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Abstract
In this paper, we perform the numerical modelling of lower-band VLF chorus in the earth’s magnetosphere. Assuming parallel propagation the 1d3v code has one spatial dimension z along the ambient magnetic field, which has a parabolic z dependence about the equator. The method used is Vlasov Hybrid Simulation (VHS) also known in the literature as the method of Kinetic Phase Point Trajectories (Nunn in Computer Physics Comms 60:1–25, 1990, J Computational Phys 108(1):180–196, 1993; Kazeminezhad et al. in Phys Rev E67:026704, 2003). The method is straightforward and easy to program, and robust against distribution function filamentation. Importantly, VHS does not invoke unphysical smoothing of the distribution function. Previous versions of the VLF/VHS code had a narrow bandwidth ~ 100 Hz, which enabled simulation of a wide variety of discrete triggered emissions. The present quasi-broadband VHS code has a bandwidth of ~ 3000 Hz, which is far more realistic for the simulation of chorus in its entirety. Further, the quasi-broadband code does not require artificial saturation, and does not need to employ matched filtering to accommodate large spatial frequency gradients. The aim of this paper which has been achieved is to produce VLF chorus Vlasov simulations employing a systematic variety of triggering input signals, namely key down, single pulse, PLHR, and broadband hiss.
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Abbreviations
	VLF
	Very low frequency

	VHS
	Vlasov Hybrid Simulation

	S
	Collective inhomogeneity factor

	PIC
	Particle in cell

	1D
	One-dimensional code (spatial dimension)

	SP
	Simulation particle

	DFT
	Discrete Fourier transform

	IDFT
	Inverse discrete Fourier transform

	MKS
	Metres, Kilogram, Seconds system of units

	PLHR
	Power line harmonic radiation

	CW
	Continuous wave

	RMS
	Root mean square




Introduction
VLF chorus is currently a topic of considerable scientific interest. It presents as a strong self-sustaining whistler mode emission, normally found at dusk/dawn outside the plasmapause. The generation region is near the equator of the earth’s magnetosphere (Omura et al. 2009; Li et al. 2013) and chorus is observed on satellites, for example Cluster (Santolik et al. 2003; Santolik & Gurnett 2003), the Van Allen probes (Fu et al. 2014), the THEMIS mission (Bortnik et al, 2011; Li et al. 2013) or on the ground (Manninen et al. 2012; Macotela et al. 2019). Lower-band chorus waves have a main population that is quasi-parallel, but also a finite population of very oblique waves propagating close to the resonance cone angle (Agapitov et al. 2018; Li et al. 2013). Chorus normally has the form of a sequence of rising tone emissions, which may be narrow band and well-spaced or swishy and closely packed. Falling tone chorus is less frequently observed.
Numerous satellite observations suggest equatorial generation (Santolik et al. 2003) and parallel or quasi-parallel propagation for lower-band chorus. Some satellite observations suggest though that upper band chorus has a wide angle between the k vector and local magnetic field. (Bortnik et al. 2007).
Chorus is usually divided into two bands, lower-band chorus below half the equatorial electron gyrofrequency, and upper band chorus above it (Li et al. 2019; Tsurutani and Smith 1974). In a recent detailed study (Teng et al. 2019), it was found that about 20% of events showed both lower and upper band chorus present with a distinct gap at half the gyrofrequency. Some 6% of events showed both bands present with no gap, and the remaining events were lower band only. Various theories have been advanced to explain this gap (Omura et al. 2009; Ratcliffe & Watt 2017), but to date there is no totally convincing explanation. The gap is very precisely located and one would be looking for singular behaviour at half gyrofrequency in either propagation or wave–particle interaction dynamics.
The generation mechanism
Most historical theoretical and numerical work on chorus generation has assumed propagation parallel to the ambient magnetic field and would therefore be mainly applicable to lower-band chorus. Nearly all theoretical analyses assume that the VLF wavefield is narrow band, and it should be born in mind that the presence of sidebands or finite bandwidth will complicate the theory considerably. It is widely accepted that the generation process involves electron cyclotron resonance with the keV (up to MeV) hot electron population. The free energy required for generation of self-sustaining emissions derives from the hot electron distribution anisotropy, typically modelled as a bi-Maxwellian possibly with added loss cone. (Kennel & Petschek 1966).
A useful review of early research on nonlinear wave generation will be found in Omura et al. (1991). The complex spectral forms of chorus strongly imply that the wave–particle interaction process is fully nonlinear. The basic nonlinear process involved was expounded in Nunn (1974), and is nonlinear phase trapping of cyclotron resonant keV electrons in an inhomogeneous medium. A fully relativistic derivation of nonlinear resonant particle dynamics will be found in Omura et al. (2009).
Assuming parallel wave propagation, we define ψ as being the angle between the perpendicular velocity vector of a resonant electron and the perpendicular E field of the VLF wavefield, both vectors being perpendicular to the ambient field. It may then be shown that ψ obeys a pendulum equation with a constant force term S as follows:[image: $${\text{d}}^{2} \Theta /{\text{d}}t^{2} + \, \omega_{{{\text{TR}}}}^{2} [ \, \cos \Theta {-} \, S\left( {z,t} \right) \, ] \, = \, 0,$$]

 (1)



where z is the coordinate along the field line and S(z,t) is the so-called collective inhomogeneity factor, which has terms, in order of importance, in ambient magnetic field gradient, frequency sweep rate and gradient of cold plasma density:[image: $$S = 1/B_{w} \left[ {A{\text{ d}}Bo/{\text{d}}z + C{\text{ d}}f/{\text{d}}t + D{\text{ d}}N_{e} /{\text{d}}z} \right].$$]

 (2)



Here, Bw is the local magnitude of the wave B field, and Bo(z) is the background magnetic field.
The quantity ωTR is the well-known trapping frequency or frequency of oscillation of electrons in the potential trap and is given by[image: $$\omega_{{{\text{TR}}}}^{2} = \, ek \, B_{w} V_{ \bot } /m.$$]

 (3)



The solution to Eq. 1 is well known and has been often given in the literature (Nunn 1974). Full relativistic analysis will be found in Omura et al. (2009). Here, we will emphasise important aspects of the problem. If |S|> 1 inhomogeneity is too strong, and trapping will not be allowed. Electrons will sweep right through resonance—the so-called passing particles—and the problem will be far less nonlinear than the trapped particles and closely linear. This is because for passing particles interaction time with the wavefield is far less. For |S|< 1 electrons may be trapped—and they remain in resonance with the wave and relative phase ψ oscillates about the phase locking angle cos−1S.
The conditions for such motion to be nonlinear are as follows. Not only must |S|< 1, but in the frame of the particle this must be satisfied for at least a trapping period. We also require that S itself is slowly varying on a time scale of the trapping period. If not then particle motion will be far more complex and not described by the above model.
Stable trapping in an inhomogeneous medium has profound implications for resonant particle distribution function, resonant particle current and thus nonlinear growth rates. For trapping times greater than a trapping period trapped electrons undergo large changes in invariants energy and magnetic moment, and they are dragged through invariant space. By application of Liouville’s theorem we then expect to see a HOLE or a HILL in distribution function in phase space corresponding to the trap location as described in Omura et al. (2009). Now for rising frequency VLF emissions and rising chorus, the normal situation in the generation region is S < 0. Since the generation region is located at the equator where ambient field gradient is of order zero, then we expect S < 0 from the inhomogeneity due to the positive frequency sweep rate. We also require wave amplitude to be above the threshold for nonlinear growth (Omura et al. 2009). With negative inhomogeneity, trapped particles undergo increases in energy and magnetic moment. Whether this gives a hole or a hill in distribution function depends of course on the shape of the unperturbed distribution function F0. For a positive linear cyclotron growth rate, it may be shown that S < 0 will give a hole in distribution function. The depth of the hole will depend on trapping time and the exact shape of F0. It must be realised that while some electrons remain trapped, others called passing particles stream right through resonance. Such particles undergo smaller changes in energy and magnetic moment, but there are far more passing particles than trapped and the total energy exchange with passing particles is of opposite sign to that of trapped particles and significant. This matter was examined in detail by Shklyar & Matsumoto (2009), who compared the contribution to nonlinear growth from trapped and passing particles.
The resonant particle currents J
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The resonant particle current is evaluated from the familiar plasma theoretic expression which is the integral over velocity space of –ev times the distribution function F(v,r):[image: $${\varvec{J}} = - e\iiint {{\varvec{v}}F\left( {{\varvec{v}},{\varvec{r}}} \right)d{\varvec{v}}}\user2{ }\user2{.}$$]

 (4)



Reference will be seen in the literature to ‘particle bunching current’ (Helliwell 1967). In phase space according to Liouville’s theorem particles do not bunch, since particle density in phase space following a phase trajectory is conserved. This is true in the presence of a non-zero EM field. The concept of particle bunching as loosely defined in fact gives no indication of the result of the above integral and does not describe how the plasma current is produced.
The hill or hole in distribution function located at the particle trap in phase space will immediately give a sizeable nonlinear current, perpendicular to the ambient magnetic field, whose phase relative to the wave electric field will be controlled by the local inhomogeneity factor S (z, t) and hence will be either cos−1S or cos−1S + π. The component of current Jr (z,t) parallel to the wave electric field will give wave growth for a linearly unstable zero order distribution function, and this may be several times the linear growth rate. The other component Ji(z,t) parallel to the wave B field will modify wave phase and will be responsible for the sweeping frequency characteristic of individual chorus elements. These current fields will be controlled by the trapping dynamics in the inhomogeneous medium and will have a nonlinear dependence on the entire wave field and its history.
The inhomogeneity and in particular the parabolic variation of B0(z) about the equator are absolutely key in understanding the chorus problem. Simulations in a homogeneous medium will give quite different results. In a homogeneous medium nonlinear trapping will give rise to growth rate saturation, as opposed to the enhanced growth rates of the inhomogeneous case.
Most theoretical analyses of particle trapping dynamics make the assumption that S is constant in the frame of a resonant particle. This will give a rather simplified view of the actual particle motion. In a parabolically varying zero-order magnetic field S will have a roughly linear variation with z and thus time in the resonant particle frame. Particles first become trapped downstream from the equator at a point where S = − 1. Moving towards the equator S increases to S = 0 and the trap steadily increases in size, drawing in new particles. If a wavefield exists upstream from the equator S increases towards S = 1 moving away from the equator, and trap size decreases forcing once trapped particles out of resonance.
Another complicating factor when considering resonant particle motion comes from spectral broadening and sideband formation. It may be shown theoretically (Nunn 1986) that in a nonlinear trapping situation, assuming an unstable plasma, the wavefield is upper sideband unstable and lower sideband stable if S < 0, and vice versa if S > 0. The separation of resonant sidebands is of the order of the trapping frequency. Sidebands will resonate with the motion of trapped particles and drive them out of resonance. Where sidebands are of comparable amplitude to the main wave particle motion will become very complex and more chaotic in nature.
Numerical simulation of chorus generation—previous work
The paper by Golkowski et al. (2019) gives an excellent summary of active VLF experiments, and also compares various methodologies for the numerical simulation of VLF wave particle interactions. Previous simulations of VLF have used either PIC (particle in cell) methods or Vlasov methods. The PIC methodology is of course well known, widely used and a classical plasma simulation method. The essence of the method is as follows. The full set of Maxwell’s equations are solved on a spatial grid. The linear cold electron population may be dealt with analytically or included as part of the hot population. The hot electron population is represented by a large number of weighted electrons distributed through phase space in accordance with the initial zero order distribution function. At each timestep the current appertaining to each simulation particle is distributed to the nearest spatial grid points using area weighting or higher order algorithm. This enables the spatial plasma current field to be computed and thus the forward push of the Maxwell set of equations.
The RISH group at Kyoto University and co-workers have developed over many years 1d3v PIC codes for the numerical simulation of VLF chorus generation (Katoh & Omura 2016; Hikishima et al. 2009, 2010a, 2010b.). These codes have one spatial dimension and assume the VLF wave field is parallel propagating, a reasonable approximation at least for lower-band chorus. The zero-order magnetic field has a parabolic variation about the equator. The simulation is of nonlinear electron cyclotron resonance only as Landau and higher order resonances do not occur. The codes are fully relativistic, rigorously broadband, and cover the entire hot electron distribution function. With PIC codes it is not possible to limit the distribution function to a finite range in parallel velocity corresponding to a finite VLF frequency bandwidth. If this is done, at the point where the distribution is abruptly cut off, real plasma instabilities will be invoked thus invalidating the simulation. However, in the case of the ingenious and excellent PIC df algorithm (Sydora 2003; Tao et al. 2017), this will not apply and advanced df PIC codes should be able to consider finite ranges in parallel velocity.
PIC codes are in principle noisy as compared to Vlasov methods (Denavit 1972) and they require a very large number of simulation particles (~ 1 billion) in order to accurately represent the plasma dynamics. Successful runs were performed in which an initial input broadband noise developed into rising chorus waveforms consisting of a succession of rising elements. This represented the first chorus simulations using a fully broadband code. Although PIC methodology is computationally expensive PIC codes can be useful if one is investigating particle heating, diffusion and or particle precipitation, all very important issues (Hikishima et al. 2010b).
Thanks to use of greater computer power, the most recent 1D simulations with PIC code (Katoh and Omura 2016) are able to use magnetospherically correct parameters. The results are certainly the best so far with broadband noise input triggering a clean sequence of rising frequency chorus elements. As of now these PIC codes have been less successful in producing the less common falling chorus or hook shaped emissions. However, recently in realistic conditions falling tones have been simulated in a specific magnetic field gradient geometry. (Wu et al. 2020).
Successful simulations of chorus have been performed with the DAWN code (Tao et al. 2017). This code is PIC, but uses the dF method of Sydora 2003. The method is fully nonlinear, but particles are used to sample only the perturbed part of the distribution so it can significantly reduce the simulation noise. This method is very powerful and greatly reduces the noise level of PIC codes. The DAWN code has successfully simulated chorus with chirping signals.
Mention should be made of recent 2d3v PIC simulations of chorus generation in a dipole magnetic geometry, with two spatial dimensions (Ke et al. 2017). These simulations have been very successful at simulating rising chorus generated at the equator in quasi-parallel mode and which becomes increasingly oblique as it propagates away from the equator.
Simulations of discrete VLF emissions have been made using the VHS method, which is the subject of this paper (Nunn et al. 1997, 2009; Nunn & Omura, 2012; Omura and Nunn 2011). The VHS codes used were with a limited bandwidth of the order of several trapping frequencies (~ 100 Hz bandwidth). A number of reasonable approximations are made, for example that group velocity remains constant over the bandwidth of the emission. The code can only simulate chorus if viewed as a succession of discrete emission events (Nunn et al. 2009). The central frequency of the simulation is continuously shifted as the emission frequency rises or falls. Risers are preferred but with higher growth rates fallers or hooks may be produced. Furthermore, because the solution for a chorus element with sweeping frequency involves substantial spatial dependence of frequency it was necessary to employ matched filtering to accommodate this. It was also necessary to employ artificial saturation to prevent wave amplitudes from achieving very large values.
The current code, which we may call quasi-broadband VHS has an order of magnitude increase of bandwidth to 3 kHz, and may dispense with matched filtering and artificial saturation. In this sense it is far more effective at simulating true chorus.
The Vlasov Hybrid Simulation method
Vlasov Hybrid Simulation (VHS) is a completely general method for the numerical simulation of collision-free plasma, where it is desired to resolve the distribution function in phase space. The method was first developed for the VLF-triggered emission problem (Nunn 1990, 1993). The excellent paper by Kazeminezhad et al. (2003) proposed an identical algorithm, but named it the Method of phase point trajectories. The latter paper concerns electrostatic waves and covers various stability aspects not considered in the VLF papers. It is well worth reading.
The basic methodology of VHS is as follows:	1.
Define the phase space simulation box which may be a function of time. Employ a phase space grid within the box. The grid may be adaptive and have varying resolution within the box.

 

	2.
Fill the box with simulation particles (SPs) with a density at least 1/grid cell. The density may be greater than this. Particles need not be located at grid points at the start or subsequently.

 

	3.
Follow particle trajectories which is the same as the phase space trajectories continuously forwards in time. Applying Liouville’s theorem distribution function Fl for the lth particle will be known and a constant value, being given by Fo at that particle’s phase point at the start of the simulation. Simulation particles are embedded in the Vlasov fluid, and act as markers conveying information, namely the value of F at that point in phase space.

 

	4.
In order to compute accurately the plasma charge/current field on the spatial grid, we need F defined on the regular phase space grid. It is therefore necessary to interpolate distribution function F from simulation particles onto the phase space grid. This process is fundamentally different from that of assignment of charge/current onto the nearest grid point, as occurs in PIC. The interpolation is easily achieved as follows. Using the area weighting coefficients αk (as in PIC) the product αk Fl is assigned to nearest grid points and the weighting coefficients themselves are also assigned. At each phase space grid point i the interpolant of F is then given by[image: $$F_{i} = \frac{{\mathop \sum \nolimits_{j} \alpha_{j} F_{j} }}{{\mathop \sum \nolimits_{j} \alpha_{j} }},$$]

 (5)




 




where for each grid point i the sum j is over all SPs that lie in the adjacent cells. The reader may be concerned that some grid points will have no adjacent SPs and thus no value of F. Applying Liouville’s theorem to the assembly of particles which are the simulation particles it follows that density of simulation particles is conserved and particles do not bunch in phase space, in spite of references to ‘phase bunching’ in the literature (Helliwell, 1967). In this classic paper, a group of resonant particles were selected with the same energy and magnetic moment and equispaced gyrophase. It was found that as a result of a resonant wavefield the gyrophases of the particles bunched. It is not clear how this influences the plasma physical problem which is based upon Maxwell’s equations and Liouville’s theorem. The well-known hole/peak in distribution function does not arise from any bunching process but is understood by a direct application of Liouville’s theorem. Particles are dragged through invariant space and retain the phase space density appropriate to their start point. To the author’s knowledge no expression exists for a particle bunching current. By contrast the concept of phase trapping is well known and firmly based upon the particle equations of motion in an inhomogeneous medium. Trapped particles remain close to resonance for a long time, and the gyrophase relative to wave electric field oscillates about a phase locking angle dependent upon inhomogeneity.
We may argue this point also as follows. Liouville’s theorem concerns the interaction of a specified distribution of particles with a known wavefield. No consideration of self-consistency between particle charge/current and field is involved. For the total distribution function or subset thereof it states that density in phase space ‘F’ is conserved following a particle trajectory. Now there are two distribution functions involved here. One is the distribution function appropriate to the plasma physical problem to hand. The other is the distribution of simulation particles. This will normally be constant throughout the simulation box. Applying Liouville’s theorem this distribution F will remain constant everywhere, except at the phase box boundary where Vlasov fluid is inflowing.
Particles move around in phase space maintaining a constant density. The VHS/VLF code in this paper continuously monitors occurrence of uncovered grid points and it is very low ~ 1/1000 with a particle density ~ 1.5 per cell. Increasing particle density will quickly reduce this figure to vanishingly small values. Where missed grid points occur a value of F can be found by interpolating from neighbouring grid points. One place where uncovered grid points occur is at the boundary of the phase box, where Vlasov fluid is flowing into the phase box. The VHS code must check boundary cells for absence of SP’s at every timestep. Where this is the case a new SP must be inserted and assigned the zero-order value of F. The new particles must be inserted carefully to avoid excess particle density in the incoming Vlasov fluid. Placing them in the centre of the boundary cells was found to be satisfactory. Note that here there is a further restriction on simulation timestep. Where Vlasov fluid is incoming at the boundary a particle should not penetrate into the phase box by more than say 2 cells. The current code checks continuously for cells with no adjacent particles, and so if there is under density of SPs this will be flagged and the program halted. In many years of use the code has never halted in this way. Note that where Vlasov fluid has the value F = 0 it must still be represented by simulation particles, otherwise unresolved distribution function fine structure will give serious errors. In the VLF chorus problem in an inhomogeneous magnetic field there is a very strong flux of Vlasov fluid into the phase box as particles drift into resonance with the wave due to the inhomogeneity.
It is worthwhile to compare VHS with other algorithms. Although particles are followed continuously in time like PIC the algorithm is NOT the same as PIC as has been suggested. Application of Liouville’s theorem to these phase space trajectories imparts far more information, namely the value of F, and allows the distribution function to be constructed. Indeed VHS resembles forward semi-Lagrangian more closely (Sonnendrucker et al. 1999; Besse & Sonnendrucker 2003), except the latter interpolates F back onto the phase space grid at each time-step and restarts trajectories at the grid points. This is not necessary, nor desirable as it results in non-physical diffusion of the distribution function resulting from repeated interpolation onto the grid. VHS has the advantage that it is robust against distribution function filamentation, and can never produce negative distribution function. Distribution function fine structure is not resolved of course, but this has no effect on algorithm stability. VHS does not invoke unphysical diffusion of the distribution function, unlike conventional Vlasov methods (Cheng & Knorr 1976; Cheng 1977).
A detailed analysis of VHS algorithm stability will be found in Kazeminezhad et al, (2003). A separate 1D electrostatic VHS demonstrator code has been written at Southampton University, and it shows that energy and particles are conserved to a high degree of accuracy. Incidentally, in VHS codes particle density is not the number of simulation particles but the integral of F over the velocity space grid.
Excellent plasma simulations have been performed using the VHS method at North Western University in South Africa (Jenab & Brodin 2019). The important paper Killian et al. (2018) presents a highly optimised parallelised code for the VHS simulations of electrostatic waves and the reader is referred to this.
The quasi-broadband VHS VLF code
The quasi-broadband VHS/VLF code is a 1d3v simulation code with one spatial dimension for interaction between hot electrons (~ keV) and band-limited VLF waves, the assumption being that propagation is parallel to the ambient field direction. The ambient field is assumed to have a parabolic variation about the equator, as a function of coordinate z along the magnetic field. The field value at the equator and its spatial variation is appropriate to the L = 5 field line.
The nonlinear interaction takes place in the equatorial region. Well away from the equator, the large field gradient prohibits trapping and also linear cyclotron growth rates fall off quickly as cyclotron resonance velocity rises. The spatial simulation box extends about 7000 km either side of the equator and covers the region where nonlinear trapping is possible. Following each run it must be checked that the achieved wave amplitudes do not permit trapping outside the box.
The bandwidth of the simulation is about 3 kHz, centred on the base or central frequency, and the wave field is spatially band pass filtered to this band, by DFT/IDFT (discrete Fourier transform and its inverse). In response to changing wave spectrum, the band itself is moveable. The phase box dimension Vz is centred on the local resonance velocity at the current average frequency and has a width of at least 3 trapping widths, and must include the range of resonance velocities appropriate to the chosen simulation bandwidth. Of course if the average frequency changes, the range of Vz in the phase box will incrementally change. Only particles within the phase box, and with the prescribed range of Vz contribute to the nonlinear current.
The axes of the phase box are coordinates z, Vz, and gyro phase angle Ψ between the perpendicular velocity vector and wave electric field. The number of grid points along each axis are Nz = 2048 in the z direction, Nv = 500 in the Vz direction and NΨ = 20 in gyro phase. The perpendicular velocity coordinate [image: $$V_{ \bot }$$] is relatively unimportant. The contribution to nonlinear growth comes from a relatively narrow range of perpendicular velocities centred on a pitch angle ~ 50 degrees. It is a reasonable approximation to consider each value of [image: $$V_{ \bot }$$] as a separate 1d2v VHS simulation, whence we may use quite a small number of [image: $$V_{ \bot }$$] values [image: $$N_{{V_{ \bot } }}$$]  = 10. Alternatively, one can have a larger value [image: $$N_{{V_{ \bot } }}$$] = 30 say and run a 1d3v VHS simulation. With [image: $$N_{{V_{ \bot } }}$$] = 10 the total simulation particle count comes to 300 M, assuming a density of 1.5 particles per phase space cell. Note that the relatively coarse resolution in [image: $$V_{ \bot }$$] is not permitted with PIC codes, which must use a full range of perpendicular velocities. However, where particle precipitation and heating are issues, PIC codes are very useful. This code is described as being quasi-broadband in that field push is achieved using the narrow band field equation appropriate to the triggering frequency rather than formally solving Maxwell’s equations. This approximation is reasonable and avoids explicit computation of Maxwell’s equations. Regarding the integration of the particle phase space trajectories, a simple leap frog scheme is used.
The simulation is initiated by introducing a triggering signal at the upstream boundary z = − 7000 km. The initiating signal may be a pulse or key down, and consist of either a CW single-frequency tone, or any number of frequencies. Broadband input is represented by a large number ~ 160 of single-frequency waves with small frequency separation and random phases. The broadband signal generated by the beginning and end of a pulse is removed by the filtering process in the code. In any case, the pulse ends are rounded off with an exponential shape function.
In this paper, we assume the zero-order distribution function Fo is multiple bi-Maxwellian with anisotropy factor A = 2.0 according to the usual definition as stated in Kennel and Petschek 1966. This is linearly unstable to VLF waves and provides the free energy to drive the nonlinear instability. The magnitude of resonant particle fluxes is fixed by specifying the linear electron cyclotron growth rate at the equator at the mean (base) frequency.
The broadband field equation
It is of some interest to spell out how the wave field is forward pushed in time through the broadband field equation. We assume parallel propagation coordinate z being the distance from the equator along the field line. There is no functional dependence upon coordinates x and y perpendicular to ambient field. We ignore small terms derived from duct curvature, duct inhomogeneity and ducting geometry. We first define wavefields perpendicular to the ambient magnetic field as[image: $$E_{ \bot } = E_{x} + iE_{y} ; B_{ \bot } = B_{x} + iB_{y} ,$$]

 (6)



and for the nonlinear resonant particle current[image: $$J_{ \bot } = J_{x} + iJ_{y} ,$$]

 (7)



and for the current due to the linear cold plasma[image: $$J_{ \bot } \left( {{\text{cold}}} \right) = J_{x} \left( {{\text{cold}}} \right) + iJ_{y} \left( {{\text{cold}}} \right).$$]

 (8)



From Maxwell’s equations and the linear equation of motion of the cold plasma electrons, we may readily derive the differential equation governing the time development of the complex electric field:[image: $$\left[ {\left( {\frac{\partial }{\partial t} - i\Omega \left( z \right)} \right)\left[ {\frac{{\partial^{2} }}{{\partial z^{2} }} - \frac{1}{{c^{2} }}\frac{{\partial^{2} }}{{\partial t^{2} }}} \right] - \frac{{\prod \left( z \right)^{2} }}{{c^{2} }}\frac{\partial }{\partial t}} \right]E_{ \bot } = \mu_{0} \left( {\frac{\partial }{\partial t} - i\Omega \left( z \right)} \right)\frac{\partial }{\partial t}J_{ \bot } ,$$]

 (9)



where Ω(z) is electron gyrofrequency and П(z) is electron plasma frequency. To develop a narrow band field equation, we now specify a base frequency ω normally the triggering or start frequency, but in the case of triggered risers could be selected at the riser half way point. We now divide out the fast base phase to give complex electric field F and nonlinear current G that are slowly varying functions of z and t:[image: $$\varphi_{0} = \omega t - \mathop \smallint \limits_{{}}^{z} k\left( {z^{\prime}} \right){\text{d}}z^{\prime},$$]

 (10)


[image: $$E_{ \bot } = H\left( {z,t} \right)e^{{i\varphi_{0} }} ,$$]

 (11)


[image: $$J_{ \bot } = G\left( {z,t} \right)e^{{i\varphi_{0} }} .$$]

 (12)



It is now convenient to work in dimensionless units as follows:
Define ωb = Ωe(0)/2 as half the equatorial electron gyrofrequency and  kb = Пe(0)/c then we de-dimensionalise with respect to tunit = 1/ ωb and zunit = 1/kb., vunit = ωb/kb. The dimensionless base frequency is given by ω0 = ω/ωb and k0 = k/kb. The dimensionless complex wave amplitude R and dimensionless complex current I are given by[image: $$R = \frac{{eHk_{b} }}{{m\omega_{b}^{2} }} = \left| R \right|e^{i\zeta } ,$$]

 (13)


[image: $$I = \frac{{eG\mu_{0} }}{{2m\omega_{b} k_{b} }} ,$$]



where ζ is the wave electric field phase relative to base phase. The dimensionless linear recursion relation now becomes[image: $$k_{0}^{2} = \frac{{g_{e} \omega_{0} }}{{2\beta - \omega_{0} }} .$$]

 (14)



The dimensionless group velocity Vg is given by[image: $$V_{g} = \frac{{\omega_{0} \left( {2\beta - \omega_{0} } \right)}}{{k_{0} \beta }} ,$$]

 (15)


 where in dimensionless units[image: $$\beta = {\text{B}}_{0} \left( {\text{z}} \right)/{\text{B}}_{0} \left( 0 \right) \, = { 1} + 0.{5}\chi {\text{z}}^{{2}} ,$$]

 (16)


 and[image: $$g_{e} = {\text{ N}}_{{\text{e}}} \left( {\text{z}} \right)/{\text{N}}_{{\text{e}}} \left( 0 \right) \, = {1} + 0.{5}\nu {\text{z}}^{{2}} .$$]

 (17)



From Eqs. 9–17, we may derive the narrow band dimensionless field equation at frequency ω0 assuming amplitude R and current I are slowly varying with respect to z and t:[image: $$\left[ {\frac{\partial }{\partial t} + V_{g} \left( {z,\omega_{0} } \right)\frac{\partial }{\partial z}} \right]R\left( {z,t} \right) = \left\{ {\frac{{ - \omega_{0} V_{g} \left( {z,\omega_{0} } \right)}}{{k_{0} \left( {z,\omega_{0} } \right)}}} \right\}I\left( {z,t} \right).$$]

 (18)


The physical significance of the terms in the above equation are as follows. The complex wave amplitude is advected at the local group velocity and updated by the complex current I. Any errors in the constant term in curly brackets will have no great significance as this only corresponds to a change in resonant particle flux.
To develop the quasi-broadband field equation, we now allow complex wave amplitude R to have a bandwidth of ± 1500 Hz centred on the base frequency. The field is low-pass filtered to this band by DFT/IDFT, as Fourier components outside the band are not provided with resonant particles. We now ignore the z dependence of group velocity and use only the value of Vg at the base frequency and at the equator. This means Vg is a constant, which ignores dispersion. The quasi-broadband field equation now becomes[image: $$\left[ {\frac{\partial }{\partial t} + V_{g} \left( {0,\omega_{0} } \right)\frac{\partial }{\partial z}} \right]R\left( {z,t} \right) = \left\{ {\frac{{ - \omega_{0} V_{g} \left( {0,\omega_{0} } \right)}}{{k_{0} \left( {0,\omega_{0} } \right)}}} \right\}I\left( {z,t} \right) .$$]

 (19)



Since Vg is a universal constant, the complex wave amplitude may be defined on the field grid with grid spacing Vg dt, where dt is the simulation timestep. At each step the complex field is advanced by one grid point, and is updated by complex I, cross interpolated from a separate grid on which particles and resonant particle current are defined. For the present runs timestep dt = 0.125 ms.
The broadband field equation is most accurate in the triggering phase when wave frequencies are close to the base frequency. Once chorus is triggered and wave frequencies are quite a bit different from the base frequency group velocity becomes inaccurate though the essential physics of the nonlinear wave particle interaction process is retained.
Since the wavefield is filtered by DFT/IDFT it is of course possible to perform the field push in the spatial Fourier domain as in Eq. 20, where subscript n denotes the nth Fourier component:[image: $$\left[ {\frac{\partial }{\partial t} + V_{g} \left( {0,\omega_{0} } \right)ik_{n} } \right]R_{n} \left( t \right) = \left\{ {\frac{{ - \omega_{0} V_{g} \left( {0,\omega_{0} } \right)}}{{k_{0} \left( {0,\omega_{0} } \right)}}} \right\}I_{n} \left( t \right).$$]

 (20)


In the actual code, the field is pushed using the time domain Eq. 19.
The resonant particle equations of motion
The basics of nonlinear wave–particle interaction between cyclotron resonant electrons and VLF waves has been extensively studied in the literature. In particular, the reader is referred to Katoh and Omura (2016) for a detailed study of the problem. Here, we summarise how the particle equations of motion are dealt with in this code.
Defining a complex dimensionless perpendicular velocity vector by[image: $$V_{x} + \, iV_{y} = \, V_{ \bot } = \, | \, V_{ \bot } | \, e^{i\eta } ,$$]

 (21)


we now define ψ as the gyrophase η relative to the base phase[image: $$\psi \, = \, \eta \, - \varphi_{0} .$$]

 (22)



In the above dimensionless units, the equations of motion become[image: $$v_{z}^{^{\prime}} = z^{\prime\prime} = - \left( {\frac{{\left| R \right|k_{0} }}{{\omega_{0} }}} \right)\left| {V_{ \bot } } \right|\cos \left( {\psi - \zeta } \right) - \frac{{V_{ \bot }^{2} }}{2\beta }\frac{\partial \beta }{{\partial z}} ,$$]

 (23)


where the dash symbol denotes d/dt. For perpendicular velocity we have[image: $$\left| {V_{ \bot } } \right|^{^{\prime}} = - \left( {1 - \frac{{k_{0} V_{z} }}{{\omega_{0} }}} \right)\left| R \right|\cos \left( {\psi - \zeta } \right) + \frac{{\left| {V_{ \bot } } \right|V_{z} }}{2\beta }\frac{\partial \beta }{{\partial z}}.$$]

 (24)



The rate of change of gyrophase relative to base phase is given by[image: $$\psi^{\prime} = k_{0} V^{*} \, = \, 2\beta - \omega_{0} + k_{0} V_{z} ,$$]

 (25)


where[image: $${\text{V}}^{*} = {\text{V}}_{{\text{z}}} - {\text{V}}_{{{\text{res}}}} \left( {\text{z}} \right); {\text{V}}_{{{\text{res}}}} \left( {\text{z}} \right) = (\omega_{0} - {2}\beta )/{\text{k}}_{0} \left( {\text{z}} \right),$$]

 (26)


where V* is the difference between parallel velocity and resonance velocity at the base frequency and its time derivative given by[image: $$V^{{*^{\prime}}} = - \left( {\frac{{\left| R \right|k_{0} }}{{\omega_{0} }}} \right)\left| {V_{ \bot } } \right|\cos \left( {\psi - \zeta } \right) + Q_{0} \left( z \right),$$]

 (27)


where Q0(z) is factor due to the magnetic field inhomogeneity and cold plasma inhomogeneity:[image: $$Q_{0} \left( z \right) = \chi z\left[ {\frac{{3V_{{{\text{res}}}} }}{{k_{0} }} - \left| {V_{ \bot } } \right|^{2} /2\beta } \right] + \nu z\left[ {V_{{{\text{res}}}}^{2} /2g_{e} } \right] .$$]

 (28)



Since the zero-order distribution function F0(μ,W) is a function of magnetic moment μ and energy W, the change in these invariants is of special significance:[image: $$\mu = \frac{{0.5\left| {V_{ \bot } } \right|^{2} }}{\beta }; W = 0.5\left( {\left| {V_{ \bot } } \right|^{2} + V_{z}^{2} } \right).$$]

 (29)



The rate of change of particle energy W is easily shown to be[image: $$W^{\prime} = - \left| R \right|\left| {V_{ \bot } } \right|\cos (\psi - \zeta ) = 0.5\omega_{0} \mu^{\prime},$$]

 (30)


which gives the rate of change of magnetic moment to a very good approximation. In integrating simulation particle trajectories, which are phase space trajectories, the code follows the variables gyrophase ψ, V*, integrated energy change ΔW and hence integrated magnetic moment change Δμ. Also, the quantities [image: $$\left| {V_{ \bot } } \right|$$] and Vz are required and need to be tracked. Applying Liouville’s theorem the value of distribution function at the phase space point occupied by a particle is given by[image: $$F \, = \, F_{0} \left( {\mu - \Delta \mu , \, W - \Delta W} \right).$$]

 (31)



In the framework of the current formalism, we may recover the classical trapping equation. Define Θ as the phase between the perpendicular velocity vector and the electric field vector[image: $$\Theta = \psi - \zeta$$]

 (32)


whence[image: $$\Theta^{\prime} = \, k_{0} V^{*} - \zeta^{\prime},$$]

 (33)


where the dash symbol represents d/dt in the frame of the resonant particle. The cyclotron resonance velocity V*res is given by the equation below and will be the centre point of the dimension V* in the phase space box:[image: $$\Theta^{\prime} = 0 \, ; \, V^{*}_{{{\text{res}}}} = \, &lt; \zeta^{\prime} &gt; / k_{0} .$$]




From Eqs. 27 and 33 we get the trapping equation[image: $$\Theta^{\prime\prime} = \omega_{{{\text{TR}}}}^{2} \left( { \, S - \cos \Theta \, } \right),$$]

 (34)


where S is the collective inhomogeneity factor as discussed extensively in Omura et al 2009 and Nunn 1990:[image: $$S = \left( {k_{0} Q_{0} \left( z \right) - &lt; \zeta^{\prime\prime} &gt; \, } \right)/\omega_{{{\text{TR}}}}^{2} ,$$]

 (35)


where < ζ’’ > represents a spatial average of the acceleration of additional phase viewed in the frame of the resonant particle. This quantity is related to frequency sweep rate through the approximate expression[image: $$&lt; \zeta^{\prime\prime} &gt; = \left( {1 - V_{{{\text{res}}}} /V_{g} } \right)^{2} {\text{d}}\omega /{\text{d}}t.$$]

 (36)



Here ωTR is the well-known trapping frequency of frequency of oscillation of electrons in the potential trap:[image: $$\omega_{{{\text{TR}}}}^{2} = \, \left| R \right|k_{0}^{2} \left| {V_{ \bot } } \right|/\omega_{0} .$$]

 (37)



Following the development of the chorus equations in Omura et al. 2009, we may use Eqs. 32–35 to derive an expression for frequency sweep rate. At the equator, which is the centre of the generating region, we have Q0(0) = 0 we may derive[image: $${\text{d}}\omega /{\text{dt }} = \, \omega_{{{\text{TR}}}}^{{2}} \left| {\text{S}} \right|/\left( {{1} - {\text{V}}_{{{\text{res}}}} /{\text{V}}_{{\text{g}}} } \right)^{{2}} .$$]

 (38)


 We assume strong nonlinear trapping in the generation region. Nonlinear growth maximises at S = − 0.4, so we assume this value at the equator. We have applied this equation to the riser in Fig. 1 assuming an rms wave amplitude at the equator of 50pT, which gives a sweep rate + 2709 Hz/s, quite close to the observed sweep rate. It would thus seem that the chorus equations are useful and valid and give a good estimator of sweep rate. It should be pointed out that Eq. 38 is not an exact science. Both trapping frequency and inhomogeneity are functions of pitch angle, and inhomogeneity S probably does not have to be exactly − 0.4 at the equator.[image: ../images/40623_2021_1549_Fig1_HTML.png]
Fig. 1Spectrogram of the exit wavefield at z = 7000 km. It shows a simulation of narrow band chorus, triggered by a strong riser, which in turn is triggered by a weak hiss band


Other researchers have developed theoretical expressions for frequency sweep rate, namely Vomvoridis et al., 1982, Omura et al. (2008), and Demekhov and Trakhtengerts (2008), all in good agreement with observations (Cully et al., 2011; Tao et al.2012; Nunn et al. 2009).
Results of the chorus simulations
The first run of the quasi-broadband VHS code will be of chorus triggered by weak hiss.
The data for this run are as follows. We assume L = 5 and take realistic values for ambient plasma values as follows. We take an equatorial cold plasma density of 5.4 electrons/cc., equatorial electron gyro frequency of 6700 Hz and electron plasma frequency of 20869 Hz. The variation of ambient field Bo(z) about the equator is parabolic and given in MKS units by[image: $${\text{Bo}}\left( {\text{z}} \right) = {\text{ Bo}}\left( 0 \right)\left( {{1} + {\text{az}}^{{2}} } \right),$$]




where a = 9 10–6 / (6370 L)2.
 The cold plasma density has a weaker parabolic z dependence[image: $${\text{Ne}}\left( {\text{z}} \right) \, = {\text{ Ne}}\left( 0 \right) \, \left( {{1} + 0.{\text{3az}}^{{2}} } \right).$$]




The zero-order distribution function consists of two bi-Maxwellians, the first has [image: $$T_{ \bot }$$]  = 44 keV and [image: $$T_{\parallel }$$]= 15 keV, the second has [image: $$T_{ \bot }$$] = 192 keV and [image: $$T_{\parallel }$$]= 60 keV. The distribution function is linearly unstable with anisotropy factor A ~ 2, and a linear equatorial growth rate at the start frequency of 130db/s. This growth rate corresponds to a ratio of hot electrons to cold electrons of Nh/Ne = 0.00521. The base frequency of the simulation is 2010 Hz.
The triggering signal is introduced at z = − 7000 km and is broadband covering the range 1500–2500 Hz. It is represented by 160 CW signals with equal separation and random phases. The signal is introduced continuously (key down) and is weak with an overall amplitude of 0.8pT.
The results of the simulation are presented in Fig. 1 as a frequency–time spectrogram of the complex amplitude sequence at the exit of the spatial simulation box at z = 7000 km. The spectrogram is derived from overlapping time DFTs with Hamming weighting. The spectral power plotted is in units of pT 2 Hz −0.5. The same units are used throughout the paper. The start frequency of 2010 Hz is arbitrarily assigned and is below the frequency of maximum linear growth which is ~ 3 kHz. This gives better simulations than starting at the linear growth rate maximum. In reality chorus/emission start frequencies may be determined as much by the availability of trigger signals as by the frequency of maximum growth. The frequency at which a rising emission stops is probably determined when the local linear growth rate falls below the threshold needed to produce a self-sustaining generation region (Nunn et al. 2009).
This simulation is of particular interest. The hiss band triggers a strong riser which then itself triggers a chorus sequence with realistic values of sweep rate of 2 kHz/s, element separation ~ 0.1 s. Note that the triggering hiss band does not figure in this plot as it is extremely weak. The achieved wave amplitudes are ~ 150pT. The quasi-broadband code does not require artificial saturation probably due to the increased fine structure in the wavefield which considerably reduces the extent of nonlinear trapping and nonlinear growth.
Figure 2 shows a short segment of the output wave field in pT observed at z =  + 2000 km. It is seen that there is considerable fine structure with the output amplitude comprising a sequence of short wave packets of order 5–10 ms in length. Five recent papers (Nunn et al. 2021; Zhang et al. 2021, 2020, 2018; Agapitov et al. 2013) comcern  satellite observations of lower-band VLF chorus structure and compare with VHS simulation results and results from PIC codes. The probability distribution of packet lengths and frequency sweep rates of individual sub packets showed very good agreement.[image: ../images/40623_2021_1549_Fig2_HTML.png]
Fig. 2A plot of wave amplitude Bw in a zoomed segment of the previous event, at z = + 2000 km. This shows strong sideband activity. The output wavefield consists of a series of wave packets of variable length 10–20 ms


Our second run has all the same plasma data as before, but the triggering signal is a key down narrow band signal at 2010 Hz and an amplitude of 7pT as in the well known Siple VLF experiment (Helliwell 1983). Figure 3 shows the frequency–time spectrogram of the data sequence at the exit point z = 7000 km. It is seen that three strong risers are produced with time spacings ~ 500 ms. This is the time taken to create a generation region starting from the trigger signal. These risers have peak amplitudes ~ 200pT and sweep rates of order 3 kHz/s. Interestingly, the first riser has a small downward hook at the top, and the second riser shows bifurcation in which secondary emissions are triggered by the main emission. All the emissions reveal sideband structure with rather variable sideband separation ~ 50-200 Hz. Figure 4 gives a time snapshot of the riser generation region, plotting wave amplitude, current Jr in phase with wave electric field and current Ji in phase with wave magnetic field, all as functions of z. The unit of current is the linear in phase current at the equator at the trigger frequency and trigger wave amplitude. The wave packet structure of the emission is clearly visible. The generation region is clearly located in the equatorial region, but the amplitude profile extends upstream from the equator by some 2000 km. The resonant particle currents are both negative, where Jr gives nonlinear growth and Ji winds up the phase giving sweeping frequency.[image: ../images/40623_2021_1549_Fig3_HTML.png]
Fig. 3Strong risers with separation 500 ms triggered by a CW key down signal of magnitude 7pT. Note the downward hook on riser 1 and bifurcation on riser 2

[image: ../images/40623_2021_1549_Fig4_HTML.png]
Fig. 4Time snapshot of the generation region of a strong riser from the previous simulation. The graphs show wave amplitude, resonant particle current Jr in phase with the wave electric field (blue curve) and current Ji in phase with the wave magnetic field (green curve). Note the strong sideband activity. The overall shape of the current curves is as expected for trapping in a parabolic inhomogeneity. Although the generation region is in the equatorial zone, the wave profile extends upstream from the equator by some 2000 km


The third run has PLHR (Power line Harmonic radiation) as input trigger signal, modelled as five keydown CW signals each of 8pT, with 50 Hz separation extending from 1835 to 2135 Hz. All the remaining plasma data are the same. Figure 5 presents the f/t spectrogram at z = 7000 km. Clearly a substantial signal is triggered off the top of the original 5 lines. This has the appearance of rising chorus with separation ~ 10 ms.[image: ../images/40623_2021_1549_Fig5_HTML.png]
Fig. 5Wave particle effects in PLHR radiation. The signal breaks up into rising elements with short risers at the top of the active band


The fourth run is a simulation of an emission with an N shaped frequency profile. Figure 6 shows a ground observation in Northern Finland of an unusual emission with an N spectrogram consisting of a riser, followed by a faller, then a riser. This entire emission then undergoes two 2 hop reflections which show successive dispersion and spectral broadening.[image: ../images/40623_2021_1549_Fig6_HTML.png]
Fig. 6Spectrogram of N-shaped VLF emission as observed at a receiving station in Northern Finland. Note the repeated reflections and dispersion of the N emission


We have been able to simulate an N emission, but have not attempted to replicate the plasma data of the observed event as the L shell and cold plasma density are not known.
Our simulation of the N emission uses the same plasma data as previously except that the linear growth rate at the equator at the start frequency of 2 kHz is increased to 380db/s. The zero-order distribution function is a single bi-Maxwellian with [image: $$T_{ \bot }$$] = 62 keV and [image: $$T_{\parallel }$$]= 20 keV or an anisotropy factor A ~ 2. The initiating signal is a key down doublet consisting of 2 waves of 80pT and a separation of 200 Hz. Figure 7 shows the f/t spectrogram of the data sequence at z = 7000 km. The initial activity is complex with a self-triggered riser which triggers a slow faller off its mid-point. The faller then triggers a steep riser followed by a steep faller.[image: ../images/40623_2021_1549_Fig7_HTML.png]
Fig. 7Spectrogram of simulation of VLF emission with N-shaped frequency–time profile. The equatorial linear growth rate is increased to a high-level 380db/s. The triggering wavefield is a strong key down doublet of amplitude 80pT, frequencies 2140 and 2340 Hz


The main N event is triggered by the doublet at 2 kHz. This initial riser then becomes a faller. This is due to the very large growth rates at the turning frequency, causing the wave profile to creep upstream into the region occupied by a faller generation region. When the faller reaches the doublet frequency nonlinear trapping is compromised, and as a result of the reduced growth rate the wave profile slips downstream into the riser position, giving a riser. It might be noticed that the emissions go past the half-gyrofrequency, and there is no sign of a gap. All elements of the emission reveal substantial sideband structure, and appear to consist of steep falling elements stacked together.
The last run concerns development of spectral fine structure in hiss bands due to nonlinear wave particle interactions. It has been noted (Summers et al. 2014) that VLF hiss bands often exhibit fine structure. This run has plasma data the same as in run 1, except we have a lower linear growth rate of 90db/s. This is low enough that full-scale triggering does not take place. The initial wavefield consists of a hiss band from 1500–2500 Hz represented by 80 CW waves with random phases. The RMS amplitude of the hiss band is 27pT and is large enough for nonlinear wpi effects to occur. Figure 8 shows the spectrogram of the exit field at z = 7000 km and shows substantial spectral structuring. This appears as stacked rising elements. This might resemble chorus but this is not a self-sustaining emission and should be regarded as spectral structure. Rudimentary risers appear at the band top, but there is insufficient growth rate for these to take off.[image: ../images/40623_2021_1549_Fig8_HTML.png]
Fig. 8Nonlinear wave particle interaction effects in a strong hiss band of RMS amplitude 27pT. This results in spectral structuring in the form of a riser sequence. Linear growth rate of 90db/s is too small for full emission activity


Conclusions
In this paper, we have simulated lower-band VLF chorus using the method of Vlasov Hybrid Simulation (VHS) also called the method of Kinetic Phase Point Trajectories (Kazeminezhad et al. 2003). Simulation particle trajectories are followed forwards in time continuously, which is synonymous with a phase space trajectory. From Liouville’s theorem, distribution function F is then known at the phase points occupied by the particles. Interpolation of distribution function to the phase space grid is achieved with a simple low-order interpolator which does not permit negative distribution function. Higher order interpolators are not necessary as the interpolation process is only required to calculate the charge/current fields which are the integrals of distribution function over velocity space. Continuous forward integration in time is only allowable because in phase space particles do not bunch and leave grid points devoid of simulation particles. The algorithm is very simple and easily encoded. The trickiest part to program is where Vlasov fluid flows into the simulation box and particles need to be inserted into the Vlasov fluid with appropriate density.
The VHS code has a finite bandwidth. The previous version had a fairly narrow bandwidth ~ 100 Hz or of the order of several trapping frequencies. The current version is quasi-broadband with a simulation bandwidth ~ 3 kHz, which is achieved by increasing the range of parallel velocity and thus Nv. The wavefield is continuously spatially band pass filtered to the simulation band by DFT/IDFT, in order to remove out of band field which is not provided with resonant particles. This is not done to enforce algorithm stability. This is in contrast to PIC codes which model the entire distribution function and do not filter the wavefield. The code is termed quasi-broadband because it uses the narrow band field equation to advance the wavefield.
The narrow band version of the code can only model discrete VLF emissions, and also required artificial saturation and use of matched filters to accommodate substantial spatial gradients of frequency and wave number. By contrast the current quasi-broadband version is able to properly simulate chorus and complex triggering events involving considerable bandwidth as well as the situation where the trigger signal is broadband hiss. This code does not use matched filters and saturates naturally.
In contrast, the excellent 1d3v PIC codes of Omura and co-workers and Tao and the 2D pic codes of Ke et al. (2017) are all truly broadband and advance the wave field by solving Maxwell’s equations directly. The characteristic time of field variables is now wave period and these codes have a much smaller timestep than VHS and are thus much more expensive. However, successful simulations of rising chorus have been achieved due to parallelisation of the codes.
Arguably, we have achieved our aim of simulating lower-band chorus with a Vlasov code. The quasi-broadband version is far superior to the narrowband version and well suited to the chorus problem. Interestingly, the nature of the triggered event does depend on the trigger signal and to a large extent on linear growth rate/energetic particle flux. We have demonstrated chorus triggered by weak hiss, spectral structuring of strong hiss due to nonlinear wave particle interaction and triggering of a sequence of risers by a keydown CW signal.
Much work remains to be done in this field. A fully broadband VHS code needs to be developed that solves Maxwell’s equations explicitly. This will be far more computationally intensive and require massively parallel code. Extension to 2D and even 3D codes is the next step and here Ke et al. (2017) have led the way. Vlasov codes are notoriously expensive at higher dimensionality but a 2d3v VHS code should at least be possible, particularly if the perpendicular velocity dimension is simplified. Eventually one hopes to see codes with three spatial dimensions. Modern PIC codes are very sophisticated and may be able to achieve this.
Acknowledgements
The author gratefully acknowledges Southampton University for the use of the Iridis4 super computer on which all the simulations were performed. Thanks are due to the Sodankyla Geophysical Observatory in Finland for the use of their excellent ground-based VLF data, obtained through multiple INTAS contracts and through the LAPBIAT contract. The author thanks Professor Omura for partial support from the JSPS KAKENHI Grant JP17H06140.

Authors' contributions
The work is of the sole author but with excellent advice from Professor Omura and from 2 others. The author read and approved the final manuscript.

Funding
Partially supported by JSPS KAKENHI Grant JP17H06140. Supercomputing services on Iridis4 Computer provided by the University of Southampton.

Availability of data and materials
The single spectrogram of an N-shaped emission in Fig. 6 is obtainable from the author.

Declarations
Competing interests
There are no competing interests.


[image: Creative Commons]Open AccessThis article is licensed under a Creative Commons Attribution 4.0 International License, which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other third party material in this article are included in the article's Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is not included in the article's Creative Commons licence and your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a copy of this licence, visit http://​creativecommons.​org/​licenses/​by/​4.​0/​.

References
	Agapitov O, Artemyev A, Krasnoselskikh V, Khotyaintsev YV, Mourenas D, Breuillard H, Balikhin M, Rolland G (2013) Statistics of whistler mode waves in the outer radiation belt: cluster STAFF-SA measurements. J Geophys Res Space Phys 118(6):3407–3420. https://​doi.​org/​10.​1002/​jgra.​50312Crossref

	Agapitov OV, Mourenas D, Artemyev AV, Mozer FS, Hospodarsky G, Bonnell J, Krasnoselskikh V (2018) Synthetic empirical chorus wave model from combined Van Allen probes and cluster statistics. J Geophys Res Space Phys 123:297. https://​doi.​org/​10.​1002/​2017JA024843Crossref

	Besse N, Sonnendrucker E (2003) Semi-Lagrangian schemes for the Vlasov Equation on an unstructured mesh of phase space. J Computat Phys 191(2):341–376Crossref

	Bortnik J, Thorne RM, Meredith NP, Santolik O (2007) Ray tracing of penetrating chorus and its implications for the radiation belts. Geophys Res Lett 34:L15109. https://​doi.​org/​10.​1029/​2007GL030040Crossref

	Bortnik IW, Thorne J, Angelopoulos V (2011) Global distribution of wave amplitudes and wave normal angles of chorus waves using THEMIS wave observations. J Geophys Res 116:A12205. https://​doi.​org/​10.​1029/​2011JA017035Crossref

	Cheng CZ (1977) The integration of the Vlasov equation for a magnetized plasma. J Comput Phys 24(4):348–360Crossref

	Cheng CZ, Knorr G (1976) The Integration of the Vlasov Equation in configuration space. J Comput Phys 22:330–351Crossref

	Cully CM, Angelopoulos V, Auster U, Bonnell J, le Contel O (2011) Observational evidence of the generation mechanism for rising-tone chorus. Geophys Res Lett. https://​doi.​org/​10.​1029/​2010gl045793Crossref

	Demekhov AG, Trakhtengerts VYU (2008) Dynamics of the magnetospheric cyclotron ELF/VLF maser in the backward-wave-oscillator regime. II. The influence of the magnetic-field inhomogeneity. Radiophys Quant Electron 51(11):880–889. https://​doi.​org/​10.​1007/​s11141-009-9093-3Crossref

	Denavit J (1972) Numerical simulation of plasmas with periodic smoothing in phase space. J Comput Phys 9:75–98Crossref

	Fu X et al (2014) Whistler anisotropy instabilities as the source of banded chorus: Van Allen probes observations and particle-in-cell simulations. J Geophys Res Space Phys. https://​doi.​org/​10.​1002/​2014JA020364Crossref

	Golkowski M, Harid J, Hosseini P (2019) Review of controlled excitation of non-linear wave-particle interactions in the magnetosphere. Front Astron Space Sci. https://​doi.​org/​10.​3389/​fspas.​2019.​00002Crossref

	Helliwell RA (1967) A theory of discrete VLF emissions from the magnetosphere. J Geophys Res 72:4773Crossref

	Helliwell RA (1983) Controlled stimulation of VLF emissions from Siple station, Antarctica. Radio Sci 18:801–814Crossref

	Hikishima M, Yagitani S, Omura Y, Nagano I (2009) Full particle simulation of whistler-mode rising chorus emissions in the magnetosphere. J Geophys Res 114:A01203. https://​doi.​org/​10.​1029/​2008JA013625Crossref

	Hikishima M, Omura Y, Summers D (2010a) Self-consistent particle simulation of whistler-mode triggered emissions. J Geophys Res 115:A12246. https://​doi.​org/​10.​1029/​2010JA015860Crossref

	Hikishima M, Omura Y, Summers D (2010b) Microburst precipitation of energetic electrons associated with chorus wave generation Geophys. Res Lett 37:L07103. https://​doi.​org/​10.​1029/​2010GL042678Crossref

	Jenab M, Brodin G (2019) Head-on collision of nonlinear solitary solutions to Vlasov-Poisson equations. Phys Plasmas 26(2):022303Crossref

	Katoh Y, Omura Y (2016) Electron hybrid code simulation of whistler-mode chorus generation with real parameters in the earth’s inner magnetosphere. Earth Planets Space 68:192. https://​doi.​org/​10.​1186/​s40623-016-0568-0Crossref

	Kazeminezhad F, Kuhn S, Tavoli A (2003) Vlasov model using kinetic point trajectories. Phys Rev E67:026704

	Ke Y, Gao X, Lu Q, Wang X, Wang S (2017) Generation of rising-tone chorus in a two dimensional mirror field by using general curvilinear PIC code. J Geophys Res Space Phys. https://​doi.​org/​10.​1002/​2017JA024178Crossref

	Kennel CF, Petschek HE (1966) Limit on stably trapped particle fluxes. J Geophys Res 71(1):1–28. https://​doi.​org/​10.​1029/​jz071i001p00001Crossref

	Kilian P, Schreiner C, Spanier F (2018) Afterlive: a performant code for Vlasov Hybrid Simulations. Comput Phys Commun 230:121–134Crossref

	Li W, Bortnik J, Thorne RM, Cully CM, Chen L, Angelopoulos V, Lecontel O (2013) Characteristics of the Poynting flux and wave normal vectors of whistler-mode waves observed on THEMIS. J Geophys Res Space Phys. https://​doi.​org/​10.​1002/​jgra.​50176Crossref

	Li J, Bortnik J, An X, Li W, Angelopoulos V, Thorne RM, Russell CT, Ni B, Shen X, Kurth WS, Hospodarsky GB, Hartley DP, Funsten HO, Spence HE, Baker DN (2019) Origin of two-band chorus in the radiation belt of Earth. Nat Commun. https://​doi.​org/​10.​1038/​s41467-019-12561-3Crossref

	Macotela E, Nemec F, Manninen J, Santolik O, Kolmasova I, Turunen T (2019) VLF emissions with banded structure in the 16–39kHz frequency range measured by a high-latitude ground based receiver. Geophys Res Lett. https://​doi.​org/​10.​1029/​2019GL086127Crossref

	Manninen J, Kleimenova NG, Kozyreva O, Turunen T (2012) Experimental evidence of the simultaneous occurrence of VLF chorus on the ground in the global azimuthal scale- from pre-midnight to the late morning. Ann Geophys. https://​doi.​org/​10.​5194/​angeo-30-725-2012

	Nunn D (1974) A self-consistent theory of triggered VLF emissions. Planet Space Sci 22:349Crossref

	Nunn D (1986) A nonlinear theory of sideband stability of ducted whistler mode waves. Planet Space Sci 34(5):429Crossref

	Nunn D (1990) The numerical simulation of VLF non-linear wave particle interactions in collision free plasmas using the Vlasov Hybrid Simulation technique. Comput Phys Commun 60:1–25Crossref

	Nunn D (1993) A novel technique for the numerical simulation of hot collision free plasma Vlasov Hybrid Simulation. J Comput Phys 108(1):180–196Crossref

	Nunn D, Omura Y (2012) A computational and theoretical analysis of falling frequency VLF emissions. J Geophys Res 117:A08228. https://​doi.​org/​10.​1029/​2012JA017557Crossref

	Nunn D, Omura Y, Matsumoto H, Nagano I, Yagitani S (1997) The numerical simulation of VLF chorus and discrete emissions observed on the Geotail satellite. J Geophys Res 102(A12):27083–27097Crossref

	Nunn D, Santolik O, Rycroft M, Trakhtengerts V (2009) On the numerical modelling of VLF chorus dynamical spectra. Ann Geophys 27:1–19Crossref

	Nunn D, Zhang XJ, Mourenas D, Artemyev AV (2021) Generation of realistic short chorus wave packets. Geophy Res Lett. https://​doi.​org/​10.​1029/​2020GL092178Crossref

	Omura Y, Nunn D (2011) Triggering process of whistler mode chorus emissions in the magnetosphere. J Geophys Res 116:A05205. https://​doi.​org/​10.​1029/​2010JA016280Crossref

	Omura Y, Nunn D, Matsumoto H, Rycroft MJ (1991) A review of observational, theoretical and numerical studies of VLF triggered emissions. J Atmos Terr Physics 53:351Crossref

	Omura Y, Katoh Y, Summers D (2008) Theory and simulation of the generation of whistler-mode chorus. J Geophys Res 113:A04223. https://​doi.​org/​10.​1029/​2007JA012622Crossref

	Omura Y, Hikishima M, Katoh Y, Summers D, Yagitani S (2009) Nonlinear mechanisms of lower-band and upper-band VLF chorus emissions in the magnetosphere. J Geophys Res 114:A07217. https://​doi.​org/​10.​1029/​2009JA014206Crossref

	Ratcliffe H, Watt CEJ (2017) Self consistent formation of a 0.5 cyclotron frequency gap in Magnetospheric whistler mode waves. J Geophys Res Space Phys. https://​doi.​org/​10.​1002/​2017/​JA024399Crossref

	Santolik O, Gurnett DA (2003) Transverse dimensions of chorus in the source region. Geophys Res Lett 30(2):1031. https://​doi.​org/​10.​1029/​2002GL016178Crossref

	Santolik O, Gurnett DA, Pickett JS (2003) Spatio-temporal structure of storm time chorus. J Geophys Res 108(A7):1278. https://​doi.​org/​10.​1029/​2002JA009791Crossref

	Shklyar D, Matsumoto H (2009) Oblique whistler-mode waves in the inhomogeneous magnetospheric plasma: resonant interactions with energetic charged particles. Surv Geophys 30(2):55–104. https://​doi.​org/​10.​1007/​s10712-009-9061-7Crossref

	Sonnendrucker E, Roche J, Bertrand P, Ghizzo A (1999) The semi-Lagrangian method for the numerical resolution of the Vlasov equation. J Comput Phys 149(2):201–220Crossref

	Summers D, Omura Y, Nakamura S, Kletzing CA (2014) Fine structure of plasmaspheric hiss. J Geophys Res Space Phys 119(11):9134–9149. https://​doi.​org/​10.​1002/​2014ja020437Crossref

	Sydora RD (2003) Low noise electrostatic and electromagnetic delta-f particle-in-cell simulation of plasmas space plasma simulation. In: Büchner J, Dum C, Scholer M (eds) Lecture notes in physics, vol 615. Springer, Berlin, pp 109–124

	Tao X, Li W, Bortnik J, Thorne RM, Angelopoulos V (2012) Comparison between theory and observation of the frequency sweep rates of equatorial rising tone chorus. Geophys Res Lett. https://​doi.​org/​10.​1029/​2012gl051413Crossref

	Tao X, Zonca F, Chen L (2017) Investigations of the electron phase space dynamics triggered by whistler wave emissions using low noise method. Plasma Phys Control Fusion 59:094001. https://​doi.​org/​10.​1088/​1361-6587/​aa759aCrossref

	Teng S, Tao X, Li W (2019) Typical characteristics of whistler mode waves categorised by their spectral properties using Van Allen Probes Observations. Geophys Res Lett 46:3607–3614. https://​doi.​org/​10.​1029/​2019GL082161Crossref

	Tsurutani BT, Smith EJ (1974) Postmidnight chorus: a substorm phenomenon. J Geophys Res 79(1):118–127. https://​doi.​org/​10.​1029/​ja079i001p00118Crossref

	Vomvoridis JL, Crystal TL, Denavit J (1982) Theory and computer simulations of magnetospheric very low frequency emissions. J Geophys Res Space Phys 87(A3):1473–1489. https://​doi.​org/​10.​1029/​ja087ia03p01473Crossref

	Wu Y, Tao X, Zonca F, Chen L, Wang S (2020) Controlling the chirping of chorus waves via magnetic field inhomogeneity. Geophys Res Lett. https://​doi.​org/​10.​1029/​2020gl087791Crossref

	Zhang X-J, Thorne R, Artemyev A, Mourenas D, Angelopoulos V, Bortnik J et al (2018) Properties of intense field-aligned lower-band chorus waves: Implications for nonlinear wave-particle interactions. J Geophys Res Space Phys 123(7):5379–5393. https://​doi.​org/​10.​1029/​2018JA025390Crossref

	Zhang XJ, Mourenas D, Artemyev AV, Angelopoulos V, Kurth WS, Kletzing CA, Hospadarsky GB (2020) Rapid frequency variations within intense chorus wave packets. Geophys Res Lett 47(15):e88853. https://​doi.​org/​10.​1029/​2020GL088853Crossref

	Zhang XJ, Demekhov AG, Katoh Y, Nunn D, Tao X, Mourenas D, Omura Y, Artemyev AV, Angelopoulos V (2021) Fine structure of chorus wave packets: comparison between observations and wave generation models. J Geophys Res Space Phys. https://​doi.​org/​10.​1029/​2021JA029330Crossref



Publisher's Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.


OEBPS/images/40623_2021_1549_Article_TeX_Equd.png
Ne(z) = Ne(0) (1 +O.3a22).





OEBPS/images/40623_2021_1549_Fig2_HTML.png
B field pT

200

180

160

140

-
N
o

==
o
o

@
o

D
o

40

20

GR B field magnitude-zoom

0 .
0.46 0.48

05 052 054 056 058
time s

06 062 0.64





OEBPS/images/40623_2021_1549_Article_TeX_Equb.png
O =0; V., =< > /ko.





OEBPS/images/40623_2021_1549_Article_TeX_Equc.png
Bo(z) = Bo (O)(l + azz) ,





OEBPS/images/40623_2021_1549_Fig8_HTML.png
Frequency Hz

0.4

4000

3500

3000

2500

2000

1500

1000

500





OEBPS/images/40623_2021_1549_Article_TeX_Equ24.png
V.IV.98
28 0z

, koV.
V.| =—(1— Ak
wo

)IRICOS(W—§)+





OEBPS/images/40623_2021_1549_Article_TeX_Equ25.png
' =koV® = 26— wo +koV,,





OEBPS/images/40623_2021_1549_Article_TeX_Equ26.png
V' =V, = Vi (2); Vies (2) = (wo — 2B) /Ko (2),





OEBPS/images/40623_2021_1549_Article_TeX_Equ27.png
Vo |R| 0
Ve o= |Vilcos (¥ —{) + Qo (2),





OEBPS/images/40623_2021_1549_Article_TeX_Equ20.png
2 + V4, (0, wo) ikn] R, (1) = {

—a)ng (O, a)())
5 } L,(1).

ko (0, wo)





OEBPS/images/40623_2021_1549_Article_TeX_Equa.png
eGLo

- 2ma)bkb ’





OEBPS/images/40623_2021_1549_Article_TeX_Equ21.png
Vet iV, = V= |V,|e,





OEBPS/images/40623_2021_1549_Article_TeX_Equ22.png
Y = n — go.





OEBPS/images/40623_2021_1549_Article_TeX_Equ23.png
IR| ko

)IVLICOS(W—{)—

Viop

28 07





OEBPS/images/40623_2021_1549_Article_TeX_Equ28.png
3Vies
Qo (z)=XZl — Vil 12B| + vz | Vi 2]

ko






OEBPS/images/40623_2021_1549_Article_TeX_Equ29.png
05|V,

W =0.5(|Vuf +V2).





OEBPS/images/40623_2021_1549_Fig1_HTML.png
Chorus spectrogram at z=7000km

N
o]
o
o

N
D
o
o

N
T
>
[9)
c
[0}
=]
[od
[}
bt
L






OEBPS/images/40623_2021_1549_Figa_HTML.png
Frequency Hz

3200

3000

2800

N
3]
o

N
B
o
o

Quasi-broadband 1D Vlasov Hybrid Simulation of lower band VLF chorus
David Nunn, University of Southampton, UK

Strong Chorus Risers with Bifurcation Hiss Emission with Fine Structure
Risers triggered by keydown z=7000km

Spectrogram of hiss fine structure; z=7000km

6000 2800

2700
5000 2600
2500
4000
T 2400
3
3000 § 2300
g
& 2200
2000 2100
2000
1000
1900
0.2 0.4 06 0.8 1 1.2 o 1800 0.2 04 06 08 1
Time s Time s
Quasi-broadband Field Equation: [ a -woVy(0, wo)
R=complex field; I=complex b + Vq(O, (l)O) - R(Z, t) = —i = I( t)
nonlinear current at dz k (0





OEBPS/css/sidebar.gif





OEBPS/images/40623_2021_1549_Fig7_HTML.png
Spectrogram of N emission at z=7000km

N
I
>
o
c
[
3
o
o
et
w






OEBPS/images/40623_2021_1549_Article_TeX_IEq2.png





OEBPS/images/40623_2021_1549_Article_TeX_IEq3.png





OEBPS/navigation.xhtml

    
      Contents


      
        		The numerical simulation of the generation of lower-band VLF chorus using a quasi-broadband Vlasov Hybrid Simulation code


      


    
    
      Landmarks


      
        		Body Matter


      


    
  

OEBPS/images/40623_2021_1549_Article_TeX_IEq4.png





OEBPS/images/40623_2021_1549_Article_TeX_IEq5.png





OEBPS/images/40623_2021_1549_Article_TeX_Equ30.png
W’ = —IR[|V.|cos(y — {) = 0.5wopt’,





OEBPS/images/40623_2021_1549_Article_TeX_IEq1.png





OEBPS/images/40623_2021_1549_Article_TeX_Equ35.png
S = (koQo @) — <" >) |why,





OEBPS/images/40623_2021_1549_Article_TeX_Equ36.png
2
<" >= (1= Vies/ V) dov/dr.





OEBPS/images/40623_2021_1549_Article_TeX_Equ37.png
wig = IRIK V.| fw.





OEBPS/images/40623_2021_1549_Article_TeX_Equ38.png
dw/dt = W 11/ (1 = Vies/ V) -





OEBPS/images/40623_2021_1549_Article_TeX_Equ31.png
F = Fo(,u—A,u, W—AW)





OEBPS/images/40623_2021_1549_Article_TeX_Equ32.png
©=y-{





OEBPS/images/40623_2021_1549_Article_TeX_Equ33.png
e = k()V* _ é,/’





OEBPS/images/40623_2021_1549_Article_TeX_Equ34.png
e’ = 2
wig (S —cos®)





OEBPS/images/40623_2021_1549_Article_TeX_IEq14.png





OEBPS/images/40623_2021_1549_Article_TeX_IEq13.png





OEBPS/css/envelope.png





OEBPS/images/40623_2021_1549_Article_TeX_IEq10.png





OEBPS/images/40623_2021_1549_Article_TeX_IEq12.png





OEBPS/images/40623_2021_1549_Article_TeX_IEq11.png





OEBPS/images/40623_2021_1549_Fig5_HTML.png
Triggering by PLHR

N
T
>
5}
c
[}
=}
o
[}
ped
w






OEBPS/images/40623_2021_1549_Fig4_HTML.png
Wave amplitude profile pT: time= 318 msecs
] [ |

T T

250 F T T

N

o

o
T
i

N

wn

o
T

-

o

o
T
L

Wave amplitude pT

(4]

(=]
T
1

1 il 1 L 1
-6000 -4000 -2000 0 2000 4000 6000
zkms

Resonant particle currents Jr Ji
il T T T T

Resonant particle current: units of Jr(lin)

1 1 1 1
-6000 -4000 4000 6000






OEBPS/images/40623_2021_1549_Article_TeX_IEq6.png





OEBPS/images/40623_2021_1549_Article_TeX_IEq7.png





OEBPS/images/40623_2021_1549_Article_TeX_IEq8.png
V.





OEBPS/images/40623_2021_1549_Article_TeX_IEq9.png





OEBPS/images/40623_2021_1549_Article_TeX_Equ13.png





OEBPS/images/40623_2021_1549_Fig6_HTML.png
Lukkuvankangas 27 Nov 19£|J7 after 0408 UT Total power

3500 : l = ] -
" 'l 71: ] o
‘ o - -
- I i L r P, I
.. ) ! “I " | 1
EL e ] L - \l !
4' r ]
l .- f 2 . %
3000t F { =
]
Lok
= 4 X
o ) =
L f <
> ) L
2 R
S 2500 %" ~
= |
o
@ .
i
iy
2000 iy o -
i ] .
| . r
y - b
L v |
ol N ) T v
ol ] - IR  =u A ™ -
s ! e, J g [ e K i
1500+ T ! f I 1 ! ! T 1 !
0 1.2 2.4 3.6 4.8 7.2 8.4 9.6 10.8 12

6
Time [s] UT





OEBPS/images/40623_2021_1549_Article_TeX_Equ14.png
8eWo

2,8 - a)()'





OEBPS/css/cc-by.png
() _®





OEBPS/images/40623_2021_1549_Article_TeX_Equ15.png
Wy (28— wo)

Ve koB






OEBPS/images/40623_2021_1549_Article_TeX_Equ16.png
B =By (z) /By(0) = 1+0.5¢7%,





OEBPS/images/40623_2021_1549_Article_TeX_Equ10.png
Z
o =wt— [k(Z')d,





OEBPS/images/40623_2021_1549_Article_TeX_Equ11.png
EJ_ = H(Za t) ei‘PO’





OEBPS/images/40623_2021_1549_Fig3_HTML.png
Risers triggered by keydown z=7000km

N
@
o
(=

N
D
o
o

N
B
o
o

N
T
>
&)
c
()
=]
o
(0]
pad
L






OEBPS/images/40623_2021_1549_Article_TeX_Equ12.png
J, =G (z,1) e,





OEBPS/images/40623_2021_1549_Article_TeX_Equ4.png
J = —effva(v,r)dv.





OEBPS/images/40623_2021_1549_Article_TeX_Equ5.png





OEBPS/images/40623_2021_1549_Article_TeX_Equ2.png
S =1/B,,[A dBo/dz + C df/dt + D dN,/dz] .





OEBPS/images/40623_2021_1549_Article_TeX_Equ3.png
wr, = ek B,V /m.





OEBPS/images/40623_2021_1549_Article_TeX_Equ8.png
J (cold) = Ji (cold) + iJy (cold) .





OEBPS/images/40623_2021_1549_Article_TeX_Equ17.png
g, = N.(2) /N.(0) =1+ 0.5vz°.





OEBPS/images/40623_2021_1549_Article_TeX_Equ9.png
q 0 10| M|, _ (4 . 8
(- 20) -] - E =l meo)





OEBPS/images/40623_2021_1549_Article_TeX_Equ18.png
—woV, (2, wo)
ko (z, wo)

0 0
—+Vg(z,wo)6—Z]R(z,t) ={

pr }I(z, 1).





OEBPS/images/40623_2021_1549_Article_TeX_Equ6.png
E, =E,+iE,;B, = B, +iB,,





OEBPS/images/40623_2021_1549_Article_TeX_Equ19.png
—woV, (0, wp)
ko (0, wo)

0 0
_+Vg(0’w0)8_z]R(Z’t) 2{

pr }I(z, 1) .





OEBPS/images/40623_2021_1549_Article_TeX_Equ7.png
J.=J+1iJy,





OEBPS/images/40623_2021_1549_Article_TeX_Equ1.png
d*0/d* + wig[cos®-S (z,0)] = 0,





