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Relationship between displacement and velocity amplitudes of seismic waves
from local earthquakes
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Relationship between displacement and velocity amplitudes of seismic waves was examined with data at stations
within 200 km from 142 local earthquakes in and near Japan. The expected value of the coefficient for the logarithmic
velocity amplitude to the logarithmic displacement amplitude is 0.5 when a self-similar scaling model is assumed.
Observed value of the coefficient is about 0.8∼0.9. This value appears to be valid at least in the magnitude range
from 3.0 to 6.5. Although a spectral model simulation suggested that apparent large contents of high-frequency
components were required to explain the observed coefficient, no distinct deviation from the ω-square model
was found in the observed spectral ratios from earthquakes of different sizes, for which the path effects were
virtually excluded. By using an empirical Green’s function which would correct the effects of propagation and site
amplification, it was shown that the apparent deviation from the self-similar scaling model was due to propagation
effects.

1. Introduction
Magnitude was originally defined as the logarithm of

the maximum displacement amplitude (Richter, 1935;
Gutenberg, 1945a, b, c). There have been many investi-
gations on the relationships between magnitudes and various
seismic parameters. Seismic moment is one of the most
important source parameters. Kanamori (1977) introduced
moment magnitude, Mw, for which magnitude and the loga-
rithmic scalar moment is related with a coefficient of 1.5.
The author focus on the relationships among logarithmic

displacement and velocity amplitudes, and magnitude in this
paper. This is related to an attempt of determining a magni-
tude from regional velocity amplitudes.
Relationship between magnitude and ground velocity has

been examined to estimate peakgroundvelocity (PGV ) from
earthquake magnitude for disastrous earthquakes. Several
formulas have been proposed to express the relationship be-
tween velocity amplitude and earthquake magnitude. Joyner
and Boore (1981) examined the relationship between Mw

and peak horizontal acceleration and velocity. They ob-
tained a value of 0.489 to relate Mw to the logarithmic PGV .
Campbell (1997) presented relationships between Mw and
peak ground acceleration and velocity, in which a value of
0.51 is used to relate Mw to the logarithmic PGV . Using
stiff-site peak velocity PGVS , Midorikawa (1993) adopted a
quadratic formula to express the relationship between PGVS

and Mw.
Molas and Yamazaki (1995) obtained a formula for the re-

lationship between ground velocity in Japan and magnitude
determined by the Japan Meteorological Agency (JMA), in
which the estimated coefficient of the JMAmagnitude to the
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logarithmic PGV was 0.628. The JMA magnitude (MJMA)
for shallow earthquakes was determined with Tsuboi’s for-
mula (1954). Utsu (1982) reported that average difference
between MJMA and Mw is less than 0.15 in the magnitude
range from 4.5 to 7.5 for shallow earthquakes.
Relationship between MJMA and velocity amplitude has

been examined by some authors for determining magnitude
from velocity amplitudes obtained from short-period seis-
mometers. Values of 0.85 (Watanabe, 1971), 0.78 (Yoshioka
and Iio, 1988), and 1/1.27 (0.79) (Kanbayashi, 1992) were
used to express relationship between MJMA and the loga-
rithm of the maximum velocity amplitude. Kakishita et al.
(1992) showed data which supported the result by Watanabe
(1971).
The relationship between the seismic moment and magni-

tude calculated from displacement amplitudes has been stud-
ied mainly in the frequency domain. Aki (1967) explained
the relationship between seismic moment and MS , and de-
rived the ω-square model. Boore (1983) explained the re-
lationship between Mw and PGV by the stochastic ground
motion simulation based on the ω-square model.
In this study, the relationship between displacement and

velocity amplitudes is examined using acceleration recorded
at stations of a JMA regional network. The meaning of the
scaling factor which relates the logarithmic velocity ampli-
tude to the logarithmic displacement amplitude is discussed.
This work is intended for giving a theoretical base of a
magnitude calculated from regional velocity amplitudes, and
for inspecting validity of the ω-square model for small and
moderate-sized earthquakes.

2. Comparison between Displacement Amplitude
and Velocity Amplitude

The acceleration records were obtained with JMA 87-type
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electromagnetic strong motion seismographs, which record
ground acceleration up to 9.8 m/s2 with the resolution down
to 3.0 × 10−4 m/s2, the sampling rate of 50 Hz, and the fre-
quency range of 0.001–10 Hz (Japan Meteorological Agency,
1989; Kakishita et al., 1992). The analyzed data were ob-
tained at 74 stations on the Japanese islands (Kakishita et al.,
1992) for 142 earthquakes from August, 1988 to July, 1993.
The magnitude range was 4.0 to 7.0. The trapezoid formula
was used for the integration to obtain displacement and ve-
locity amplitudes from acceleration records. A 3rd-degree
Bessel high-pass filter (Katsumata, 1993) of 0.1 Hz cut-off
was applied after the integration. Acceleration of 3.0×10−4

m/s2 at 0.1 Hz corresponds to the velocity of 4.8 × 10−4 m/s
and the displacement of 7.8 × 10−4 m. Noisy parts due to
the digitizing noise were rejected in measuring amplitudes.
The hypocentral distance was restricted to 200 km. The data
distribution of epicentral distance and focal depth is shown
in Fig. 1.

Suppose that relationships among Mw, the maximum dis-
placement amplitude, AD (m), the maximum velocity am-
plitude, AV (m/s), and epicentral distance or hypocentral
distance, R (km), can be approximately expressed as

log10 AD = αDMw + βD log10 R + γD (1)

log10 AV = αV Mw + βV log10 R + γV , (2)

where αD , βD , γD , αV , βV , and γV are constants. When AD

is half the maximum peak-to-peak amplitude of any phases
at stations within 2000 km from epicenters, Eq. (1) with the
values of αD = 1.0, βD = −1.73, and γD = −5.17 (Tsuboi,
1954) gives a good approximation for magnitude from 5 to
7 (Katsumata, 1996).

By using the above formulas, the relationship between
displacement and velocity amplitudes is

log10 AV = αV

αD
log10 AD +

(
−αV

αD
βD + βV

)
log10 R

+
(

−αV

αD
γD + γV

)

= α′ log10 AD + β ′ log10 R + γ ′. (3)

Fig. 1. Data distribution in epicentral distance and focal depth. Numbers
denote the size of data points in each 25 km × 25 km grid of epicentral
distance and focal depth. Data within 200 km from hypocenters is used
in the analysis. A total of 592 amplitudes from 142 earthquakes are used.

The resultant of half the peak-to-peak amplitude of the two

horizontal components, A =
√
A2
NS + A2

EW , is used here
for the maximum amplitude, where ANS and AEW are half
the maximum peak-to-peak amplitudes from the traces of the
horizontal components. This type of compound was used by
Tsuboi (1954).

The values of α′, β ′, and γ ′ were estimated to examine the
relationship between displacement and velocity amplitudes.
An empirical relationship between log10 AD and log10 AV −
β ′ log10 R (= log10(AV /Rβ ′

)) is shown in Fig. 2. The linear
relationship suggests that the least squares method can be
used to obtain unknown parameters in Eq. (3). The least
squares estimation gave values of α′, β ′, and γ ′ as

α′ = 0.90

β ′ = −0.29

γ ′ = 1.22.

Fig. 2. Relationship between maximum displacement amplitude, AD ,
and maximum velocity amplitude converted for hypocentral distance,
AV /Rβ ′

. Parameter β ′ comes from Eq. (3). Symbol kinds denote magni-
tude ranges: square, M ≥ 7.0; diamond, 6 ≤ M < 7; cross, 5 ≤ M < 6;
circle, M < 5.

Fig. 3. Comparison of magnitudes calculated from displacement and ve-
locity amplitudes.
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Fig. 4. Synthesizing a transient time series which has specified spectrum density. The method proposed by Boore (1983) is used here. (a) A trace of
windowed white noise. The trace of white noise is obtained by inverse-Fourier-transforming a spectrum with unit amplitude and random phase for all
frequencies. (b) Spectrum amplitude deformed by a specific transfer function. (c) A displacement trace obtained from the spectrum of (b) by inverse
Fourier transform. (d) A velocity trace obtained by differentiating the trace of (c).

Fig. 5. The spectrum model expressed by Eq. (7): (a) displacement spectrum; (b) velocity spectrum. The value of s in Eq. (8) is assumed 0.5. The axes
show relative values of frequency and spectrum.

The root mean squared (RMS) error of the data is 0.21.
The covariance matrix obtained with the linear least squares
method provides a measure of the estimation error.

(
σα′α′ σα′β ′ σα′γ ′

σβ ′β ′ σβ ′γ ′

σγ ′γ ′

)

=
( 0.00034 0.00025 0.00062

0.00182 −0.00286
0.00792

)
.
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Fig. 6. Relationship between ω2/ω1 and the peak amplitudes calculated
using Eq. (7) with the value s = 0.5. The horizontal axis shows the
ratio of ω2/ω1, and the vertical axis the ratio of each amplitude to that
of ω2/ω1 = 1.0. A cross shows the ratio of peak displacement, and a
square the ratio of peak velocity.

The estimation error of α′ is
√

σα′α′ = 0.018.
If half the maximum peak-to-peak amplitude of the vertical

component is used for AV , the parameters become

α′ = 0.83

β ′ = −0.28 (4)

γ ′ = 0.37.

The RMS error of data and
√

σα′α′ are 0.19 and 0.018, re-
spectively. The value αV = 0.83 is close to 0.85 obtained by
Watanabe (1971) for Tsuboi’s magnitude (1954).

In Fig. 3, a comparison of station magnitudes calculated
from displacement and velocity amplitudes is shown. The
magnitudes are based on Tsuboi’s formula and a formula as

M = (log10 AV − βV log10 R − γV )/αV ,

where the amplitude of the vertical component is used as
AV , and the values in Eq. (4) are applied in this analysis. A
linear relationship is seen between (log10 AD −βD log10 R−
γD)/αD and (log10 AV − βD log10 R − γD)/αV in the mag-
nitude range from 4.5 to 6.5. The value of Watanabe (1971)
is estimated by using data primarily within magnitude range
from 3 to 5. The value of αV � 0.83 is considered valid for
the magnitudes from 3 to 6.5.

3. Scaling Models
The expected difference between coefficients for logarith-

mic displacement and velocity amplitudes is discussed in
this section based on simple scaling models. In this discus-
sion, we assume that the observed values result only from
the seismic sources, and that they do not reflect site effects.

At the first, a self-similar model is examined. If the av-
eraged stress drop and the aspect ratio of the fault are as-

Fig. 7. Comparison of spectrum models. The curves shows the ratio be-
tween the source spectrum density for Mw = 6.6 and that for Mw = 4.6.
A, Koyama (1985) with parameters of ζ = 6.7 and ε = 1.0; B, Aki
(1967); C, Atkinson and Boore (1995); D, model B of Aki (1972); E,
Gusev (1983); F, Haddon (1996); G, this model. The size of Mw = 4.6
is the minimum shown by Gusev (1983).

Fig. 8. Locations of Yasato station, where analyzed seismic records were
obtained, and of the epicenters of analyzed earthquakes.

sumed to be common for any size of earthquakes, the dura-
tion of faulting process of an earthquake T is proportional to
M1/3

0 (e.g., Brune, 1970). Body-wave amplitude is propor-
tional to the time derivative of released moment (e.g., Aki
and Richards, 1980). It is assumed here that a source time
function of far-filed displacement, f (t, M0), is expressed as

f (t, M0) = M2/3
0 g(t/M1/3

0 ), (5)

where g(t) is a function of time t , and M0 is seismic moment.
When the spectrum of g(t) shows ω−2-type decay at high
frequencies, f (t, M0) should be consistent with the ω-square
model. The integral of f (t, M0) is proportional to M0.

∫ ∞

0
f (t, M0)dt = M0G0,
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Fig. 9. Focal mechanisms (lower hemisphere) of earthquakes used to investigate the relationship between seismic moment and spectrum ratio. Earthquakes
with similar focal mechanisms were selected. A solid circle in the diagram shows the projected position of the Yasato station.

where G0 = ∫ ∞
0 g(t)dt .

Moment magnitude Mw is calculated from the formula
(Kanamori, 1977) as

Mw = (log10 M0 − 9.1)/1.5,

where M0 is seismic moment in Nm. Equation (5) is con-
sidered to be applicable to explain the relationship between
moment magnitude and a magnitude calculated from re-
gional displacement amplitudes. The coefficient of MJMA

to log10 M0 is about 2/3 (Utsu, 1982; Katsumata, 1996). It
is considered that the relationship between Mw and MJMA is
an example of the relationship of Eq. (5).

Since Eq. (5) describes the time variation of displacement
in far field, the time derivative of f (t, M0) is considered to

be proportional to the velocity.

d

dt
f (t, M0) = M1/3

0

dg(τ )

dτ
. (6)

The moment dependence in Eqs. (5) and (6) are 2/3 and 1/3,
respectively. This means that the ratio αV /αD (Eqs. (1) and
(2)) is expected to be 0.5. The observed value of αV � 0.8 is
not consistent with this expectation. There may be another
scaling law in the source spectrum.

The author tried to make a spectrum model which gen-
erates the value of αV � 0.8. It is necessary to relate the
spectral characteristics to the peak amplitude in the time do-
main. The method proposed by Boore (1983) is used here
to simulate a transient time series. The method for making a
transient time series which has specified spectrum density is

1) Make a spectrum model which has random phase and



352 A. KATSUMATA: RELATIONSHIP BETWEEN DISPLACEMENT AMPLITUDE AND VELOCITY AMPLITUDE

unit amplitude for any frequency.

2) Transform the spectrum to the time domain (create a
noise series).

3) Apply a shaping time window.

4) Transform the series to the frequency domain.

5) Reject the spectra which have spectral amplitude very
different from the unit value at f = 0.

6) Apply a transfer function with specified spectrum am-
plitudes.

7) Transform the spectrum to the time domain.

When the transfer function satisfies the causality principle,
the time series is practically confined to a finite duration.
Since Boore (1983) was interested in the acceleration am-
plitude, he normalized the time series with a constraint on
total energy. In this study, the spectrum density is adjusted
at f = 0, since the amplitude of an earthquake, for which
scalar moment is specified, is of interest. Figure 4 shows an
example of the synthesized time series.

It is considered that some magnitude-dependent parameter
is necessary to be introduced into the spectrum model to
derive the value of αV � 0.8. The following two-corner-
frequency transfer function is tested for a possible magni-
tude-dependent spectrum model.

F(ω) = 1

1 + r
· 1

(1 + iω/ω1)2
+ r

1 + r
· 1

(1 + iω/ω2)2
, (7)

where ω1 and ω2 (≥ ω1) represent angular corner frequen-
cies. This is similar to the two-corner-frequency model pro-
posed by Atkinson and Boore (1995) for earthquakes in east-
ern North America. Assume here that ω2/ω1 is magnitude-
dependent, and r is expressed as a function of ω2/ω1,

r = (ω2/ω1)
−s . (8)

If s is 1.0, the velocity spectrum has 2 peaks of the same
height at frequencies of ω1 and ω2. For s < 1.0, the velocity
spectrum has a higher peak at ω = ω2 than that at ω = ω1

(Fig. 5). Figure 6 shows the amplitude ratio for s = 0.5 with
ω2/ω1 on the horizontal axis. The ratio of velocity amplitude
increases along with the value of ω2/ω1, whereas the ratio
of displacement amplitude saturates. For s = 1.0, the slope
of the velocity amplitude to ω2/ω1 is about half of that in
Fig. 6.

If it is assumed that the value of αV � 0.8 is effective for
the earthquakes of magnitude from 3.0 to 6.5, the amplitude
difference ratio of about 11 times could be generated.

(AV |Mw=6.5/AV |Mw=3.0)obs

(AV |Mw=6.5/AV |Mw=3.0)ss
= 100.8×(6.5−3.0)

100.5×(6.5−3.0)

� 11,

where the suffix of obs denotes an observed value, and ss
an expected value from the self-similar model. It corre-
sponds to ω2/ω1 � 13 in Fig. 6, and means log10(ω2/ω1) �
�Mw/3.1 � 0.2� log10 M0, where � denotes differences
in Mw and log10 M0. If the value of αV � 0.8 covers the

magnitude range of 2.5–7.0, the amplitude ratio due to the
effect of ω2/ω1 could reach about 22.

Some researchers proposed scaling models lack of self-
similarity, or spectrum models with two corner frequencies
(e.g., Aki, 1972; Gusev, 1983; Koyama, 1985; Atkinson and
Boore, 1995; Haddon, 1996). Those models are character-
ized by higher spectrum density in the high-frequency range
than that of the ω-square model. Figure 7 shows the source
spectrum density ratios between events of Mw = 6.6 and
Mw = 4.6 for various models. The spectrum ratios are shown
in the figure because the difference in spectrum density be-
tween small and big earthquakes is of interest here. The
model of this study is consistent with other models in respect
of assuming enhanced spectrum density in high-frequency
range. But, the spectrum ratio in high frequency of this
model is too high comparing with other models, and it might
be unrealistic.

The spectrum model indicates that high-frequency signal
strength increases with the size of an earthquake. To eval-
uate this hypothesis, relationship between seismic moment
and observed spectrum ratio is examined. The data from
earthquakes occurring in the southwest part of Ibaraki Pre-
fecture at depths of about 50 km is used. Seismicity there is
very active due to the interaction between the Pacific plate
and the Philippine Sea plate. Figure 8 shows epicenters of
analyzed earthquakes. Seismic records obtained at Yasato
station (Fig. 8) are analyzed. Earthquakes with similar fo-
cal mechanism were selected (Fig. 9). At Yasato station,
three types of seismometers were installed, a short-period
velocity seismometer, a strong motion accelerometer, and a
broad-band seismometer (STS-2). Sampling rates were 100
sample/s for the velocity seismometer and 20 sample/s for
the accelerometer and the broad-band seismometer. Cut-off
frequencies of anti-alias filters were 40 Hz for 100 sample/s
and 8 Hz for 20 sample/s.

Figure 10 shows the relationship between moment magni-
tude and the maximum amplitudes. Moments were estimated
by the method of Katsumata (2000). In this case, αV (Eq. (2))
is larger than half the values of αD (Eq. (1)), which means

Fig. 10. The maximum displacement (circles) and velocity (crosses) am-
plitudes of the Yasato records.
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Fig. 11. Spectrum ratios of the records from the events shown in Fig. 9. The record from the earthquake at 23:10 9 Feb. 1997 was used as the denominator.
The broken curves show the spectrum ratios expected from the ω-square model, and the solid curves the spectrum ratios expected from Eq. (7).

that the relationship between displacement and velocity am-
plitudes is inconsistent with the self-similar spectrum model.

Spectrum ratios were calculated for these earthquakes us-
ing the data from the earthquake of Mw = 3.3 at 23:10 9 Feb.
1997 (JST) as the denominator. This corresponds to decon-
volution with an empirical Green’s function (Irikura, 1986).
This operation virtually excludes path and site effects. Spec-
trum ratios are shown in Fig. 11. Records obtained from the
short-period velocity seismometer were used to calculate the
spectrum ratios. Since the records of the short-period and the
broad-band instruments were clipped for the earthquake on
23 March 1995, the accelerometer records were used for the
earthquake. Records of the accelerometer were interpolated

in the calculation of spectrum ratio. The broken curves show
the spectrum ratios expected from the ω-square model, and
the solid curves indicate the spectrum ratios expected from
Eq. (7) with parameters of s = 0.5 and ω2/ω1 ∝ M0.2

0 . The
corner frequency is assumed to be 0.6/τ (Hz), for which a
triangle pulse is assumed. τ is an observed pulse width of
the initial P-phase. The ω-square model fits the observa-
tions better than the model with enhanced high-frequency
components.

4. Propagation Effects
In addition to source process, the observed spectrum also

expresses the effects of propagation. The propagation trans-
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fer function effects should be independent of earthquake
magnitude. Convolution of path effects with the source time
function could cause a deviation from the self-similar scaling
model.

It is considered that the observed record constitutes the
empirical Green’s function for examining propagation ef-
fects. Synthetic records are calculated here by convolving
an observation record as the Green’s function with synthetic
source time functions. The record of the event of Mw = 3.3
at 23:10 9 Feb. 1997 is used as the empirical Green’s func-
tion. A synthetic source time function is calculated by the
method by Boore (1983), which was used in the previous
section. The transfer function S(ω) for making the synthetic
source time function is defined as

S(ω) = Si (ω)/S0(ω),

where S0(ω) and Si (ω) are the transfer function for the event
of which records are used as the empirical Green’s function
and that for an event of various magnitudes, respectively.
Si (ω) and S0(ω) are given as

Si = 1

(1 + iω/ωc)2
,

where ωc is an angular corner frequency.
Figure 12 shows the relationship between moment mag-

nitude and peak displacement and velocity amplitudes of the
synthetic records. The slope of velocity amplitude against
magnitude is significantly smaller than that for displacement
amplitude, and greater than the half of the slope for displace-
ment amplitude. This shows that propagation effects could
cause the apparent deviation from the self-similar scaling
model in observed records. It is suggested here that disper-

Fig. 12. Relationship between moment magnitude and the peak amplitude
of synthetic records obtained with an empirical Green’s function and syn-
thetic source time-functions. The square indicates that of displacement
amplitude, and the cross indicates velocity amplitude. A solid line in the
figure shows the regression line for displacement amplitude, and a broken
line that for velocity amplitude.

sion and enhancement in high frequencies during propaga-
tion cause the deviation from the ω-square model. The plots
of velocity amplitudes show a bend at Mw � 4.5. There is a
case in which the bend is of reverse polarity. It is considered
that the bend is related to characteristics of spectrum in high
frequencies of the sampled earthquake.

The coefficients obtained by Joyner and Boore (1981)
(αV = 0.489) and Campbell (1997) (αV = 0.51) are very
close to the value expected from the self-similar scaling
model. It is considered that those values were obtained for
the records so close to the hypocenters that the records were
not affected by the propagation very much.

5. Conclusions
Relationship between displacement and velocity ampli-

tudes was examined in the time domain. The observed value
of the coefficient of the logarithmic velocity amplitude to the
logarithmic displacement amplitude was about 0.8–0.9 for
data within 200 km from hypocenters. The expected value
of the coefficient from a self-similar scaling model is 0.5.
It was necessary to assumed very large high-frequency con-
tents to explain the observed value only by a source spectrum
model. But the ω-square model fits the observed spectra ra-
tios better than the model of large high-frequency contents. It
was shown that the observed value of the coefficient reflected
propagation effects by using an empirical Green’s function.
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