered emission is a secondary emission triggered by natural whistler-mode waves or man-made signals in the magnetosphere (e.g., Helliwell 1988a). Triggered emissions are characterized by a variety of phenomena, including nonlinear wave amplification, frequency variation, and pitch angle scattering of energetic electrons. It has been pointed out that these features and the generation process of triggered emissions are the same as those of chorus emissions (Helliwell et al. 1986; Helliwell 1988b). Nonlinear wave–particle interaction via cyclotron resonance plays an important role in the generation mechanism. It is helpful to reproduce the triggered emissions for understanding of nonlinear generation process of chorus emissions, which play an important role in the formation process of radiation belt electrons by local acceleration (e.g., Baker et al. 2018).
Active experiments of triggered emissions have been conducted. The results of previous active experiments were reviewed by Gołkowski et al. (2019). Whistler-mode waves injected from VLF communication transmitters to the magnetosphere travel along the Earth’s magnetic field line, and a VLF receiver observes the injected waves and triggered waves at the magnetic conjugate point. Although ground-based observations are useful for describing wave phenomena and the macroscopic physics of the real space plasma, it is difficult to analyze microscopic physics such as gyroresonant electrons dynamics. Numerical experiments have also been performed for understanding the nonlinear and microscopic process of wave–particle interaction. Nunn et al. (1999) simulated risers, fallers, and hooks by a Vlasov hybrid simulation code. Katoh and Omura (2006) have developed an electromagnetic electron hybrid code and reproduced rising-tone triggered emissions successfully, showing the effect of resonant currents on the generation of triggered emissions. Hikishima et al. (2010) reproduced rising-tone triggered emissions by using a full particle simulation code, and a clear structure of an electron hole was observed in the simulation (Hikishima and Omura 2012). In a recent study, falling-tone triggered emissions were reproduced by the full particle simulation code (Nogi et al. 2020). Rising-tone magnetosonic waves by ring distribution protons in a uniform magnetic field were simulated using PIC simulations (Sun et al. 2020). A numerical simulation based on the nonlinear equations describing the magnetospheric backward wave oscillator regime (Trakhtengerts et al. 2003) was conducted by Demekhov (2011), who found generation of rising tones and falling tones due to bounce oscillations of phase-bunched energetic electrons. A computational and theoretical analysis of falling-tone emissions was also conducted by Nunn and Omura (2012) based on the Vlasov hybrid simulation.
The nonlinear wave growth theory has been developed in parallel with the active and numerical experiments. The summary paper of the theoretical developments has been published recently (Omura 2021). The presence of an electron hole or hill in the velocity phase space forms the resonant currents, and resonant currents amplify the magnitude of triggered emissions and change their frequencies. Nonlinear wave growth by resonant currents takes place near the magnetic equator as an absolute instability and generate a new wave packet. The wave packet triggered near the equator grows through propagation in the downstream region because of the increasing gradient of the magnetic field and the growing wave amplitude, both of which can keep the asymmetric electron hole forming nonlinear resonant currents for wave growth. This nonlinear wave growth process through propagation away from the equator was confirmed in a recent simulation study with an inhomogeneous magnetic field (Nogi and Omura 2022).
In this paper, we reproduce the triggered emission by using a self-consistent electromagnetic particle simulation to confirm whether it is possible to generate the first subpacket of the triggered emission without the magnetic field gradient . By comparing results with different lengths of the triggering wave packet, we confirm the minimum length and the interaction time for generation of the triggered emissions. We also reveal the formation process of the electron hole by following the resonant electrons dynamics. This paper is organized as follows. We describe the simulation model and the initial condition for the plasma environment in “Simulation model” section. Characteristics of reproduced triggered emissions is shown in “Triggered emissions in a uniform magnetic field” section. We demonstrate the generation process of the triggered emissions in “Electrons dynamics with the triggering wave and the triggered emission” section and the duration time of the triggering wave for formation of the triggered emissions in “Interaction time for the generation of triggered emissions” section. Finally, we summarize and discuss our simulation results in “Summary and discussion” section.
Simulation model
A one-dimensional particle-in-cell simulation in a uniform magnetic field is performed to reproduce whistler-mode triggered emissions. We use the 1-D version of Kyoto university ElectroMagnetic Particle cOde (KEMPO) developed by Omura and Matsumoto (1993), Omura (2007), and Nogi et al. (2020). In the code, Maxwell’s equations, including both electromagnetic and electrostatic components, and relativistic equations of motion are solved self-consistently. Figure 1 shows a schematic illustration of the simulation model and the coordinate axes in the simulation system. We set a uniform background magnetic field along the x-direction, and a triggering wave is excited from the center of the simulation system. The amplitude of the triggering wave is set as [image: $$B_{wi} = 5.0\times 10^{-3}\ B_0$$], where [image: $$B_0$$] is the background magnetic field, and the frequency of the triggering wave is [image: $$\omega = 0.3\ \Omega _e$$], where [image: $$\Omega _e$$] is the electron cyclotron frequency.[image: ]
Fig. 1Schematic illustration of the simulation model and the coordinates of the simulation system


For a plasma environment, we assume two species of particles, cold electrons and energetic electrons. As the initial condition, cold electrons have a bi-Maxwellian distribution and energetic electrons have a subtracted-Maxwellian distribution in the momentum space ([image: $$u_\parallel ,u_\perp$$]) which is defined as [image: $$u_\parallel = \gamma v_\parallel$$] and [image: $$u_\perp = \gamma v_\perp$$], where [image: $$\gamma = [1-(v_\parallel ^2+v_\perp ^2)/c^2]^{-1/2}$$]. The subtracted-Maxwellian distribution in the simulation is given by the following equation:[image: $$\begin{aligned} F(u_\parallel ,u_\perp ) =\, C_N\exp \left( -\frac{u_\parallel ^2}{2U_{t\parallel }^2}\right) \frac{1}{1-\beta }\left\{ \exp \left( -\frac{u_\perp ^2}{2U_{t\perp }^2}\right) - \exp \left( -\frac{u_\perp ^2}{2\beta U_{t\perp }^2} \right) \right\} , \end{aligned}$$]

 (1)


where [image: $$C_N$$] is a normalization coefficient, and [image: $$\beta$$] is a subtraction ratio. All particles are randomly distributed in position as an initial state. The plasma frequency of cold electrons [image: $$\omega _{pe}$$] is set as [image: $$2.0\ \Omega _e$$] which is the typical value outside the plasmapause, and the density ratio [image: $$N_h/N_c$$] of energetic electrons to cold electrons is 0.01. The parallel and perpendicular thermal momenta of energetic electrons are [image: $$U_{t\parallel } = 0.30\ c$$] and [image: $$U_{t\perp } = 0.35\ c$$], where c is the speed of light, and the energy range of the energetic electrons is 1–200 keV. The resonance energy estimated from the average perpendicular momentum for the subtracted-Maxwellian distribution is 114 keV. The linear growth rate is maximized at [image: $$\omega = 0.292\ \Omega _e$$], and the value is 7.45[image: $$\times 10^{-4}$$] calculated by the plasma linear dispersion solver KUPDAP (Sugiyama et al. 2015).
To inject whistler-mode waves into the simulation system, we use right-handed polarized external currents. Yagitani et al. (1992) have derived the relation between the external current and the magnitude of the radiated electromagnetic field. Assuming right-handed polarized external currents, we obtain the amplitude of the magnetic field [image: $$B_{wi}$$] for the triggering wave as:[image: $$\begin{aligned} B_{wi} = \frac{\mu _0J_0}{2}, \end{aligned}$$]

 (2)


where [image: $$\mu _0$$] is the vacuum permeability, and the [image: $$J_0$$] is the amplitude of the external current. To avoid excitation of unintended wave modes, the amplitude of the external current varied smoothly at the beginning and end of the injection time by using the sigmoid function. The amplitude of the external currents is written as:[image: $$\begin{aligned} J(t) = \frac{J_0}{2}\left\{ \tanh \left( \frac{t-t_b}{T_b}\right) -\tanh \left( \frac{t-t_e}{T_e}\right) \right\} , \end{aligned}$$]

 (3)


where [image: $$t_b$$] is the beginning time of oscillation, [image: $$t_e$$] is the ending time of oscillation, [image: $$T_b$$] and [image: $$T_e$$] are time scales of the amplitude variation. In this paper, we set [image: $$T_b=4\ \Omega _e^{-1}$$] and [image: $$T_e=8\ \Omega _e^{-1}$$]. The duration time of the triggering wave in the simulation is defined as [image: $$\Delta t = t_e-t_b$$], and we set [image: $$t_b = 20\ \Omega _e^{-1}$$] as a constant value.
The periodic boundary conditions for the field and particles are applied in the simulation. We ensure that our simulations terminate before the triggering wave reaches the boundary. When an electron passes through the boundary, its gyro-phase is randomized so that generation of new emissions from the phase-organized electrons is prevented beyond the boundary.
Detailed parameter settings are shown in Table 1. We conduct four cases of simulations with different duration times of the triggering wave injection. The duration times [image: $$\Delta t = 980,\ 230,\ 105,\ 40\ \Omega _e^{-1}$$] correspond to Cases 1, 2, 3, and 4, respectively. Comparing these cases, we discuss the characteristics of triggered emissions and the duration time necessary for the generation of triggered emissions. Using Cases 1 and 2, we describe the generation mechanism of the triggered emission in the homogeneous magnetic field by analyzing resonant currents and electron dynamics.Table 1Simulation parameters


	Parameter
	Value

	Grid size
	0.05 [image: $$c\Omega _e^{-1}$$]

	Length of the simulation region
	1638.4 [image: $$c\Omega _e^{-1}$$]

	Time step
	0.04 [image: $$\Omega _e^{-1}$$]

	Simulation time
	2621.44 [image: $$\Omega _e^{-1}$$]

	Electron charge-to-mass ratio [image: $$-e/m_0$$]
	− 1

	Number of cold electrons
	1,073,741,824

	Number of energetic electrons
	2,147,483,648

	Density ratio of energetic electrons to cold electrons [image: $$N_h/N_c$$]
	0.01

	Thermal momenta of energetic electrons [image: $$U_{t\parallel },U_{t\perp }$$]
	0.30c, 0.35c

	Temperature anisotropy [image: $$A=T_\perp /T_\parallel -1$$]
	0.36

	Amplitude of the triggering wave [image: $$B_{wi}$$]
	[image: $$5.0\times 10^{-3}B_0$$]

	Frequency of the external current [image: $$\omega$$]
	0.3 [image: $$\Omega _e$$]

	Duration times of the triggering waves of Cases 1, 2, 3, 4 [image: $$\Delta t$$]
	980, 230, 105, 40 [image: $$\Omega _e^{-1}$$]




Triggered emissions in a uniform magnetic field
Figure 2a–d shows the temporal and spatial evolution of magnetic field amplitude [image: $$B_w$$] of forward waves with different duration times of triggering waves [image: $$\Delta t = 980,\ 230,\ 105,\ 40\ \Omega _e^{-1}$$]. The wave magnetic field amplitude is defined as [image: $$B_w = \sqrt{B_y^2+B_z^2}$$] which is the perpendicular component in the simulation system. We use the spatial helicities of the circularly polarized waves, which are decomposed in wavenumbers by the discrete Fourier transform, to separate the forward and backward waves. In all the following analyses, we only use the forward wave information because of the spatial symmetry of the simulation settings. In Fig. 2a–c, we find that clear packets of triggered emissions are generated after the termination of the triggering wave, and the triggered emission is not generated in Fig. 2d. For the wave packet sp1 in Fig. 2a, the amplitude enhancement occurs in the triggering wave and it is difficult to determine if it is a triggering or triggered wave packet. It may also be difficult to identify a triggered wave packet in Fig. 2c. However, triggered wave packets become much clearer by eliminating the triggering wave by a band-pass filter based on the frequency information as shown in Fig. 2e–h. If the amplitude value is less than [image: $$10^{-3.5}$$], it is masked as shown in white color in Fig. 2e–h. In Fig. 2e, we find that sp1 is the first subpacket of triggered emissions, and sp1 is generated in the triggering wave. The amplitude enhancement in Fig. 2a is caused by the superposition of the triggering wave and the newly triggered wave. By comparing the amplitude of the first subpacket, Case 2 takes the maximum amplitude increase for the triggered emissions in Fig. 2e–g.[image: ]
Fig. 2Temporal and spatial evolution of magnetic field amplitudes of forward waves a–d with the triggering wave and e–h without the triggering. The duration times of the triggering wave are a, e 980 [image: $$\Omega _e^{-1}$$]; b, f 230 [image: $$\Omega _e^{-1}$$]; c, g 105 [image: $$\Omega _e^{-1}$$], and d, h 40 [image: $$\Omega _e^{-1}$$]. White and black dashed lines indicate the termination time of the triggering wave


Figure 3a–d shows the temporal and spatial evolution of instantaneous frequencies of forward waves with different duration times of triggering waves corresponding to Fig. 2a–d. For the calculation of instantaneous frequencies, we take the time derivatives of circularly polarized wave phases, which are determined by magnetic field components [image: $$B_y$$] and [image: $$B_z$$] of the forward waves. Since we focus on the whistler-mode triggered emissions, we apply a band-pass filter which passes the wave modes with frequencies lower than cyclotron frequency [image: $$\Omega _e$$] as shown in Fig. 3a–d. In Fig. 3a–c, we find that triggered emissions are generated with frequencies higher than the triggering wave frequency [image: $$\omega = 0.3\ \Omega _e$$], and Case 2 takes the maximum frequency increase.[image: ]
Fig. 3Temporal and spatial evolution of instantaneous frequencies of forward waves a–d with the triggering wave and e–h without the triggering wave. The same runs are shown in Fig. 2. Black dashed lines indicate the termination time of the triggering wave


Figure 3e–h shows the temporal and spatial evolution of instantaneous frequencies after removing triggering waves by the band-pass filter. In Fig. 3e, we find that the first subpacket sp1 has higher frequency than the triggering wave frequency. It looks like the frequency is increasing and decreasing in sp1 in Fig. 3a, however, it is caused by the superposition of two waves with different frequencies. By comparing the subpackets sp1 and sp2 in Fig. 3e, frequency increase of the subpacket sp2 is larger than that of sp1. The second subpacket sp2 is triggered by the primary triggering wave or a new triggering wave which is originated from sp1. We are unable to determine the triggering wave exactly, because the frequency of sp1 is not much different from that of the primary triggering wave.
Figure 4a shows the time evolution of magnetic field amplitudes in both Cases 1 and 2, and Fig. 4b,c shows the time evolution of spectrums with instantaneous frequencies of Cases 1 and 2, respectively. Figure 4 shows the information of wave amplitude and frequency observed at the fixed position [image: $$x = 204.8\ c\Omega _e^{-1}$$]. Figure 4b shows that the triggering wave have a constant frequency [image: $$\omega = 0.30\ \Omega _e$$] and triggered emissions have a new frequency [image: $$\omega = 0.34\ \Omega _e$$]. In Fig. 4c, the spectrogram shows that the frequency gradually increases to [image: $$\omega = 0.36\ \Omega _e$$] after the termination of the triggering wave.[image: ]
Fig. 4Time evolution of a magnetic field amplitude, b spectrum with instantaneous frequency (Case 1) and c spectrum with instantaneous frequency (Case 2) observed at [image: $$x=204.8\ c\Omega _e^{-1}$$]. In b and c, magenta dotted lines indicate the instantaneous frequencies. Arrows t1–t4 in b correspond to [image: $$t = 760,\ 829,\ 1717,$$] and [image: $$1826\ \Omega _e^{-1}$$], respectively


In Case 2, the triggered emission consists of multiple small subpackets as shown in Fig. 4c, and the frequency of each subpacket is almost constant in a frame of reference moving with its group velocity as shown in Fig. 3b. We find the dispersion effect at the wavefront of the triggering wave due to the variation of the group velocities for different frequencies in Cases 1 and 2. The frequency increase is observed at the wavefront of the triggering wave in Fig. 4b , c. In Case 4, the triggering wave expands slightly in space and time because of the dispersion of the short triggering wave containing different frequencies as shown in Fig. 3d.
Electrons dynamics with the triggering wave and the triggered emission
To understand the generation mechanism of triggered emissions in a uniform magnetic field, we analyze the dynamics of resonant electrons with the triggering wave and the triggered emission in terms of resonant currents. Resonant currents [image: $$J_E$$] and [image: $$J_B$$] are defined as currents parallel to the wave electric field and the wave magnetic field formed by resonant electrons, respectively. The wave equation and the dispersion relation with the resonant currents are written as:[image: $$\begin{aligned} \frac{\partial B_w}{\partial t} + V_g\frac{\partial B_w}{\partial x}= &amp; {} -\frac{\mu _0V_g}{2}J_E, \end{aligned}$$]

 (4)


[image: $$\begin{aligned} c^2k^2-\omega ^2-\frac{\omega \omega _{pe}^2}{\Omega _e-\omega }= &amp; {} \mu _0c^2k\frac{J_B}{B_w}, \end{aligned}$$]

 (5)


where [image: $$V_g$$] is the group velocity and k is the wavenumber (Omura et al. 2008). The amplitude of the wave magnetic field and the dispersion relation for the whistler-mode wave are modified by terms [image: $$J_E$$] and [image: $$J_B/B_w$$]. In Fig. 4c, the instantaneous frequency plotted by the dotted line in magenta shows the gradual increase with oscillations in the bandwidth of the wave packet. We find that the oscillation occurs in antiphase with the amplitude because of larger magnitudes of [image: $$J_B/B_w$$] in Eq. (5) with smaller [image: $$B_w$$].
Figure 5a, b shows the temporal and spatial evolution of resonant currents [image: $$-J_E$$] and [image: $$J_B/B_w$$] of the forward waves, which are calculated with reference to the total electromagnetic fields for Case 1. For the calculation of resonant currents in the simulation, we take inner products between the perpendicular velocities of electrons and the electromagnetic waves, and we integrate the inner products for the resonant electrons at different positions. In the triggering wave in Case 1, there exist the triggering wave and the triggered wave simultaneously, and we cannot properly explain the wave generation only by Fig. 5a, b, because Eqs. (4, 5) are derived under an assumption of a single wave packet. Therefore, we conducted another run with the same initial setting of Case 1 removing the wave number of the triggering wave by applying discrete Fourier transforms in space in the calculation of the resonant currents. Figure 5c, d shows the temporal and spatial evolution of resonant currents [image: $$-J_E$$] and [image: $$J_B/B_w$$] of the forward waves, which are calculated with reference to the triggered waves in Case 1. From Eqs. (4, 5), we find that [image: $$-J_E&gt;0$$] causes wave growth and [image: $$J_B/B_w&lt;0$$] causes frequency increase. By comparing the position of sp1 and sp2 in Figs. 2e, 5c, d, we find that the triggered emissions with frequency increase are generated by the resonant currents which satisfy [image: $$-J_E&gt;0$$] and [image: $$J_B/B_w&lt;0$$].[image: ]
Fig. 5Temporal and spatial evolution of resonant currents of forward waves for Case 1. a [image: $$-J_E$$] and b [image: $$J_B/B_w$$] are calculated with reference to the total electromagnetic fields. c [image: $$-J_E$$] and d[image: $$J_E/B_w$$] are calculated with reference to the triggered waves


We analyze the dynamics of the resonant electrons using Case 1. Figure 6a–e shows the phase space density (PSD) of the energetic electrons [image: $$g(\Delta v_\parallel ,\zeta )$$] observed at [image: $$x = 204.8\ c\Omega _e^{-1}$$] (at the same position as shown in Fig. 4). Figure 6f–j shows the differences of the PSD of energetic electrons from the initial values of the PSD, where the differences are normalized by the initial values. The times [image: $$t = 12,\ 760,\ 829,\ 1717,$$] and [image: $$1826\ \Omega _e^{-1}$$] correspond to Initial state (t0), Wavefront (t1), Triggering wave (t2), Wave end (t3), and Triggered emission (t4), respectively. Arrows on the horizontal axis in Fig. 4b indicate the times [image: $$t=$$] t1–t4. The vertical axis [image: $$\Delta v_\parallel$$] in Fig. 6 represents the difference between the parallel velocity of electrons [image: $$v_\parallel$$] and the resonance velocity [image: $$V_R$$] calculated with the triggering wave frequency.[image: ]
Fig. 6PSD of the energetic electrons [image: $$g(\Delta v_\parallel ,\zeta )$$] observed at [image: $$x=204.8\ c\Omega _e^{-1}$$] (after integration over [image: $$x=203.2$$]–[image: $$206.4\ c\Omega _e^{-1}$$]) and [image: $$t=$$] t0–t4. a–e [image: $$g(\Delta v_\parallel ,\zeta )$$]. f–j [image: $$\Delta g/g_0 = (g-g_0)/g_0$$], where [image: $$g_0$$] is initial values of PSD. Black dash-dotted lines indicate the separatrices of the trapped electrons and untrapped electrons with assumptions of [image: $$S=0$$] and [image: $$\Delta v_\parallel =0\ c$$] in b, c, g, h, and [image: $$S=-0.4$$] and [image: $$\Delta v_\parallel =0.07\ c$$] in e, j


Figure 6a shows the initial state of the PSD. Electrons with larger negative parallel velocities have smaller PSD because electrons are initialized by Maxwellian in the parallel direction. When the wave arrives at the observation point, the PSD modulation appears in Fig. 6b. Dynamics of resonant electrons in the velocity phase space are described by the following equations:[image: $$\begin{aligned} \frac{d\zeta }{dt}= &amp; {} \theta , \end{aligned}$$]

 (6)


[image: $$\begin{aligned} \frac{d^2\zeta }{dt^2}= &amp; {} \omega _{tr}^2(\sin \zeta +S), \end{aligned}$$]

 (7)


where [image: $$\theta = k(v_\parallel -V_R)$$], [image: $$\zeta$$] is a relative phase angle between the wave magnetic field [image: $$B_w$$] and the perpendicular velocity of an electron [image: $$v_\perp$$]. The constant [image: $$\omega _{tr}$$] is a trapping frequency which means the frequency of the oscillation of resonant electrons in the velocity phase space, and [image: $$\omega _{tr}$$] is written as:[image: $$\begin{aligned} \omega _{tr} = \chi \left( \frac{kV_{\perp 0}eB_w}{m_0\gamma }\right) ^\frac{1}{2}, \end{aligned}$$]

 (8)


where [image: $$e$$] is an elementary charge, [image: $$m_0$$] is a mass of an electron, and [image: $$V_{\perp 0}$$] is an average perpendicular velocity. [image: $$\chi$$] is a dimensionless parameter given by [image: $$\chi ^2 = 1/(1+\xi ^2)$$], where [image: $$\xi ^2 = \omega (\Omega _e-\omega )/\omega _{pe}^2$$], and these equations are obtained from the cold plasma dispersion relation. The parameter S is the inhomogeneity factor and determined by the frequency sweep rate [image: $$\partial \omega /\partial t$$] in a uniform magnetic field. The electrons motion in the velocity phase space varies depending on whether it is inside or outside of the separatrix, which is a boundary of trapped electrons trajectories. Black dash-dotted lines in Fig. 6 indicate the separatrices calculated from simulation parameters in Table 1 and wave amplitudes and frequencies with [image: $$S = 0$$] and [image: $$\Delta v_\parallel = 0\ c$$] for Fig. 6b, c, g, and h and [image: $$S = -0.4$$] and [image: $$\Delta v_\parallel =0.07\ c$$] for Fig. 6e, j, respectively, obtained by visual inspection for reference.
By the rotation of electrons in the velocity phase space, some electrons with a large PSD around [image: $$\zeta =\pi$$] move to the area close to [image: $$\zeta = 3\pi /2$$], and some electrons with a low PSD around [image: $$\zeta =\pi$$] move to the area close to [image: $$\zeta = \pi /2$$]. After this process, we find the electron depression and enhancement in Fig. 6c, h. At the triggering wave tail, we do not find the clear wave potential in Fig. 6d, i. The electron depression is uniformly distributed at [image: $$\Delta v_\parallel = 0.07\ c$$]. We find that the depression of resonant electrons near the dashed line moves to the upper side of the dashed line and becomes the electron hole which generate resonant currents where [image: $$-J_E$$] becomes positive and [image: $$J_B/B_w$$] becomes negative in Fig. 5c, d at [image: $$t=$$] t4, resulting in wave growth and frequency increase. When we find the triggered emissions, there appear trajectories of resonant electrons described by Equation (7) with [image: $$S&lt;0$$] in Fig. 6e, j. The electron hole above the dashed line represents the generation of triggered emissions with higher frequencies than those of triggering waves.
Figure 7 shows the perpendicular velocity distribution of energetic electrons [image: $$h(v_{\perp 1},v_{\perp 2})$$] observed at [image: $$x = 204.8\ c\Omega _e^{-1}$$] at [image: $$t=$$] t0–t4. Figure 7a shows the initial distribution, and Fig. 7b–e shows the differences of the perpendicular velocity distribution of energetic electrons from the initial distribution. We decompose the perpendicular velocity [image: $$v_\perp$$] of each electron into two Cartesian components [image: $$v_{\perp 1}$$] and [image: $$v_{\perp 2}$$], which are the projections on the [image: $$B_w$$] and [image: $$E_w$$] directions, respectively. The schematic illustration is shown in Fig. 7f. To reduce the numerical noises, electrons with the parallel velocities, [image: $$V_R-0.1c&lt;v_\parallel &lt;V_R+0.1c$$] are taken into account. This range is defined so that the trapping velocity [image: $$V_{tr} = 2\omega _{tr}/k$$] is within the range.[image: ]
Fig. 7Perpendicular velocity distribution of energetic electrons [image: $$h(v_{\perp 1}$$], [image: $$v_{\perp 2})$$] observed at [image: $$x=204.8\ c\Omega _e^{-1}$$] (after integration over [image: $$x=203.2$$]–[image: $$206.4\ c\Omega _e^{-1}$$]) and [image: $$t=$$] t0–t4.  a Initial distribution [image: $$h_0$$]. b–e [image: $$\Delta h=h-h_0$$]. f Configuration of the wave magnetic field [image: $$B_w$$], wave electric field [image: $$E_w$$], wave vector k, and perpendicular velocity of an electron [image: $$v_\perp$$]


At the wavefront (Fig. 7b), phase-bunching occurs in the direction of [image: $$E_w$$]. The rotation of resonant electrons in the velocity phase space as seen in Fig. 6b leads to the PSD decrease at [image: $$\zeta = \pi /2$$] and the PSD increase at [image: $$\zeta = 3\pi /2$$] from the initial state. The current is formed in the direction of [image: $$E_w$$] as [image: $$-J_E&gt;0$$] by phase-bunched electrons, and the kinetic energy of energetic electrons is transferred to the electromagnetic waves. After the wavefront (Fig. 7c), areas of low density move to the lower right, and areas of the high density (the phase-bunched electrons) move to the center of the figure. The phase-bunched electrons and the areas of low density are related to the PSD enhancement and depression in Fig. 6h. In Fig. 7e, considering only the contribution of the electron hole, we find that the resonant currents become [image: $$-J_E&gt;0$$] and [image: $$J_B&lt;0$$] which are identical to the conditions for the generation of triggered emissions with frequency increase.
In the previous paragraphs, we described the electron dynamics based on the set of parameters [image: $$(v_\parallel ,\zeta )$$] in Fig. 6 and [image: $$(v_{\perp 1},v_{\perp 2})$$] in Fig. 7, which are two components of the three-dimensional velocity space. Figure 8 shows the velocity distribution function (VDF) of energetic electrons [image: $$f(v_\parallel ,v_\perp )$$] observed at [image: $$x = 204.8\ c\Omega _e^{-1}$$] and [image: $$t =$$] t0–t4. Figure 8a shows the initial VDF, and Fig. 8b–e shows the differences of the VDF of energetic electrons from the initial VDF. At the wavefront, while the phase-bunching occurs, the substantial variation of the VDF is not observed in Fig. 8b. After the end of the phase-bunching stage, we find that the electrons are scattered in Fig. 8c. Comparing Fig. 7c with Fig. 8c, we find that scattered electrons are originated from the phase-bunched electrons. The electron scattering is caused by the energy transfer from the electrons to the waves in the presence of [image: $$-J_E&gt;0$$]. In Fig. 8e, we find the position of depletion move to the direction in which the absolute value of [image: $$v_\parallel$$] becomes smaller. This result indicates that the resonance velocity is shifted because of the frequency variation from the triggering wave ([image: $$\omega = 0.3\Omega _e$$]) to the triggered waves ([image: $$\omega &gt; 0.3\Omega _e$$]).[image: ]
Fig. 8VDF of energetic electrons [image: $$f(v_{\parallel }$$],[image: $$v_{\perp })$$] observed at [image: $$x=204.8\ c\Omega _e^{-1}$$] (after integration over [image: $$x=203.2$$]–[image: $$206.4\ c\Omega _e^{-1}$$]) and [image: $$t=$$] t0–t4. a Initial VDF [image: $$f_0$$].  b–e [image: $$\Delta f=f-f_0$$]. White and black dashed curves indicate the resonance velocity of the triggering wave


Interaction time for the generation of triggered emissions
We discuss the duration time of the triggering wave required to trigger new emissions through the interaction between the triggering wave and counter-streaming electrons with resonance velocity [image: $$V_R = (\omega -\Omega _e/\gamma )/k$$]. The distance over which resonant electrons can interact with the triggering wave is [image: $$(V_g-V_R)T_{int}$$], where [image: $$T_{int}$$] is an interaction time. A triggering wave propagating with the group velocity [image: $$V_g$$] has a maximum width of wavepacket as [image: $$V_g\Delta t$$], where [image: $$\Delta t$$] is the duration time of the triggering wave injection. In the simulation, the frequency of the triggering wave is constant and the resonance velocity of an electron is also constant. Electrons with the resonance velocity always satisfy the resonance condition and they keep interacting in the triggering wave packet. Thus, we define the interaction time [image: $$T_{int}$$] as[image: $$\begin{aligned} T_{int} = \frac{V_g\Delta t}{V_g-V_R} \left( 1-\frac{V_gV_R}{c^2}\right) , \end{aligned}$$]

 (9)


equating the interaction distance and the width of the triggering wave packet, where the relativistic effect is included (Omura et al. 2019). Figure 9 shows a schematic illustration of motion of a resonant electron interacting with the triggering wave. Using a time-scale factor [image: $$\tau = T_{int} / T_{tr}$$], where the nonlinear trapping period is written as [image: $$T_{tr}=2\pi /\omega _{tr}$$], we estimate the duration time of the triggering wave required to generate triggered emissions as:[image: $$\begin{aligned} \Delta t = \frac{V_g-V_R}{V_g} \tau T_{tr} \left( 1-\frac{V_gV_R}{c^2}\right) ^{-1}. \end{aligned}$$]

 (10)


[image: ]
Fig. 9Schematic illustration of motion of a resonant electron interacting with the triggering wave packet


In the simulation, we use the subtracted-Maxwellian distribution for the energetic electrons. The average perpendicular momentum for the subtracted-Maxwellian distribution [image: $$U_{\perp 0}$$] is written by Omura (2021) as:[image: $$\begin{aligned} U_{\perp 0} = \sqrt{\frac{\pi }{2}}\left( \frac{1-\beta ^{3/2}}{1-\beta }\right) U_{t\perp }. \end{aligned}$$]

 (11)


Assuming that the resonant electrons have the average perpendicular velocity [image: $$V_{\perp 0} = U_{\perp 0}/\gamma$$], we obtain the explicit solution of resonance velocity as:[image: $$\begin{aligned} \tilde{V}_R = \frac{\tilde{\omega }_u^2-\sqrt{\tilde{\omega }_u^4+\Bigl (\tilde{\omega }_u^2+\tilde{V}_p^2\Bigr )\Bigl (1-\tilde{\omega }_u^2\Bigr )}}{\tilde{\omega }_u^2+\tilde{V}_p^2}\tilde{V}_p, \end{aligned}$$]

 (12)


where [image: $$\tilde{V}_R=V_R/c$$], [image: $$\tilde{V}_p=V_p/c=\chi \xi$$], [image: $$\tilde{\omega }_u^2=(1+\tilde{U}_{\perp 0}^2)\tilde{\omega }^2$$], [image: $$\tilde{U}_{\perp 0}=U_{\perp 0}/c$$], and [image: $$\tilde{\omega }=\omega /\Omega _e$$].
Substituting simulation parameters of Table 1 into Eq. (12), we have resonance velocity as [image: $$V_R = -0.385\ c$$] in the simulation with [image: $$V_{\perp 0} = 0.428\ c$$]. We also calculate the duration time of the triggering wave as [image: $$\Delta t = 268 \ \Omega _e^{-1}$$] from Eq. (10) with [image: $$\tau =1$$], therefore, we obtain [image: $$\tau = 3.7$$] in Case 1 ([image: $$\Delta t=980\ \Omega _e^{-1}$$]), [image: $$\tau = 0.86$$] in Case 2 ([image: $$\Delta t=230\ \Omega _e^{-1}$$]), [image: $$\tau = 0.39$$] in Case 3 ([image: $$\Delta t=105\ \Omega _e^{-1}$$]) and [image: $$\tau = 0.15$$] in Case 4 ([image: $$\Delta t=40\ \Omega _e^{-1}$$]). Omura and Nunn (2011) show that [image: $$\tau$$] is in the range of 0.25–1.0. The nonlinear interaction process of forming resonant currents takes place within a single rotation of resonant electrons in the velocity phase space. We find that Case 3 has [image: $$\tau$$] in the typical range and Case 4 does not have sufficient time of interaction to form resonant currents which generate triggered emissions. The electron dynamics of 1/4 rotation in the velocity phase space as in Fig. 6b causes the efficient wave–particle interaction and this supports [image: $$\tau \ge 0.25$$].
Summary and discussion
We performed an electromagnetic particle simulation of triggered emissions in a uniform magnetic field with different duration times of the triggering wave. The major findings are summarized below:	The first subpacket of triggered emissions with frequency increase is reproduced in a homogeneous magnetic field through formation of an electron hole in the velocity phase space.

	The electron hole is formed by the nonlinear trapping of resonant electrons in the packet of the triggering wave.

	We obtain the duration time of the triggering wave necessary for the formation of the electron hole.



We have evaluated the interaction time of counter-streaming resonant electrons in a triggering wave packet with a finite width. We conducted 4 runs with different duration times of the triggering pulse, 980, 230, 105, and 40 [image: $$\Omega _e^{-1}$$], which correspond to cases with interaction times, 370%, 86%, 39%, and 15% of the nonlinear trapping period, respectively. We found generation of triggered emissions in three cases of 370%, 86%, and 39%, which agrees with the conventional model that the nonlinear transition time, which is necessary for formation of resonant currents, is about a quarter of the nonlinear trapping period. The first subpacket of triggered emissions with frequency increase is generated by the resonant currents [image: $$-J_E&gt;0$$] and [image: $$J_B/B_w&lt;0$$] which is caused by an electron hole. The first subpacket propagates and becomes a new triggering wave with a new frequency. As a result of the interaction between the first subpacket and energetic electrons, the second subpacket is generated with a higher frequency than that of the first subpacket.
We found that the new wave generation process does not need the magnetic field gradient. The importance of the magnetic field gradient is whether the nonlinear wave growth will continue or not away from the generation region of triggered emissions. Self-sustaining nonlinear wave growth can take place through propagation away from the equator because the magnetic field gradient and growing wave amplitude can keep the S value effective for the nonlinear wave growth (Omura et al. 2009). In Fig. 2, we find that triggered waves grow convectively through propagation because of the linear growth rate, but much larger convective growth is expected if we include the magnetic field gradient in the simulation (Nogi and Omura 2022).
In the present simulation, we focused on the initial stage of the generation process of the triggered emissions with the relatively short triggering wave packets and short simulation time, and we found the generation of the first and second subpackets. This result suggests that the subpackets forms continuously with longer triggering wave packet and longer simulation time even in the homogeneous magnetic field. Possible generation of continuous subpackets with increasing frequencies is left as a future study.
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