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Abstract
This research focuses on the inversion of geomagnetic variation field measurements to obtain the source currents in the ionosphere and magnetosphere, and to determine the geoelectric fields at the Earth’s surface. During geomagnetic storms, the geoelectric fields create geomagnetically induced currents (GIC) in power networks. These GIC may disturb the operation of power systems, cause damage to power transformers, and even result in power blackouts. In this model, line currents running east–west along given latitudes are postulated to exist at a certain height above the Earth’s surface. This physical arrangement results in the fields on the ground being composed of a zero magnetic east component and a nonzero electric east component. The line current parameters are estimated by inverting Fourier integrals (over wavenumber) of elementary geomagnetic fields using the Levenberg–Marquardt technique. The output parameters of the model are the ionospheric current strength and the geoelectric east component at the Earth’s surface. A conductivity profile of the Earth is adapted from a shallow layered-Earth model for one observatory, together with a deep-layer model derived from satellite observations. This profile is used to obtain the ground surface impedance and therefore the reflection coefficient in the integrals. The inputs for the model are a spectrum of the geomagnetic data for 31 May 2013. The output parameters of the model are spectrums of the ionospheric current strength and of the surface geoelectric field. The inverse Fourier transforms of these spectra provide the time variations on the same day. The geoelectric field data can be used as a proxy for GIC in the prediction of GIC for power utilities. The current strength data can assist in the interpretation of upstream solar wind behaviour.
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Introduction
Geomagnetically induced currents (GIC) can occur in grounded technical networks, such as electric power transmission grids (Bolduc 2002; Molinski 2002; Kappenman 2003; Pirjola 2005; Pulkkinen et al. 2005; Viljanen et al. 2012), oil and gas pipelines (Pulkkinen et al. 2001; Gummow 2002; Trichtchenko and Boteler 2002), and telecommunication cables and railway circuits (Ptitsyna et al. 2008; Wik et al. 2009; Eroshenko et al. 2010). Solar events, such as geoeffective coronal mass ejections (CME), create disturbances within the Earth’s magnetosphere, which can give rise to geomagnetic storms and substorms. During geomagnetic storms, the compression of the magnetosphere by the solar wind, and the interaction of the solar wind with the Earth’s geomagnetic field enhance the currents in both the magnetosphere and in the ionosphere (e.g. Bothmer and Daglis 2007). These currents cause fluctuations in the geomagnetic field on the ground. Rapid changes in the geomagnetic field generate geoelectric fields that drive GIC in grounded networks. In power systems, the quasi-DC GIC may saturate transformers. This has the potential of causing the transformers to fail. The consequences may include power blackouts (e.g. Kappenman 2007).
GIC have been found in all grounded conductor networks. Power grids carry electric power from the generators to the general public. In power transmission, the alternating currents must pass through transformers designed to transfer electric power between two or more circuits operating at different voltages. The quasi-DC GIC flowing through a transformer from the phases to the grounded neutral biases the magnetic field in the steel transformer core, effectively offsetting the operating point on its B–H (Albertson 1990; Kappenman and Lu and Liu 1993; Molinski 2002). The transformer can go into half-wave saturation, introducing harmonics to the AC waveform, localised heating, vibration and noise, high reactive power demands, and voltage fluctuations. Such a situation has caused severe damages to the transformers and led to extended blackouts in certain regions, including South Africa, during geomagnetic storms. For further details about GIC impacts on power systems, see Bolduc (2002), Koen and Gaunt (2002), Gaunt and Coetzee (2007), and Kappenman (2007).
There are different means to reduce the GIC risk in power networks. It would be particularly beneficial for power utility operators if a warning system would be available that can predict GIC, after the occurrence of an eruptive event on the Sun. The modelling of GIC in a power system (or any other grounded conductor network) comprises a “geophysical step” and an “engineering step” (e.g. Pirjola 2002). The geophysical step derives the geoelectric field from geomagnetic data and geophysical parameters. The engineering step derives the GIC from the geoelectric field and the power network parameters. We only concentrate on the geophysical step in this paper.
Ionospheric source currents have already been computed before by using the spherical elementary current systems (SECS) method (Amm and Viljanen 1999). The elementary current systems are determined over a grid of surface coordinate positions in a chosen affected region in which a power network resides (see e.g. Pulkkinen et al. 2003; Viljanen et al. 2004; Wik et al. 2008). The SECS method involves setting up a matrix of current elements, fitting a geomagnetic model function, with the currents as linear output parameters, to known geomagnetic measurements at selected observatories in this region, using any decomposition inversion technique.
In this paper, a simplified inversion set-up is used in which ionospheric line currents are computed from geomagnetic field observations on the ground. From these currents, we can estimate the induced geoelectric fields at any location of interest, particularly the geoelectric fields at the Earth’s surface responsible for GIC in power grids. For the geoelectric field estimates, the surface impedance is assumed to be uniform over the region spanned by the magnetometers and equal to that which is obtained from the one-dimensional (depth) conductivity profile of a layered-Earth model. We could also utilise the method containing the “piecewise-uniform” assumption about the Earth’s conductivity structure (Viljanen et al. 2004; Marti et al. 2014).
The motivation for using the field inversion method to compute ionospheric line currents (De Villiers and Cilliers 2014) lies in using the interaction of solar effects outside of the Earth’s magnetosphere, such as the solar wind, with the geomagnetic field. The line current strength can be used as an intermediary parameter for modelling techniques that determine the geomagnetic field at selected locations from the solar wind parameters. This simpler model provides an alternative method to estimate the currents in the ionosphere, which may be more amenable to modelling from upstream inputs for investigating storm characteristics all the way from the Sun to the Earth.
In order to use a realistic conductivity profile for the estimation of the geoelectric field, a new Earth profile was compiled from a shallow (up to 100 km depth) worldwide 3D model (Alekseev et al. 2015) for one location and a deep Earth profile compiled from satellite data (Civet et al. 2015), and they are used in this study. This composite structure is utilised to compute the line currents of the EEJ in the ionosphere from geomagnetic measurements, which are then used to derive the geoelectric field on the ground that drives GIC.
Inversion techniques can be used to determine an appropriate distance in magnetic latitude from the EEJ where the contribution of the EEJ current to the geomagnetic field is negligible. Measured geomagnetic data from two African stations, one away from the EEJ and the other underneath the EEJ, may be used to invert for the strength of the EEJ. Before the inversion is done, a geomagnetic variation due to the EEJ is first isolated from the data. A geomagnetic signature should show up during the daytime indicating that an EEJ is present. From the geomagnetic variation signature, the current strength can be established by inversion.

Background
In this paper, we use an approach that is applied to and based on the general theory for computing the geomagnetic and geoelectric fields at the Earth’s surface due to an electrojet or ring current in the magnetosphere above a layered Earth (Häkkinen and Pirjola 1986). The main purpose is to show that the inversion method, successfully used for artificial single frequency data by De Villiers and Cilliers (2014), also works for measured geomagnetic data. In this paper, the inversion method (Eq. 7) is applied to each frequency of the Fourier transform of the measured geomagnetic data. Here only the strength of the current is determined, while the assumed height of the equatorial electrojet is fixed as 100 km, turning the inversion from a nonlinear into a linear optimisation problem. The origin of the equatorial electrojet position is taken to be at the magnetic dip equator.
We consider a physical set-up, in a Cartesian coordinate system where x = north, y = east, and z = down, consisting of a line current j(x, ω) = J(ω)δ(x − x
                        o) running east–west at a certain height h above the Earth’s surface at a given surface position x
                        o in kilometres along a geomagnetic meridian from the geomagnetic north pole. The function δ(x − x
                        o) is the Dirac delta function and is nonzero only at position x
                        o where the line current is located. The current strength J(ω) is complex-valued in the frequency domain and will be determined by inversion methods. The only geoelectric field component that is nonzero is eastward (while the northward and downward components are both zero) [image: $$\left[ {E_{y} \left( {x,\omega } \right) \ne 0,\, E_{x} \left( {x,\omega } \right) = E_{z} \left( {x,\omega } \right) = 0} \right]$$]. The only zero geomagnetic component is also eastward (while the northward and downward components are both nonzero) [image: $$\left[ {B_{y} \left( {x,\omega } \right) = 0, \,B_{x} \left( {x,\omega } \right) \ne 0, \,B_{z} \left( {x,\omega } \right) \ne 0} \right]$$]. This is illustrated in Fig. 1.[image: A40623_2016_530_Fig1_HTML.gif]
Fig. 1Physical arrangement. Geomagnetic field measurements and geoelectric field estimations along a meridian with an ionospheric line current system as indicated




                     
Currents are induced within the conducting Earth, and so any electromagnetic fields are partially reflected back into the space (Boteler and Pirjola 1998). This is described by the reflection coefficient expressed as[image: $$R\left( {\nu ,\omega } \right) = \frac{{{\text{i}}\omega \mu_{0} /\nu - Z\left( {\nu ,\omega } \right)}}{{{\text{i}}\omega \mu_{0} /\nu + Z\left( {\nu ,\omega } \right)}} = \frac{{{\text{i}}\omega \mu_{0} - \nu Z\left( {\nu ,\omega } \right)}}{{{\text{i}}\omega \mu_{0} + \nu Z\left( {\nu ,\omega } \right)}}$$]

 (1)

where μ
                        0 is the free space permeability, ω is the angular frequency, and ν is the horizontal wavenumber. The surface impedance Z(ν, ω) can be calculated from a recursive relation based on the Earth’s underlying conductivity model (Wait 1958, 1980).
Let us denote the conductivity, thickness, and permeability of the n’th Earth-layer by σ
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                , h
                        
                  n
                , and μ
                        
                  n
                , respectively. In this paper, μ
                        
                  n
                 and ɛ
                        
                  n
                 are assumed to be equal to permeability μ
                        0 permittivity ɛ
                        0 in a vacuum. A recursive relation for the impedance at the top of layer n is[image: $$Z_{n} = K_{n} \frac{{Z_{n + 1} - K_{n} \tanh \gamma_{n} h_{n} }}{{K_{n} - Z_{n + 1} \tanh \gamma_{n} h_{n} }}$$]

 (2)

where K
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                /γ
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                 is the characteristic impedance of layer n and [image: $$\gamma_{n} = \sqrt {\nu^{2} + \nu_{n}^{2} }$$] is the propagation constant of layer n (with [image: $$\nu_{n} = \sqrt {{\text{i}}\omega \mu_{n} \sigma_{n} - \omega^{2} \mu_{n} \varepsilon_{n} }$$]). This leads to a spectrum of the surface impedance estimates for the particular location, namely Z
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                ], where the structure dependent parameters [h
                        
                  n
                , σ
                        
                  n
                ] range over a finite number of layers of the concuctivity model. The complex skin depth is related to the surface impedance by p(ν, ω)= Z(ν, ω)/iωμ
                        0.
A diffusion equation for E
                        
                  y
                 can be derived from Maxwell’s equations (Hermance and Peltier 1970), in Cartesian coordinates:[image: $$\nabla^{2} E_{y} = {\text{i}}\omega \mu_{o} \sigma E_{y} ,$$]

 (3)

where [image: $$\nabla^{2} = \frac{{\partial^{2} }}{{\partial x^{2} }} + \frac{{\partial^{2} }}{{\partial z^{2} }}$$].
A trial solution, E
                        
                  y
                 = e
                  ζz
                 cos νx, valid for a line current system, is substituted into Eq. (3) to give[image: $$\left[ {\frac{{\partial^{2} }}{{\partial x^{2} }} + \frac{{\partial^{2} }}{{\partial z^{2} }}} \right]\left( {{\text{e}}^{\zeta z} \cos \nu x} \right) = \left[ { - \nu^{2} + \zeta^{2} } \right]\left( {{\text{e}}^{\zeta z} \cos \nu x} \right) = {\text{i}}\omega \mu_{o} \sigma \left( {{\text{e}}^{\zeta z} \cos \nu x} \right).$$]

 (4)


                     
Cancelling the trial solution on both sides leads to the relation ζ
                        2 = ν
                        2 + iωμ
                        
                  o
                
                        σ. The two roots of this equation would result in both an incident (e−ζz
                        ) and a reflected (e
                        +ζz
                        ) wave. The solution is symmetrical around x = 0 km. Above the Earth’s surface (z < 0 km), the conductivity of air is assumed to be zero (i.e. σ = 0 S/m), so ζ = ν in this region. Thus, for z < 0 km, the geoelectric field elementary solution including the incident (e−νz
                        ) and reflected (Re
                        
                  νz
                ) parts with an arbitrary constant C is given by[image: $$E_{y} \left( {x,z;\nu ,\omega } \right) = C\left[ {{\text{e}}^{ - \nu z} - R\left( {\nu ,\omega } \right){\text{e}}^{\nu z} } \right]\cos \nu x.$$]

 (5)


                     
One then takes a Fourier integral of the elementary solution over the wavenumber ν. This forms the total geoelectric field at the Earth’s surface that depends only on the latitude x and the angular frequency ω (Boteler and Pirjola 1998; Boteler et al. 2000). Through the reflection coefficient R(ν, ω), the electric field also depends on the Earth’s conductivity profile:[image: $$E_{y} \left( {x,\omega } \right) = {\text{i}}\omega \frac{{\mu_{0} }}{2\pi }\int_{0}^{\infty } {J_{\nu } \left( {\nu ,\omega } \right){\text{e}}^{ - \nu h} \left[ {R\left( {\nu ,\omega } \right) - 1} \right]\cos \left( {\nu x} \right)\nu^{ - 1} {\text{d}}\nu ,}$$]

 (6)

where [image: $$J_{\nu } \left( {\nu ,\omega } \right) = \int_{ - \infty }^{\infty } {j\left( {x,\omega } \right){\text{e}}^{{ - {\text{i}}\nu x}} {\text{d}}x}$$] is the Fourier transform of the current density for a distribution of currents j(x, ω) in the real x space. It is possible for this theory to be extended to several line currents or a distribution current over latitude space. However, it introduces additional variables into the model, which may not be uniquely resolvable from the measured data. We will focus only on one line current system. For a line current located at x
                        
                  o
                 = 0: j(x, ω) = J(ω)δ(x), where J(ω) = J
                        r(ω) + iJ
                        i(ω).
Similar expressions can be derived for the geomagnetic field components on the ground (Boteler et al. 2000), which will be used as the input model functions in the inversion process:[image: $$\left[ {\begin{array}{*{20}c} {B_{x} } \\ {B_{z} } \\ \end{array} } \right]\left( {x,\omega } \right) = \frac{\mu }{2\pi } \int\nolimits_{0}^{\infty } J\left( \omega \right){\text{e}}^{ - \nu h} \left[ {\begin{array}{*{20}c} {\left\{ {R\left( {\nu ,\omega } \right) + 1} \right\}\cos \left( {\nu x} \right)} \\ {\left\{ {R\left( {\nu ,\omega } \right) - 1} \right\}\sin \left( {\nu x} \right)} \\ \end{array} } \right]{\text{d}}\nu .$$]

 (7)


                     
Due to the dependence on R(ν, ω) and J(ω), each of the geomagnetic field components in Eq. (7) is a complex number. In general, the integrals involved in Eqs. (6) and (7) have no analytical solutions (Gradshteyn and Ryzhik 1965) and must thus be solved by some numerical procedure, such as integration by quadrature. Boteler and Pirjola (1998) already derived analytical approximations for the integrals in Eqs. (6) and (7) that are reasonably accurate in many practical situations. Including the derivations here may be beyond the scope of the paper or irrelevant because the approximations that need to be made do not apply to the case we are considering.
The Fourier integrals expressing the ground geomagnetic field components (7) are the model functions in the inversion problem. The input of the inversion of Eq. (7) is the transform of geomagnetic field measurements. The output of the inversion of Eq. (7) is the real J
                        r(ω) and imaginary J
                        i(ω) parts of a line current J(ω) above the Earth. Once J(ω) is found, it is substituted into Eq. (6) to estimate the geoelectric field on the ground.
The ionospheric current and the associated surface electric field at the given location and any other location along the meridian, as obtained from the inversion of surface geomagnetic data, are the key contributions of this article.

Methods
Data collection and preparation
Measured geomagnetic data are available at geomagnetic observatories and magnetometer stations around the world. Figure 2 displays a map of the African locations under the EEJ region where geomagnetic data are available as of 2013, including two stations from the INTERMAGNET network (Kerridge 2001) and five from the AMBER network (Yizengaw and Moldwin 2009). Data from both these networks are freely available to any scientist wishing to use them for non-commercial purposes.[image: A40623_2016_530_Fig2_HTML.gif]
Fig. 2Map of available African geomagnetic observatories under the influence of the EEJ. Data used in this study are collected only in Ethiopia. The names and coordinates of the two Ethiopian stations are given in Table 2. Red contours are geomagnetic latitudes. Blue curves show the extent of the EEJ. The black cross shows the location of the conductivity profile of Table 1 and Fig. 2 under the closest station. Symbols of the other available stations (AMBER: green circle, INTERMAGNET: red square)




                        
Two stations are chosen so that they lie along a given geomagnetic meridian within the region of the EEJ. One of these stations must be approximately underneath the EEJ (we chose Addis Ababa, Ethiopia: 5.32°N Geomagnetic, 0.90°N Apex). Another station must be on the edge of influence of the EEJ (we use Adigrat, Ethiopia: 10.36°N Geomagnetic, 6.84°N Apex). The EEJ is located at the magnetic dip equator (0°N Apex), with a region of influence of only 6–9 degrees of dip latitude on either side. Details of the observatories are given in Fig. 2 and Table 1. It is possible to use data from more than two stations in this set-up, if they are located along the same meridian, and that might improve the inversion results. At present, there exist no magnetometers between Addis Ababa and Adigrat. These two stations are the only ones we can work with that are close enough to the geomagnetic equator.Table 1Locations of the African stations where geomagnetic data are collected for this study


	Observatory
	Coordinates [zero altitude assumed]
	Network

	Geographic
	Geomagnetica (IGRF 2013)
	Apexb (Year 2013.5)

	Addis Ababa, Ethiopia
	9.03N, 38.77E
	5.32N, 112.37E
	[0.9018N; 0.9022N], 111.90E
	INTERMAGNET (AAE)

	Adigrat, Ethiopia
	14.28N, 39.46E
	10.36N, 113.89E
	[6.8432N; 6.8469N], 112.36E
	AMBER (ADET)


The stations belong to two different networks

                                    aFrom http://​wdc.​kugi.​kyoto-u.​ac.​jp/​igrf/​gggm/​index.​html
                                 

                                    bFrom http://​ccmc.​gsfc.​nasa.​gov/​coord_​transform/​index.​php; Source (Richmond 1995); Apex format [MagApex-Latitude; QuasiDipole-Latitude], MA/QD-Longitude



                        
The measurements at these stations are given in either (B
                           
                    x
                   = north component, B
                           
                    y
                   = east component, B
                           
                    z
                   = vertical component) or (B
                           
                    h
                   = horizontal component, B
                           
                    d
                   = declination component, B
                           
                    z
                   = vertical component). If the data are given in the (B
                           
                    h
                  , B
                           
                    d
                  , B
                           
                    z
                  ) format, they are converted to the (B
                           
                    x
                  
                           , B
                           
                    y
                  , B
                           
                    z
                  ) format. Each station’s geomagnetic data are sampled at 1 min intervals.
The EEJ runs along a major part of the geomagnetic equator around the world. However, due to the presence of a South Atlantic Anomaly, the EEJ deviates to the north between about 55°W and 55°E geographic longitude along the magnetic dip equator. This includes Africa, and it complicates the physical set-up of the inversion. Ideally, the inversion should be run over latitude space along a meridian. More accurately, it should be done over the space created along the direction perpendicular to the direction of the EEJ at the given meridian. This is not a true geographic meridian, but deviates a bit to the east. Because the geomagnetic observatories are on different geographic longitudes (as given in Table 1), a meridian position along the EEJ midway between the observatory positions was chosen: 39.115°E. We found the geographic latitude of the EEJ at this longitude to be around 8.17°N for Apex(epoch 2013.5) and 8.15°N for IGRF(epoch 2013), by virtue of the fact that the geomagnetic vertical component and inclination must be zero (B
                           
                    z
                   = 0 nT; B
                           
                    I
                   = 0°) at the EEJ.
Now, we find the geomagnetic declination B
                           
                    d
                   where the EEJ crosses this meridian and the direction perpendicular to B
                           
                    x
                   is the direction of the EEJ. The declination is B
                           
                    d
                   = 1.85° (Apex) and 1.89° (IGRF) east of north. Likewise, the horizontal component is B
                           
                    h
                   = 35,499.24 nT (Apex) and B
                           
                    h
                   = 35,395.7 nT (IGRF). The north component is found to be B
                           
                    x
                   = 35,480.73 nT (Apex) and B
                           
                    x
                   = 35,376.4 nT (IGRF). The difference B
                           
                    h
                   − B
                           
                    x
                   is 18.51 nT (Apex) and 19.3 nT (IGRF), leading to an error percentage of 0.0521 % (Apex) and 0.0545 % (IGRF) with respect to B
                           
                    h
                   and B
                           
                    x
                  . It is thus justified to simplify using the geographic coordinate system by showing that the error incurred by not doing the inversion along the direction B
                           
                    d
                   of B
                           
                    h
                   would not be significant. We keep the geomagnetic latitudes for illustrative reference in Fig. 2.
The date 31 May 2013 was chosen because Adigrat has the most complete data, with only four gaps, on this storm than on any other storm during its operational lifetime. AMBER’s magnetometer at Adigrat began recordings in 2012. Its measurements have constantly been interrupted for unknown reasons in its entire operation. By 30 September 2013, the recordings stopped and were never resumed. By contrast, the magnetometer at Addis Ababa continues to record without a hitch practically since INTERMAGNET started operating.
There may be a number of reasons for the lack of data (among others, useless recordings, equipment malfunction, faulty or no calibrations, human maintenance and other interventions, as well as power failures), but there are also techniques for overcoming them. This may include data interpolation, or replacement of appropriate data from other neighbouring stations and from past observations. In this paper, linear interpolation is imposed to connect the last available datum with the next available datum over each intervening gap, provided the gaps are not too large (≤1 h) and there is more than half a day’s worth of data available for any chosen day.
Then, the geomagnetic variation due to the EEJ is determined at each location by subtracting the midnight component values at the start of the day and the solar quiet (Sq) variations during the day (McPherron 1998; Wanliss and Showalter 2006), which contains the diurnal variation around midday. Before subtraction, the Sq variations were obtained by averaging over ten quiet days during the same month of the period of interest. The Sq is then removed at all local times of the chosen day. The final variations are then ΔB
                           
                    x
                   and ΔB
                           
                    z
                  , and they give an indication of the EEJ current. Figure 3 shows what these data from Addis Ababa and Adigrat look like.[image: A40623_2016_530_Fig3_HTML.gif]
Fig. 3Geomagnetic ΔB
                                       
                            x
                           (north) and ΔB
                                       
                            z
                           (vertical) components from Addis Ababa and Adigrat. On 31 May 2013 there is a sudden commencement occurring at 16:19 UT starting a geomagnetic storm. The individual (left axes) and cumulative (right axes) Fourier spectra of the filtered data are presented in the last four panels. Also shown is the percentage of total energy content for each component and station, filtered below the cut-off frequency [image: $$f_{\text{c}} = f_{\text{Nyquist}} /8 = 1.04\,{\text{mHz}}$$] (or period: 16 min)




                        

Taking Fourier transforms
Because the physical calculations and the inversion are carried out in the frequency domain, the fast Fourier transform (FFT) is taken of the differences ΔB
                           
                    x
                   and ΔB
                           
                    z
                   over the given time frame of the chosen day: [image: $$T = N\Delta t = 24\,{\text{h}} = 1440\,{ \hbox{min} }$$]. Because the data are sampled at 1-minute intervals, we have a constant time increment [image: $$\Delta t = 1\,{ \hbox{min} } = 60$$] s (with the number of samples N = 1440 for the given period), t = Δt[(j − 1)/N] where j is the index over time.
The FFT is similarly discretised with the same number of sampled points (N) in the frequency domain. The k’th spectral component [image: $${\mathcal{F}}_{k} = \frac{1}{N}\sum\nolimits_{j = 1}^{N} {\varepsilon^{{\left( {j - 1} \right)\left( {k - 1} \right)}} F_{j} }$$], where ɛ = e−2πi/N
                            is the complex root of unity, is complex-valued and takes on the units of real-valued F
                           
                    j
                   data. In this application, the physical unit for the geomagnetic field spectra is nanotesla (nT). Thus, [image: $${\mathcal{F}}_{k}$$] contains amplitude and phase information of the differences ΔB
                           
                    x
                   and ΔB
                           
                    z
                   at frequency f = Δf[(k − 1)/N], where [image: $$\Delta f = \frac{1}{\Delta t} = 16.67$$] mHz is the sampling frequency.
The brickwall low-pass filter is then applied in which all amplitudes above a certain cut-off frequency are suppressed. The cut-off frequency f
                           c was chosen to be one-eighth of one-half of the sampling frequency (i.e. the Nyquist frequency f
                           Nyquist). The individual and cumulative spectra shown in Fig. 3 include this filtering.
To check that no essential data were lost (except for smoothing) when the filter was applied, the inverse Fourier transform of the resulting spectra were plotted below the measurements in Fig. 3. We shifted this smoothed curve downwards so that it is not obscured by the actual measurements. The shift was taken as 20 % of the geomagnetic range (the maximum minus the minimum of the given data set) of each component.

Layered Earth and surface impedance
The Earth conductivity profile for Addis Ababa, Ethiopia (the closest magnetic observatory to the EEJ), was compiled from a conductivity model on a three-dimensional grid of the entire world and up to 100 km deep (Alekseev et al. 2015). The deep-layer conductivity profile was derived from geomagnetic measurements obtained by the Swarm satellite (Civet et al. 2015). Table 2 and Fig. 4 present the conductivity profiles combined.Table 2Parameters of a combined 1D model of the ground conductivity structure


	Layers
	Depth (km)
	Conductivity (mS/m)
	Place

	Layer 1
	0.1
	20.00
	Addis Ababa, Ethiopia

	Layer 2
	8.0
	0.02

	Layer 3
	31.0
	5.00

	Layer 4
	100.0
	10.00

	Layer 5
	600.0
	1.0
	Global (Swarm)

	Layer 6
	900.0
	5.2

	Layer 7
	1250.0
	2700

	Layer 8
	∞
	3750


The model is based on magnetotelluric measurements (adapted from Alekseev et al. 2015 to four layers) and satellite measurements (adapted from Civet et al. 2015 to four layers)



                           [image: A40623_2016_530_Fig4_HTML.gif]
Fig. 41D model of the ground conductivity structure used in this study. This structure is obtained from the combination of the data given in Table 1
                                    




                        
The surface impedance was calculated from this combined layered-Earth model. This is shown as a plot of the surface impedance against angular frequency in Fig. 5. The conductivity profile at the particular location has an impact on the geomagnetic field, which creates a reflection of electromagnetic waves from the Earth’s surface and from layer boundaries below the surface.[image: A40623_2016_530_Fig5_HTML.gif]
Fig. 5Surface impedance Z(ν = 0, ω) calculated using the layered-Earth model presented in Table 2 and Fig. 2. Crosses are the lowest and highest possible sampled frequencies created by the fast Fourier transform of 1-min geomagnetic data collected on 31 May 2013. Inserted is the same plot at a larger frequency range showing linear behaviours at both ends representing the bottom (low frequency) and top (high frequency) layers of the conductivity profile. All the linear behaviours of the middle layers are hidden by the nonlinear behaviour of the tangent function, compounded recursively at every iteration of Eq. (2)




                        
Frequency properties of the surface impedance
In Fig. 5, one can see that the real and imaginary parts of the surface impedance Z(ω) are not equal, even though they do not differ very much. In the log–log scale representation, the impedance components have a nonlinear relation to the frequency. The source of this behaviour is the hyperbolic tangent function, tanh γ
                              
                      n
                    
                              h
                              
                      n
                    , in the recursive relation (2).
On the other hand, the characteristic impedances K
                              
                      n
                     of the layers are also present in relation (2) and must always be proportional to the square root of the frequency, in the quasi-static approximation (Rikitake 1951), within each layer n. The real and imaginary parts of [image: $$K_{n}$$] are equal, which gives a linear plot on the log–log scale.
Further analyses of the frequency dependence of the surface impedance of a layered-Earth model are beyond the scope of this article.


Inversion for finding the current strength parameters
We pick one frequency in the spectrum and collect the corresponding complex Fourier transforms of the differences ΔB
                           
                    x
                  (x, t) and ΔB
                           
                    z
                  (x, t). An inversion process is run, with input data ΔB
                           
                    x
                  (x, ω) and ΔB
                           
                    z
                  (x, ω) at the selected frequency, using the Levenberg–Marquardt (LM) technique (Lourakis 2005). Simpler alternatives, like the decomposition techniques, can also be used in this linear inversion set-up. However, we keep a general model formulation so that we may easily accommodate the nonlinear parameters of the current system in the future. In this way, we remain consistent with De Villiers and Cilliers (2014). The objective function is a sum-of-squares of residuals that contain Eq. (7) as the model function with model output parameters. The current strength is in the space-frequency domain; its position is the line current system position [i.e. x = x
                           o = 0 as determined from δ(x)]. The complex current strength J(ω) is estimated as two output parameters [J
                           r(ω) and J
                           i(ω)] in this study. Because the LM technique cannot work with complex numbers, the real and imaginary parts of J(ω), ΔB
                           
                    x
                  (x, ω) and ΔB
                           
                    z
                  (x, ω), are treated separately. The inversion runs by fitting the model function to the data by optimisation of the model parameters. Once fitted the final values of the parameters constitute the solution to the inversion problem. Figure 6 gives the inversion of the geomagnetic components against latitude for one frequency [the last sampled frequency at cut-off: [image: $$f_{0} = 1/\left( {16\,{ \hbox{min} }*60\,{\text{s/min}}} \right) \simeq 1.04$$] mHz]. The resulting fit residuals can be used as a quantitative proxy for the reliability of the model and results. The inversion technique is considered to have converged when the change in the relative function is less than the tolerance. See Tarantola (2005) and Chave and Jones (2012) for a more comprehensive description of the inversion theory and MathWorks Inc. (2015) for the LM tool used.[image: A40623_2016_530_Fig6_HTML.gif]
Fig. 6Inversion from geomagnetic measurements at cut-off 1.04 mHz to determine the parameters of ionospheric currents. “Initial” in the legend refers to the initial estimate to start the inversion. “Final” refers to the inversion result for the same parameter at this cut-off frequency. The residuals (bottom plots) are the difference between the inversion results and the measured values (upper plots: circles) at the locations of Adigrat [678.6 km] and Addis Ababa [95.8 km north of the EEJ] along the geographic meridian




                        
The inversion is repeated for every frequency of the spectrum that was used for the geomagnetic data. Thus, a spectrum of corresponding modelled geomagnetic values is set up in the frequency domain. An inverse FFT is taken to convert to the real-valued modelled geomagnetic variations in the time domain. Figure 7 shows the spectrum of modelled variations and its inverse Fourier transform. For comparison, the figure also shows the measured variations in both domains.[image: A40623_2016_530_Fig7_HTML.gif]
Fig. 7North component of the geomagnetic field on 31 May 2013. The spectrum (upper panel: solid) of the geomagnetic field at the surface of the Earth was determined from the Fourier integral of the equatorial electrojet. The time series of the geomagnetic field (lower panel: solid) was obtained by an inverse Fourier transform of the spectrum. The measured data from Fig. 4 (both panels: dotted) is also shown. Location: a Adigrat, b Addis Ababa




                        

Current strength and electric field calculation
This repetition of the inversion at every frequency also results in a complex-valued spectrum for the current strength from which an inverse FFT is taken to convert to the real-valued current variations J(t) in the time domain. Figure 8 shows the spectrum of J and its inverse Fourier transform. Once this spectrum is obtained, it can be substituted into Eq. (6) and the spectrum of the eastward component of the geoelectric field at the Earth’s surface can be calculated for any location x assuming that the Earth’s conductivity profile affecting the reflection coefficient R is known. This spectrum is also converted to the time domain E
                           
                    y
                  (x, t) by inverse FFT. Figure 9 shows the spectrum of E
                           
                    y
                   and its inverse Fourier transform. In Figs. 8 and 9, the time domain is the same as that of the measured geomagnetic data. The high peaks at both midnights in Figs. 7, 8 and 9 are the result of a Gibbs phenomenon in the inverse Fourier transform due to a jump discontinuity in the spectrum.[image: A40623_2016_530_Fig8_HTML.gif]
Fig. 8Equatorial electrojet current strength and its spectrum for 31 May 2013. The spectrum (upper panel) was derived from the inversion. The electrojet (lower panel) is obtained by an inverse Fourier transform of the spectrum
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Fig. 9East component of the geoelectric field on 31 May 2013. The spectrum (upper panel) of the geoelectric field at the surface of the Earth was determined from the Fourier integral of the equatorial electrojet. The time series of the geoelectric field (lower panel) was obtained by an inverse Fourier transform of the spectrum. Location: a Addis Ababa, b the EEJ




                        


Results
The results of the inversion are depicted in Fig. 6 in terms of ΔB
                        
                  x
                (x, ω) and ΔB
                        
                  z
                (x, ω), the measured data at Adigrat and Addis Ababa. This figure is shown as an example for only one sampled frequency (f
                        0) of the spectrum of the Fourier transform of ΔB
                        
                  x
                (x, ω) and ΔB
                        
                  z
                (x, ω). If the inversion is repeatedly run using data from all sampled frequencies, the performance is similar to Fig. 6.
It is possible that the results will improve if more than two stations were used in the inversion set-up. However, we suspect that the residuals of magnetometers will increase as one goes further away from the ionospheric current system, based on what we have observed with the two magnetometers we considered. Comparing the stations, the data points of Adigrat are far from the inversion result and therefore the corresponding residuals are relatively large, while the data points at Addis Ababa are closer to the inversion (with small residuals). Therefore, the inversion at Addis Ababa can reflect the geomagnetic field more accurately. Being nearly underneath the EEJ, this accuracy at Addis Ababa transfers to the estimation of the electric field (Fig. 8) and in that of the current strength (Fig. 9) as well.
The line current model is a simplified first approximation used in this paper to show that the developed inversion procedure works for real geomagnetic variation data. It is beyond the scope of this paper to determine a better model. Addis Ababa is 0.9° (in Apex latitude) north of the mean location of the EEJ, but the exact location of the EEJ during this particular storm is not known.
The poor fit in Adigrat could be the result of a Sq current contribution that was not adequately removed from the magnetic data. We tried to remove any Sq current contributions from magnetometer measurements and model only for the EEJ currents. However, the Sq may still contribute to the large residual at Adigrat (and a small part resulting in a small residual at Addis Ababa). Despite these challenges, the fit residual can be used as a quantitative indicator of the reliability of the model and results.
Figure 7 shows a comparison of modelled and measured data of ΔB
                        
                  x
                 at Addis Ababa for all frequencies of the spectrum. With a few exceptions, the modelled data closely follows that of the measured data. The exceptions are that at some isolated frequencies the spectra of the measurements are much lower than the corresponding modelled spectra. These dips were invisible to the inversion process at those particular frequencies. As a result, the corresponding modelled time series are slightly higher than the corresponding measured time series during most of the day. However, by adding the mean diurnal Sq variation and the midnight value at the start of the day to both time series data, this difference between the modelled and measured variation in the EEJ geomagnetic signature is less pronounced and could be neglected. This step creates the modelled total values of B
                        
                  x
                 and restores the original absolute measurements from which they were subtracted in the first place.
An excellent correlation between the measured time series of ΔB
                        
                  x
                 in Fig. 7 and the modelled time series of the EEJ in Fig. 9 is found. A simple linear regression of the relationship determines that a unit change in nanotesla (nT) of ΔB
                        
                  x
                 corresponds to a large change in the EEJ current strength and small southward geomagnetic offset still exists when the current changes direction. The good correlation (+88.18 %) confirms the adequacy of the method for estimating the EEJ and provides a useful scaling factor [slope 970 Amperes/nanotesla (A/nT); offset 172 nT at 0 A] to relate changes in the geomagnetic field to corresponding changes in the EEJ. Positive and negative values of ΔB
                        
                  x
                 indicate the EEJ is eastward and westward, respectively. From Fig. 7, it can be seen that the EEJ was first eastwards before local noon and then westwards after local noon in Ethiopia. Also notable is the presence of a sudden commencement in the current strength (from 2.29 to 28.35 kA) later in the day of interest, 31 May 2013, corresponding to a geomagnetic signature (from 4.59 to 27.42 nT).

Discussions
Wider implications for the surface impedance
The frequency range of Fig. 5 was extended to its asymptotic extremes and included as an insert to this plot. In the insert plot, the asymptotes of Z(ω) at frequency extremes are linear on a log–log scale. At the high frequency end (small skin depth), Z(ω) approaches the surface impedance of a homogeneous Earth with conductivity equal to that of the top layer [i.e. the short-wavelength (see appendix) EM-waves dominate in the first surface layer of the conductivity profile]. At the low frequency end (large skin depth), Z(ω) approaches the surface impedance of a homogeneous Earth with conductivity equal to that of the infinite bottom layer [i.e. the long-wavelength EM-waves dominate in the last half-space layer of the conductivity profile]. This asymptotic behaviour is useful for estimating the detail that is required for the conductivity profile if the geoelectric field has to be determined for different rates-of-change of the geomagnetic field.

The geoelectric field
The geoelectric field, at any given position on the ground, is calculated from Eq. (6) with the substituted output parameters (in this case the current strength) obtained after the inversion. If any geoelectric field measurements are available, for example from magnetotelluric studies, the modelled geoelectric field can be tested to determine whether the model functions and its parameters are correct.
The geoelectric field, once computed, also provides a way for GIC in a power network to be predicted, which is of great practical significance. If a suitable model for deriving ionospheric currents during a geomagnetic storms is found from all available data, including several ground-based observations such as the AMIE model (Richmond 1992), then the approach in the present paper could be used to estimate the geoelectric field on the ground and from it estimate the GIC.
When a warning is given in advance, the power utilities can respond in time. Failures in power system operation can then be avoided, and possible transformer damages can be minimised, for example, by rerouting the power to other parts in the grid, or there can be load shedding and the general public can then be warned of a possible blackout more efficiently in advance.

Inversion characteristics
The approach discussed in this paper finds applications in studies of the EEJ. The inversion techniques can be used to determine an appropriate distance in latitude from the EEJ where the effects of the current are no longer seen in the geomagnetic field. Measured geomagnetic data from two stations may be inverted to estimate the strength of the EEJ. A geomagnetic signature should show up during the daytime indicating that an EEJ is present. From this signature, the EEJ current strength can be established by inversion.
There may be a number of factors which affect the performance of the inversion using measured data. In this paper, we used the same inversion method as in De Villiers and Cilliers (2014) that used simulated data at a single frequency to test the inversion. But there are alterations to that inversion method: the distance parameters (height and latitude) is fixed and taken out of the inversion, while the current is now complex-valued. Also in this study actual measured data from Ethiopia were used, and the inversion was done at every frequency in the spectrum of the measured data.
The EEJ is observable only for a few hours around the local noon. For the rest of the day, the electrojet is less pronounced and at night-time it disappears completely. During the day, the EEJ appears and becomes stronger after dawn, peaks near noon, and then weakens towards dusk. However, the sudden commencement and the subsequent geomagnetic storm introduce new dynamic changes to the EEJ, such that the quiet-time variability in subsequent times no longer applies.
The curves of the model function in Fig. 6 may behave non-symmetrically around the EEJ at the Earth’s surface, when two different conductivity profiles from each observatory are considered. In this regard, see e.g. Dong et al. (2013) who examine the effects of lateral conductivity variations by putting two different conductivity profiles side-by-side, thus creating a horizontal variation in addition to the vertical variation of conductivities within the ground (cf. Viljanen et al. 2004; Marti et al. 2014). It is possible that such an updated profile to the model function may provide a better fit to the geomagnetic measurements of the two Ethiopian stations.
The geoelectric field has also been used as a proxy for GIC in other studies (e.g. Zheng et al. 2013). Furthermore, Viljanen et al. (2004) and Wik et al. (2008) both take horizontal geomagnetic field data and compute the horizontal geoelectric field directly by multiplication of the surface impedance in a given region. Both went further and computed GIC from the horizontal geoelectric field data on the Swedish and Finnish power networks, respectively. This computed GIC was compared to actual measurements of GIC for a number of storms between the years 1998 and 2000. Viljanen et al. (2004) also used the SECS method to compute equivalent elementary currents and geoelectric fields on a regional grid that spans Finland. In this paper, we only went as far as modelling ionospheric line currents and computing the geoelectric fields from these currents.


Conclusions
The primary contribution from this paper is building on the approach of De Villiers and Cilliers (2014) that used simulated geomagnetic data at one frequency. We applied the inversion method to Fourier transformed data of measured geomagnetic data from Ethiopia. The conductivity profile used in the inversion was derived from a shallow conductivity profile of one Ethiopian station and appended to by a deep Earth conductivity profile determined by the Swarm satellite. The Ethiopian station chosen to construct the conductivity profile was Addis Ababa, which is closest to the EEJ.
The main goal of this paper has been reached, namely that of obtaining time series estimates of the EEJ current strength and of the geoelectric field for 31 May 2013 from geomagnetic measurements. A negative geomagnetic horizontal component difference ΔB
                        
                  x
                (t), just before local noon to local 6 o’clock in the afternoon, indicated a westward current is visible, which implies the presence of a counter electrojet.
A well-defined sudden commencement and subsequent geomagnetic storm is identified at around 16:11 in the inversion modelled data of both the EEJ geomagnetic signature and its current strength. Corresponding to the geomagnetic signature of the sudden commencement, the geoelectric field shows a negative spike (dip) at around the same time. This spike indicates the geoelectric field is correlated with the time rate-of-change of both the geomagnetic field and EEJ current strength, whereas the current strength itself is strongly correlated with its geomagnetic field.
A time domain approach to the inversion is currently being investigated for its potential to be simpler and faster.
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Appendix: Derivation of the spatial wavelength
Usually the symbol λ (lambda) is used for wavelength in tertiary textbooks of the natural sciences, not γ (gamma). From [image: $$\nu_{n} = \sqrt {i\omega \mu_{n} \sigma_{n} - \omega^{2} \mu_{n} \varepsilon_{n} }$$] defined below Eq. (2), we can identify the [image: $$\omega^{2} \mu_{n} \varepsilon_{n}$$] term with the classical wavenumber (squared) k
                           
                      n
                    2. The wavelength is derived from this wavenumber for layer n: [image: $$\lambda_{n} = \frac{2\pi }{{k_{n} }} = 2\pi \left( {\frac{{c_{n} }}{\omega }} \right) = \frac{{c_{n} }}{f}$$] where [image: $$c_{n} = 1/\sqrt {\mu_{n} \varepsilon_{n} }$$] is the layer wave speed with f and ω the normal and angular frequency, respectively. The wavelength depends on the speed the wave is travelling through layer n. But because [image: $$\mu_{n}$$] and [image: $$\varepsilon_{n}$$] have been set to their corresponding values in free space [see text above Eq. (2)], this speed is everywhere the same; thus c
                           
                    n
                   = c, the speed of light for all layers and also above ground. Therefore, [image: $$\lambda = \frac{c}{f}$$] and the frequency domain of the spectrum plots in Fig. 3 and elsewhere can be converted to the wavelength domain via this relation.
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