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Abstract
The detection and study of the rotational motion of space debris, which is affected by environmental factors, is a popular topic. However, relevant research in extremely low-orbit regions cannot be conducted due to a lack of observational data. Here, we fill in the gaps to present the rotational evolution of Tiangong-1 in the 5 months prior to reentry. Derived from the changes in the relative distance of its two corner cube reflectors from satellite laser ranging data, the angular momentum of Tiangong-1, which is relatively stable during observation, deviates from its maximum principal axis of inertia and precesses around the normal direction of the orbital plane due to gravity gradient torque at an angle of [image: $$23.1^\circ \pm\,2.5^\circ$$]. Requiring consistency with the relationship between the angular momentum and precession rate leads to a solution for the rotation rate, which is thus found to increase. This result cannot be explained by any previously developed torque models. Hence, an atmospheric density gradient torque (ADGT) model that considers the torque generated by the change in atmospheric density with orbital altitude at the satellite scale is proposed to explain the rotational acceleration mechanism of extremely low-orbit objects. The numerical results show that the ADGT model provides a non-negligible ability to explain, but cannot fully describe, the acceleration effect. The data on the rotational evolution of Tiangong-1 can provide an important basis for aerodynamic model improvement by addressing minor factors omitted in previous models.[image: A40623_2019_996_Figa_HTML.png]
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Introduction
When the fourth artificial satellite in human history, Vanguard I, was launched in 1958, its rotational speed was found to decay exponentially with time, which was suggested to be the effect of eddy current torque (Wilson 1959; LaPaz and Wilson 1960). After decades of research, eddy current torque has been verified as the main dissipation factor that causes a decrease in spacecraft rotational speed (Smith 1962; Williams and Meadows 1978; Praly et al. 2012; Lin and Zhao 2015). However, some observations of individual rockets show that they have increasing rotational speed (Meeus 1971), and some satellites begin to spin after losing attitude control. The causes of accelerated spin have not been clearly explained. Whether these phenomena are due to satellite fuel leaks (Boehnhardt et al. 1989), accidental collisions, or the continuous action of certain factors in space cannot be confirmed from scattered observations.
In recent years, the task of active debris removal has spurred the need for the detection of and research on the rotational state of space debris (Liou and Johnson 2009; Liou 2011; Bonnal et al. 2013; Deluca et al. 2013; Shan et al. 2016). Estimating the rotational state of space debris is very difficult when using ground-based observations because of the limited detection capability and the small amount of acquired data. The existing detection and research results are limited to objects at orbital altitudes of approximately 500–1500 km or higher, and such objects are relatively easy to detect (Kucharski et al. 2013; Koshkin et al. 2016; Lin and Zhao 2018; Pittet et al. 2018). In the extremely low-orbit region (altitudes lower than 300 km), the small number of detectable objects coupled with their high velocity, short pass duration, and short orbital lifetime require better observation conditions and higher observation capability. To date, comprehensive data on the rotational evolution of extremely low-orbit objects are unavailable, and the high-profile Tiangong-1 reentry event provided an excellent opportunity for data collection.
Tiangong-1, China’s first prototype space station, was launched in September 2011. After its service ended in March 2016, its orbital altitude gradually decreased, and the satellite reentered the atmosphere on April 2, 2018, at UTC 0:15. Tiangong-1 was equipped with two corner cube reflectors (CCR), which can be used for satellite laser ranging (SLR), on the docking interface (Fig. 1). The SLR technique measures the round-trip time of laser pulses from the observatory to the satellite to calculate distance (Pearlman et al. 2002). Modern SLR systems can provide instantaneous range measurements at centimeter-level precision, or even millimeter level for single shot, making these systems the most precise technique to track spacecraft in low Earth orbits (Tapley et al. 2004). We organized an optical and laser joint observation of Tiangong-1 from November 2017 (at an altitude lower than 300 km) to March 2018 and obtained 95 passes of SLR data, of which 40 passes can be used to estimate the rotational state of the satellite. By processing these data in combination with the dynamic model (Lin et al. 2016) and the relationship of all effective solutions, we obtain the rotational state of Tiangong-1 as well as the evolution thereof in the 5 months prior to reentry and fill in the gaps in the rotational evolution data on extremely low-orbit objects.[image: A40623_2019_996_Fig1_HTML.png]
Fig. 1Model of Tiangong-1 and its body-fixed coordinate system. The main body of Tiangong-1 is 10.4 m in length with a maximum diameter of 3.35 m and a weight of 8.5 t. The two solar panels on either side of the satellite have dimensions of 7 m [image: $$\times$$] 3 m. A body-fixed coordinate system is established with the center of mass of the model as the origin O. The three coordinate axes are along the principal axes of inertia, where the Ox-axis points along the minimum axis of inertia in the docking direction and the Oz-axis follows the maximum axis of inertia. The principal moments of inertia are [image: $$I_x = 16{,}403.01\,{{\rm kg\,m}}^2$$], [image: $$I_y = 70{,}915.56\,{{\rm kg\,m}}^2$$], and [image: $$I_z = 76{,}392.38\,{{\rm kg\,m}}^2$$]. The relative vector of the centers of the two corner cube reflectors on the docking interface (from the large one to the small one) can be expressed in the body-fixed coordinate system as [image: $${\varvec{P}}_0 = (-0.2029, 0.6406, 2.6625)\,\hbox {m}$$]





Methods
Processing of SLR data
The rotational state of Tiangong-1 can be determined by the changes in the relative distance [image: $$\Delta P$$] of its two CCRs (Fig. 2). This change in distance is due to the combined effect of changes in the observation direction and the satellite attitude. As the larger CCR has multiple reflectors, the relative distance obtained is not necessarily the distance between the centers of the two CCRs. Hence, an additional distance factor [image: $$\delta _P$$], which is within [image: $$\pm\,0.15\,m$$] according to its size, is added to the calculation (see Eq. (3)) to correct the distance deviation. In addition, due to the limitations of the observation conditions, the data signals from the small CCR are not evenly distributed (Fig. 2), and the weights of the data need to be adjusted to ensure calculation accuracy.[image: A40623_2019_996_Fig2_HTML.png]
Fig. 2Example of SLR data of Tiangong-1 on January 18, 2018, at UTC 11.1 h. The abscissa is the second of day, and the ordinate is the relative distance from the large CCR to the small CCR. The gray data are measured from the large CCR with background noise. The red marks the signals from the small CCR





Estimation of the orientation of angular momentum
The inertia ellipsoid of a rigid body can be established in the body-fixed coordinate system based on the principal moment of inertia [image: $$I_x, I_y, I_z$$] (Markeyev 2006), as shown in Fig. 3. For a general case of torque-free rotational motion, the angular momentum and angular velocity (instantaneous rotational axis) on the inertia ellipsoid are not constants. The trajectory of the angular velocity is called the polhode. Define [image: $${L = H^2 / 2EI_z}$$], where H and E are the angular momentum magnitude and the kinetic energy of self-spin, respectively. Then, L can indicate the position of the trajectory of the angular velocity and the angular momentum in the inertia ellipsoid. The polhode when [image: $${L = I_y / I_z}$$] (the brown line in Fig. 3) divides the inertia ellipsoid into four regions (Markeyev 2006), in which the polhode surrounds [image: $$\pm\,x$$] or [image: $$\pm\,z$$]. When L is equal to 1 and [image: $${I_x / I_z}$$], the axes of rotation coincide with the Oz- and Ox-axes, respectively. Because the magnitude of angular velocity is not constant in a polhode, when comparing the rotational speeds at different times, the equivalent rotational speed [image: $$H / I_z$$] can be used to characterize the change in rotational speed due to external torque.[image: A40623_2019_996_Fig3_HTML.png]
Fig. 3Trajectories of the estimated angular momentum and angular velocity of Tiangong-1 in the inertia ellipsoid. The right panel shows the inertia ellipsoid of Tiangong-1. According to Euler’s kinematics equation, the angular momentum [image: $${\varvec{H}}$$] (blue) and the angular velocity [image: $${\varvec{\omega}}$$] (red) precess around one of the principal axes in the body-fixed system without external torque. The left panel presents the projections of the trajectories in the xy plane. The rings label the angles of deviation from the z-axis. Define [image: $${L = H^2/2EI_z}$$], where E is the self-spin kinetic energy. Then, the trajectories correspond to [image: $${L = 0.9983}$$]. The brown line in the right panel is the polhode (the trajectory of the angular velocity) at [image: $${L = I_y/I_z}$$]




On the basis of the rotational motion model with 6 main parameters H, [image: $$\psi _H$$], [image: $$\theta _H$$], [image: $$\varphi _H$$], [image: $$\theta '$$], and [image: $$\varphi '$$] (Lin et al. 2016; Crenshaw and Fitzpatrick 1968) shown in Fig. 4, we can establish the transformation between the body-fixed coordinate system and the orbital plane coordinate system. Define [image: $${\varvec{R}}_{\varvec{\xi }}(\eta )$$] as a rotation matrix around axis [image: $${\varvec{\xi}}$$] with angle [image: $$\eta$$]. Then, the transformation matrix from the orbital plane coordinate system to the body-fixed system can be written as[image: $${\varvec{T}}_{{\rm ob}} = {\varvec{R}}_{Oz}(\varphi ') {\varvec{R}}_{OX}(\theta ') {\varvec{R}}_{OZ}(\varphi _H) {\varvec{R}}_{ON}(\theta _H) {\varvec{R}}_{OZ^O}(\psi _H).$$]

 (1)

The numerical test shows that this set of parameters is less sensitive to initial values than other parameter sets (such as the set with the traditional Euler angles and angular velocity vectors), which is beneficial for the calculation. Then, the unit vector to the observation station in the body-fixed system can be expressed as[image: $${\varvec{S}}={\varvec{S}} ({\varvec{S}}_{J2000}, {\varvec{\sigma}}, H, \psi _H, \theta _H, \varphi _H, \theta ', \varphi '),$$]

 (2)

where [image: $${\varvec{S}}_{J2000}$$] is the unit vector from Tiangong-1 to the observation station in the J2000.0 coordinate system and [image: $${\varvec{\sigma}}$$] are the orbital elements. These values are known variables. Then, the relative distance of the two CCRs in Fig. 2 is written as[image: $$\Delta P = - {\varvec{S}} \cdot ({\varvec{P}}_0 + \delta _P),$$]

 (3)

where [image: $${\varvec{P}}_0$$] shown in Fig. 1 is the relative vector from the center of the large CCR to the small CCR, and [image: $$\delta _P$$] is the undetermined distance factor to correct the deviation from the centers of the CCRs, as mentioned above. A rotational motion mode can then be obtained using a genetic algorithm that satisfies the changes in [image: $$\Delta P$$] in the observation data.
[image: A40623_2019_996_Fig4_HTML.png]
Fig. 4Coordinate systems and 6 main parameters (Lin et al. 2016). The orientation of the [image: $$O{X^*}{Y^*}{Z^*}$$] system is fixed in the space. The [image: $$O{X^0}{Y^0}{Z^0}$$] system is the orbital coordinate system. The Oxyz system is the body-fixed system shown in Fig. 1. The Oxyz system is a system associated with the self-spin angular momentum vector [image: $${\varvec{H}}$$]. The Oxyz system can be obtained from the [image: $$O{X^*}{Y^*}{Z^*}$$] system by successive rotations through angles [image: $$\Omega , i,\psi _H, \theta _H, \varphi _H, \theta '$$] and [image: $$\varphi '$$], where [image: $$\Omega$$] is the longitude of ascending node and i is the orbit inclination





Usually, multiple possible solutions are obtained for the data from a single pass. Figure 5a shows the solutions for two main parameters, [image: $$\psi _H$$] and [image: $$\theta _H$$], which are the spherical coordinates of the self-spin angular momentum [image: $${\varvec{H}}$$] in the orbital plane system. Hence, we need to screen all solutions to eliminate false ones, including inspecting the visibility of the CCRs in the observation geometry (Fig. 5b) and comparing the results from other adjacent passes, i.e., choosing similar values of [image: $$\theta _H$$] and L and conforming the change in [image: $$\psi _H$$] to the law. This process eventually yields a certain orientation of the angular momentum (red region in Fig. 5).[image: A40623_2019_996_Fig5_HTML.png]
Fig. 5All possible solutions determined from Fig. 2. a [image: $$\theta _H$$] versus [image: $$\psi _H$$]. b The visible percentage of two CCRs during the observation time. The red region is the only correct solution which is determined by inspecting the visibility of the CCRs in the observation geometry, choosing similar values of [image: $$\theta _H$$] and L from adjacent passes and conforming the change in [image: $$\psi _H$$] to the law






Solutions of angular momentum magnitude
Determining the exact angular momentum magnitude H is another challenge. Directly solving the rotational speed is extremely difficult because the valid observation duration in a single pass is much smaller than the rotation period of Tiangong-1, the time interval between adjacent passes is much larger than this rotation period, and the large dimension of the algorithm makes [image: $$\Delta P$$] not sensitive to the changes in H.
However, the direction of the angular momentum ([image: $$\psi _H$$], [image: $$\theta _H$$]) can be accurately determined in a single pass, and the solution in each pass is a mutually independent process (Fig. 6). Due to the influence of the gravity gradient torque, the angular momentum precesses around the normal of the orbital plane. Variations in [image: $$\psi _H$$] can be reduced to a first-order secular linear change and a second-order periodic change (Lin et al. 2016). For a triaxial ellipsoid model, the linear change rate of [image: $$\psi _H$$] can be approximated as[image: $$\begin{aligned} {\omega _{{\psi _H}}} &= -\cos i \cdot \dot{\Omega }\\ &\quad +\, \frac{3GM}{4R^3 H}\cos {{\bar{\theta }}_H}\big ( I_x(1 - 3 \sin ^2 \bar{\theta }' \sin ^2 \bar{\varphi }') \\ &\quad+\, {I_y}(1 - 3\sin ^2\bar{\theta }' \cos ^2\bar{\varphi }') + I_z (1 - 3\cos ^2\bar{\theta }') \big ), \\ \end{aligned}$$]

 (4)

where i is the orbit inclination, [image: $$\dot{\Omega }$$] is the orbital precession caused by the oblateness of the Earth, G is the gravitational constant, M is the mass of the Earth, R is the geocentric radius, and [image: $$\bar{\theta }_H$$], [image: $$\bar{\theta }'$$], and [image: $$\bar{\varphi }'$$] are the mean values of [image: $$\theta _H$$], [image: $$\theta '$$], and [image: $$\varphi '$$], respectively (Lin et al. 2016). The first-order linear change rate of [image: $$\psi _H$$] is approximately linear with 1/H. This correspondence is easy to understand because the gravity gradient torque is independent of the angular momentum, and under the same gravity gradient torque effects, the smaller the magnitude of the angular momentum is, the more easily the direction is changed, which results in a faster change rate.[image: A40623_2019_996_Fig6_HTML.png]
Fig. 6Probability distributions of the estimated [image: $$\psi _H$$]. The three sets of data are estimated from three consecutive passes on January 18, 2018, at UTC 9.5 h, 11.1 h, and 12.6 h. Due to the influence of the gravity gradient torque, [image: $$\psi _H$$] will increase or decrease at a certain rate, which can be used to find the correct solution in Fig. 5 and calculate the magnitude of the angular momentum in Fig. 7




Therefore, the magnitude of the current angular momentum H can be obtained from the change in [image: $$\psi _H$$] from two passes based on the relationship between H and the precession rate of the angular momentum. In actual operation, the resulting error will be excessive if the two passes are too close, and if their time interval is too long, the large difference in orbital altitudes will affect the [image: $$\psi _H$$]–H relationship. Therefore, we select the interval from the observations to be more than half a day and less than 10 days to calculate the change in [image: $$\psi _H$$]. After eliminating the incorrect solutions for the difference angles of [image: $$\psi _H$$] in the same quadrant, the magnitude of the angular momentum can be obtained by numerically calculating the [image: $$\psi _H$$]–H relationship (Fig. 7).
[image: A40623_2019_996_Fig7_HTML.png]
Fig. 7Relation between the change rate of [image: $$\psi _H$$] and the equivalent rotation speed [image: $$H/I_z$$]. The relation example is estimated from Fig. 2 where the orbit altitude is approximately 280 km. A series of parameter sets of rotational motion, which are not sensitive to H, are obtained using Eq. (3). We use each set of parameters as initial values to extrapolate the rotation and extract the change rate of [image: $$\psi _H$$]. Then, we can establish a mapping from [image: $$H/I_z$$] to [image: $$\omega _{\psi _H}$$]. Once the change in [image: $$\psi _H$$] from two passes is determined, the exact [image: $$H/I_z$$] can be reversed






Results and discussion
Tiangong-1’s rotational state
The evolution of the rotational state of Tiangong-1 can be expressed by the variation of its self-spin angular momentum because the angular momentum is the conserved quantity in the rotational motion of a rigid body without external torque. Derived from the estimation results, the angular momentum [image: $${\varvec{H}}$$] of Tiangong-1 deviates from its z-axis (i.e., the maximum principal axis of inertia) with maximum angles of approximately [image: $$1^\circ$$] and [image: $$8.5^\circ$$] in the x and y directions, respectively (Fig. 3), while in the inertial space, the angular momentum [image: $${\varvec{H}}$$] precesses around the normal direction [image: $${\varvec{N}}$$] of the orbital plane due to gravity gradient torque (Lin et al. 2016) at an angle [image: $$\theta _H = 23.1^\circ \pm\,2.5^\circ$$] (Fig. 8). During the 5-month observation period, the rotation mode of Tiangong-1 was relatively stable, indicating that the satellite was not subjected to a strong sudden effect (such as a collision). Any dissipating effect in space will cause the angular momentum to migrate to the axis of maximum inertia (the rotation with the lowest energy), but Tiangong-1’s angular momentum remained at a certain angle to the z-axis for a long duration. A numerical test showed that gravity gradient torque produces only periodic deviations of up to [image: $$0.01^\circ$$] (along the x-axis) and [image: $$0.1^\circ$$] (along the y-axis). Therefore, we speculate that Tiangong-1 was also subject to other effects, which may be additional stable driving torques. Combined with the attitude of Tiangong-1 before losing attitude control (Fig. 8), these effects may have caused the Oz-axis to be deflected by approximately [image: $$90^\circ$$] in the normal direction of the orbit plane, finally reaching a balanced state.[image: A40623_2019_996_Fig8_HTML.png]
Fig. 8Rotational state of Tiangong-1 and atmospheric density gradient torque. The left model presents the normal attitude of Tiangong-1 during its active operational life. The Ox-axis of the body-fixed system points in the forward direction, and the Oz-axis points to the zenith. The right model presents the rotational state of Tiangong-1 during the joint observation. The angular momentum [image: $${\varvec{H}}$$] precesses in space around the normal of the orbital plane [image: $${\varvec{N}}$$] with the angle [image: $$\theta _H = 23.1^\circ \pm\,2.5^\circ$$]. The precession speed ranges from approximately [image: $$-\,280^\circ \,{{\rm day}}^{-1}$$] (November 2017) to [image: $$-160^\circ \,{{\rm day}}^{-1}$$] (March 2018). The shadow shows that the atmospheric density [image: $$\rho$$] decreases with increasing orbital altitude. Therefore, the atmospheric force [image: $${{\rm d}}{\varvec{f}}_1$$] at the end of the satellite nearest to the Earth is greater than [image: $${{\rm d}}{\varvec{f}}_2$$] at the far end, which generates a torque with the same direction of its self-spin




An accurate magnitude of the angular momentum H can be derived through the relationship of H with the precession rate of the angular momentum due to the gravity gradient torque, thus enabling the variation in rotational speed with time to be obtained (Fig. 9). The rotational speed of Tiangong-1 increased in the 5 months before reentry. This acceleration phenomenon has been verified by a very small amount of imaging and radar data. Although a complete period evolution cannot be obtained from these additional data, the detected rotational speed in early 2018 is clearly faster than that at the end of 2017. As mentioned in Introduction, this difference is an unexpected phenomenon. Within the known major external torques in space, the gravity gradient torque generally acts as a conservative torque and does not have a secular effect on the angular momentum (Lin et al. 2016; Crenshaw and Fitzpatrick 1968; Holland and Sperling 1969; Hitzl and Breakwell 1971). The eddy current torque and magnetic torque are dissipative torques that decrease the rotational speed (Smith 1962; Williams and Meadows 1978; Praly et al. 2012; Lin and Zhao 2015). Light pressure torque may theoretically have a slight acceleration effect under specific orbit and attitude configurations (Kucharski et al. 2016), but no secular effect was found in our numerical test on Tiangong-1. Classic aerodynamic torque, which affects objects only at very low orbital altitudes (Williams and Meadows 1978; Lyle and Stabekis 1971; Hart et al. 2014), will also decrease rotational speed (blue line in Fig. 9).[image: A40623_2019_996_Fig9_HTML.png]
Fig. 9Variation in equivalent rotational speed (lower panel) and the corresponding atmospheric density gradient (upper panel). The abscissa is the date, and the ordinate is given in logarithmic coordinates. In the upper panel, the atmospheric density gradient (unit: [image: $${{\rm kg\,m}}^{-4}$$]) is the gradient of the atmospheric density at the altitude of Tiangong-1’s position. The atmospheric density model is MSIS 90, and the orbital and space environment parameters are all actual values. In the lower panel, the black point is the equivalent rotation speed [image: $$H/I_z$$] (unit: [image: $$^\circ \,{{\rm s}}^{-1}$$]), which is estimated from the observational data. The error bar marks the range of one standard error. The four curves present the numerically calculated evolutions of the equivalent rotational speed. Each curve has a short-term oscillation with an amplitude of no more than [image: $$0.01^\circ /{{\rm s}}$$]. The blue represents the result for classic aerodynamic torque, and the remaining three lines consider the effect of ADGT, where the cyan and brown lines present the results when the angles [image: $$\theta _{{\rm p}}$$] between the normal of the solar panel and the z-axis take values of [image: $$0^\circ$$] (flat) and [image: $$90^\circ$$] (upright), respectively, and the red shows the results when the atmospheric force [image: $${{\rm d}}{\varvec{f}}$$] acting on the model element is increased threefold when the solar panels are upright. No significant changes in [image: $$\theta _H$$] or L are found in the results, which are comparable to the observational results





Atmospheric density gradient torque
However, we conjecture that the upper atmosphere is the factor causing the increase in the rotational speed because the acceleration of the spin increases significantly with decreasing orbital altitude, which is consistent with the increase in atmospheric density with decreasing orbital altitude. In this regard, we propose an atmospheric density gradient torque (ADGT) model (Fig. 8), which takes into account the torque generated by the change in atmospheric density with orbital altitude at the satellite scale. For the rotational state of Tiangong-1, the ADGT is nearly in the same direction as the angular momentum, resulting in an acceleration effect. The atmospheric density gradient at Tiangong-1’s position after February 2018 also increases faster (upper panel of Fig. 9), which is consistent with the increasing accelerated rate of the rotational speed.
We can estimate the order of magnitude of this new torque. As shown in Fig. 9, the rotational speed increased by approximately [image: $${0.2 \, ^\circ \,{{\rm s}^{-1}}}$$] from December 1, 2017, to February 1, 2018. Then, the change rate of the angular momentum can be estimated as [image: $$\Delta H/\Delta t \sim {5\times 10^{-6} \,{{\rm kg\,m}}^{-2}\,{\mathrm{s}}^{-2}}$$]. Considering the classic atmospheric force formula, the difference in the forces acting at a distance [image: $${L \sim 5\,{{\rm m}}}$$] is[image: $$\Delta F = - \frac{1}{2} C_d A v^2 L {{\rm d}}\rho$$]

 (5)

where the drag coefficient [image: $$C_d\sim 2$$], the projected area of satellite normal to the incident flow [image: $$A\sim {10\, {{\rm m}}^2}$$], the velocity of the satellite [image: $$v\sim {8\times 10^3\, {{\rm m\,s}^{-1}}}$$], and the gradient of the density in the direction of the orbital altitude [image: $${{\rm d}}\rho \sim {3\times 10^{-16}\, {{\rm kg\,m}}^{-4}}$$] (taking the value on January 1, 2018 in the upper panel of Fig. 9). Then, the ADGT can be estimated as [image: $$T \sim L \Delta F \sim {5\times 10^{-6} \, {{\rm kg\,m}}^{-2}\,{{\rm s}}^{-2}}$$], which is in line with the increasing rate of the angular momentum.
To verify our ADGT model, we performed a numerical simulation using actual orbital and space environment parameters with aerodynamic torque based on the molecular–surface interaction model (Lyle and Stabekis 1971; Hart et al. 2014) and taking gravity gradient torque into account. The aerodynamic force acting on a unit surface element is[image: $${{\rm d}} {\varvec{f}} = - \rho v^2 \cos \theta _{{\rm i}} \big ( (2 - {\sigma _{\rm N}})\cos \theta _{{\rm i}} \,\hat{\varvec{n}} - {\sigma _{\rm T}}\sin \theta _{{\rm i}}\,\hat{\varvec{\tau }} \big ) {{\rm d}} A,$$]

 (6)

where [image: $$\hat{\varvec{n}}$$] is the normal of the surface, [image: $$\hat{\varvec{\tau }}$$] is the tangential vector, [image: $$\theta _{{\rm i}}$$] is the incident angle, [image: $${{\rm d}}A$$] is the area of the unit surface element, and [image: $$\sigma _{\rm N}$$] and [image: $$\sigma _{\rm T}$$] are the normal and tangential momentum exchange coefficients, which both take an empirical value of 0.8 (Lyle and Stabekis 1971). The atmospheric density[image: $${\rho = \rho _0 + \Delta h \cdot {{\rm d}}\rho },$$]

 (7)

where [image: $$\rho _0$$] is the atmospheric density at the center of mass and [image: $$\Delta h$$] is the altitude difference from the center of mass. The aerodynamic torque is[image: $${{\rm d}} {\varvec{T}} = {\varvec{r}} \times (\delta \cdot \text {d} {\varvec{f}}),$$]

 (8)

where [image: $${\varvec{r}}$$] is the body-fixed coordinate vector of the unit surface element and [image: $$\delta$$] is the correction coefficient of the force that we add to account for unknown effects.
Normally, [image: $$\delta$$] is set to 1. The acceleration effect of the ADGT, which is independent of rotational speed, overcomes the deceleration effect of classic aerodynamic torque (the brown and cyan lines in Fig. 9). However, a gap exists between the simulation results and the measured data. If we multiply the force from the molecule–surface interaction model by a coefficient [image: $$\delta = 3$$] in the numerical simulation, we can obtain a result that is similar to the measured data (red line in Fig. 9). Hence, the acceleration effect may have a strong correlation with the atmospheric density gradient, and the ADGT model can be inferred to qualitatively conform to the actual situation. The atmospheric density model used in Fig. 9 is MSIS 90. We have also compared other models such as Ciral1972, DTM1994, and JB2008, and their results are not significantly different.
If we assume that the ADGT model is valid, the atmospheric force acting on Tiangong-1 is larger than that in the molecule–surface interaction model, which indicates that other effects may be acting on the satellite. Traditionally, the atmosphere on satellite orbits has been treated as being under free molecular flow (Hart et al. 2014), and the density has been regarded as constant at the satellite scale. Here, the density gradient is taken into consideration; thus, the accuracy of the molecular–surface interaction model may not match the accuracy required for modeling weak aerodynamic torques. Further refinements are needed to establish an in-depth atmosphere–surface interaction model. Other minor effects, such as multiple reflection or hydrodynamic effects, that were omitted in classic models should be considered in further research.


Conclusions
By processing Tiangong-1’s laser ranging data, we obtained the rotational state in the 5 months before reentry and detected an unexpected increase in rotational speed. Then, we proposed a new torque model ADGT to explain this spin acceleration. Because we are unable to determine the status of solar panels, we performed our simulations for two extreme cases, i.e., the panels are parallel ([image: $$\theta _{{\rm p}}=0^\circ$$]) and perpendicular ([image: $$\theta _{{\rm p}}=90^\circ$$]) to the xy plane, respectively. Although several times weaker than the measured data, the acceleration effect due to the ADGT model is still a non-negligible factor in the increasing angular velocity of Tiangong-1. This effect provides a new explanation for the mechanism of the observed rotation acceleration of extremely low-orbit objects. The data on the rotational evolution of Tiangong-1 obtained during the 5-month-long joint observations will help to improve the relevant models and to promote research on the rotational evolution of extremely low-orbit objects, which has an important impact on the prediction of reentry, satellite attitude control, and the overall active debris removal strategy. More observations of extremely low-altitude debris objects are needed to better understand the cause of the rotational acceleration of Tiangong-1 prior to reentry.
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