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Abstract
Using the 3-D axial anisotropy, the dipping anisotropy, and the azimuthal anisotropy as case studies, we investigated the influence of each anisotropic resistivity element on the magnetotelluric surface responses. To justify the strong and weak influence and edge effect, we have introduced the influence indices for the impedance components, and the edge effect indices for the tipper components. Interestingly, for decoupled modes, we found that [image: $${\rho }_{xx}$$] has a strong influence on Zxy, Zyy, and Ty, while [image: $${\rho }_{yy}$$] strongly affects Zyx, Zxx, and Tx. The three elements [image: $${\rho }_{zz}$$], [image: $${\rho }_{xz}$$], and [image: $${\rho }_{yz}$$] have only a very weak influence on all types of responses. For the coupled mode, [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], and [image: $${\rho }_{xy}$$] display a strong influence on all responses. Based on our studies on the influence of the anisotropic resistivity elements, we design and propose two practical processes to replace the conventional axial, dipping, azimuthal, and general anisotropic inversions. First, the axial or dipping inversion can be approximately decoupled into [image: $${\rho }_{x}$$]-mode and [image: $${\rho }_{y}$$]-mode inversions. The decoupled mode inversions can be performed either independently and in parallel, or as a joint inversion. Second, since the three resistivity elements always show a weak influence, the general anisotropic inversion can be simplified to just the reduced coupled azimuthal anisotropic inversion with only three resistivity elements as outputs. Both proposed techniques can save a lot of the computational resources. Criteria to choose either the decoupled or coupled modes depend greatly on the magnitudes and distributions of the Zxx and/or Zyy, and Tx and/or Ty responses.
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Introduction
In the past few decades, many magnetotelluric (MT) surveys have confirmed the existence of electrical anisotropy in both the crust and upper mantle both in land and marine environments (Häuserer and Junge 2011; Liddell et al. 2016; Kirkby et al. 2016; Matsuno and Evans 2017; Feucht et al. 2017, 2019; Bedrosian et al. 2019; Kirkby and Duan 2019; Liu et al. 2019; Miller et al. 2019; Ye et al. 2019; Comeau et al. 2020; Matsuno et al. 2020; Segovia et al. 2021; Rong et al. 2022). Many studies show that performing an isotropic inversion on the observed anisotropic data can lead to misinterpretation due to many inversion artifacts appearing in the inverted model (e.g., Miensopust and Jones 2011; Häuserer and Junge 2011; Löwer and Junge 2017; Wang et al. 2017; Cao et al. 2018; Luo et al. 2020; Rong et al. 2022). There is therefore a great demand for 3-D anisotropic inversion code. Even though much 3-D anisotropic forward codes have been developed in the past decade (e.g., Jaysaval et al. 2016; Löwer and Junge 2017; Wang et al. 2017; Han et al. 2018; Liu et al. 2018; Yu et al. 2018; Cao et al. 2018; Kong et al. 2018; Rivera-Rios et al. 2019; Xiao et al. 2019; Guo et al. 2020; Luo et al. 2020; Ye et al. 2021; Bai et al. 2022), development of 3-D anisotropic inversion code to successfully invert observed MT data to obtain a more reasonable interpretation is still ongoing (Wang et al. 2017; Cao et al. 2018, 2021; Luo et al. 2020; Kong et al. 2021; Rong et al. 2022).
With an aim in the future to reach a reasonable design for a quality 3-D anisotropic inversion, we must first understand how each anisotropic resistivity element influences the surface responses. A stronger influence means that different values of the resistivity element provide distinct response magnitudes. For example, the isotropic resistivity at a reasonable depth has a very strong influence on most MT responses which is why 3-D isotropic inversion can be accomplished (e.g., Siripunvaraporn et al. 2005; Siripunvaraporn and Egbert 2009; Siripunvaraporn and Sarakorn 2011; Siripunvaraporn 2012; among many others). In contrast, for a weak influence element, a large range of resistivity values can yield similar response magnitudes. For example, a small 3-D isotropic resistivity body located at greater depth can have a very weak influence resulting in the failure of the inversion process to recover these small structures. Since the influence is a major factor controlling the success or failure of the anisotropic inversion, our main goal in this paper is to study the influence of each anisotropic resistivity element on the surface responses in many different aspects. At the end, we recommend two new methods for 3-D anisotropic inversion to replace the general or axial anisotropic inversion.
In an isotropic media, the electrical resistivity ρ is a scalar. In the presence of a macroscopic anisotropy, the direction-dependent electrical resistivity of the medium must be defined as the tensor,
[image: $${\varvec{\rho}}= \left[\begin{array}{ccc}{\rho }_{xx}&amp; {\rho }_{xy}&amp; {\rho }_{xz}\\ {\rho }_{yx}&amp; {\rho }_{yy}&amp; {\rho }_{yz}\\ {\rho }_{zx}&amp; {\rho }_{zy}&amp; {\rho }_{zz}\end{array}\right],$$]

 (1)



where x points north, y points east, and z points downward. The resistivity tensor is symmetric and positive definite. It can also be represented by the axial anisotropic resistivity, [image: $$\widehat{{\varvec{\rho}}}= \left[\begin{array}{ccc}{\rho }_{x}&amp; 0&amp; 0\\ 0&amp; {\rho }_{y}&amp; 0\\ 0&amp; 0&amp; {\rho }_{z}\end{array}\right]$$], and their corresponding rotational angles: [image: $${\alpha }_{S}$$], the anisotropic strike angle, [image: $${\alpha }_{D}$$], the anisotropic dipping angle, and [image: $${\alpha }_{L}$$], the anisotropic slant angle (see Pek and Santos (2002) for illustration of these angles). Then,[image: $${\varvec{\rho}}={\mathbf{R}}_{z}^{T}\left({\alpha }_{S}\right){\mathbf{R}}_{x}^{T}\left({\alpha }_{D}\right){\mathbf{R}}_{z}^{T}\left({\alpha }_{L}\right) \widehat{{\varvec{\rho}}} \,{\mathbf{R}}_{z}\left({\alpha }_{L}\right) {\mathbf{R}}_{x}\left({\alpha }_{D}\right) {\mathbf{R}}_{z}\left({\alpha }_{S}\right),$$]

 (2)



where [image: $${\mathbf{R}}_{z}\left(\theta \right)= \left[\begin{array}{ccc}\mathrm{cos}\theta &amp; \mathrm{sin}\theta &amp; 0\\ -\mathrm{sin}\theta &amp; \mathrm{cos}\theta &amp; 0\\ 0&amp; 0&amp; 1\end{array}\right]$$], and [image: $${\mathbf{R}}_{x}\left(\theta \right)= \left[\begin{array}{ccc}1&amp; 0&amp; 0\\ 0&amp; \mathrm{cos}\theta &amp; \mathrm{sin}\theta \\ 0&amp; -\mathrm{sin}\theta &amp; \mathrm{cos}\theta \end{array}\right]$$]. Besides the axial resistivity anisotropy, there are also other cases generated from the [image: $${\mathbf{R}}_{z}$$] and [image: $${\mathbf{R}}_{x}$$] rotational matrices, like the azimuthal anisotropy, [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; {\rho }_{xy}&amp; 0\\ {\rho }_{yx}&amp; {\rho }_{yy}&amp; 0\\ 0&amp; 0&amp; {\rho }_{zz}\end{array}\right]$$], resulting from [image: $${\mathbf{R}}_{z}^{T}\left(\theta \right) \widehat{{\varvec{\rho}}} \,{\mathbf{R}}_{z}\left(\theta \right)$$], and the dipping anisotropy, [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; 0&amp; 0\\ 0&amp; {\rho }_{yy}&amp; {\rho }_{yz}\\ 0&amp; {\rho }_{zy}&amp; {\rho }_{zz}\end{array}\right]$$], resulting from [image: $${\mathbf{R}}_{x}^{T}\left(\theta \right)\widehat{{\varvec{\rho}}} \,{\mathbf{R}}_{x}\left(\theta \right)$$]. These axial, azimuthal, and dipping anisotropies will be the subject of our studies in later sections.
Each of these elements has shown a different influence on the two types of MT responses: the complex impedance tensor [image: $$\mathbf{Z}= \left[\begin{array}{cc}{Z}_{xx}&amp; {Z}_{xy}\\ {Z}_{yx}&amp; {Z}_{yy}\end{array}\right]$$] and the vertical magnetic transfer function or tipper [image: $$\mathbf{T}= \left[\begin{array}{cc}{T}_{x}&amp; {T}_{y}\end{array}\right]$$]. Past studies (Yin 2003; Pek and Santos 2002; Pek and Santos 2006; Pek et al. 2008; Mandolesi and Jones 2012; Marti, 2014; Wang et al. 2017; Cao et al. 2018; Kong et al. 2018; Xiao et al. 2019; Luo et al. 2020) have focused on the influence from just the axial or the diagonal resistivity elements of (1). They found that [image: $${\rho }_{x}$$] has a strong impact on the Zxy, Zyy and Ty responses, and a weaker impact on the other half. On the other hand, [image: $${\rho }_{y}$$] strongly affects the Zyx, Zxx and Tx responses, and has a lesser effect on the other half. This strong influence is the reason why most of the earlier axial anisotropic inversions have shown a successful recovery of these [image: $${\rho }_{x}$$] and [image: $${\rho }_{y}$$] elements (e.g., Pek and Santos 2006; Marti, 2014; Cao et al. 2018; Luo et al. 2020; Kong et al. 2021; Rong et al. 2022).
In contrast to the [image: $${\rho }_{x}$$] and [image: $${\rho }_{y}$$] elements, the [image: $${\rho }_{z}$$] element has a very weak influence on all MT responses as many different values of [image: $${\rho }_{z}$$] have turned out to produce similar magnitudes of responses. This causes a big ambiguity and failure for the anisotropic inversion to recover the weak influence [image: $${\rho }_{z}$$] element (e.g., Pek and Santos 2006; Wang et al. 2017; Cao et al. 2018; Luo et al. 2020; Kong et al. 2021; Rong et al. 2022). Cao et al. (2018) and Luo et al. (2020) explained that the weak influence of the [image: $${\rho }_{z}$$] element is mostly due to the lack of the vertical electric field [image: $${E}_{z}$$] at the surface according to the MT plane wave assumption.
Aside from the study of the influences of the principal axial resistivities, only Kong et al. (2018) have demonstrated the influence in the cases of the azimuthal anisotropy and the dipping anisotropy resulting from the rotational matrices, [image: $${\mathbf{R}}_{z}$$] and [image: $${\mathbf{R}}_{x}$$], respectively. They found that the action of [image: $${\mathbf{R}}_{z}{(\alpha }_{S})$$] has a high impact on all impedance components, while the action of [image: $${\mathbf{R}}_{x}({\alpha }_{D})$$] only affects the Zyx and Zxx responses. Continuing from their previous work Kong et al. (2018) and Kong et al. (2021), and recently, Rong et al. (2022) developed 3-D general anisotropic inversion to search for the three principal resistivities ([image: $${\rho }_{x}$$], [image: $${\rho }_{y}$$], and [image: $${\rho }_{z}$$]), and the three anisotropy angles ([image: $${\alpha }_{S}$$], [image: $${\alpha }_{D}$$], and [image: $${\alpha }_{L}$$]). Although their 3-D general anisotropic inversion is better than the 3-D isotropic inversion, they also show that it is very challenging for the inversion to avoid the ambiguity of a mixture of anisotropy and heterogeneity of the models (Kong et al. 2021). Rong et al. (2022) also showed difficulty in recovering all anisotropy parameters of (2). Our goal of understanding the influence of all aspects of the anisotropy elements would be helpful in this case.
To study the influence of each resistivity element on the surface responses, we first introduce the influence index [image: $${Z}_{ij}^{\mathrm{inf}}$$] for each component of the impedance tensor, and the edge index [image: $${T}_{i}^{\mathrm{edge}}$$] for each component of the tipper, where i and j are the x- or y-directions. These influence indices will help to quantify the influence for each of the resistivity elements to avoid being subjective. Then we repeat the influence studies using our influence indices on the axial cases, as in Pek and Santos (2006), Marti (2014), Cao et al. (2018), Luo et al. (2020), Kong et al. (2021), and also through the rotational matrices as in Kong et al. (2018). We later apply the influence indices to study the effects of the off-diagonal resistivity elements in the cases of azimuthal anisotropy and dipping anisotropy. In the discussion and conclusion, we use all observations obtained from these studies to design two new processes for 3-D anisotropic inversion.

The 3-D anisotropic/isotropic synthetic models
Our 3-D anisotropic/isotropic model (Fig. 1) for this study is adapted from the 2-D model by Pek et al. (2008) (also shown in Fig. 14a in the Appendix). There are two isotropic layers (Fig. 1b): the top 300 Ω-m layer is 5 km thick and lies on top of an isotropic 1000 Ω-m half-space medium. In addition, there is a 3-D anisotropic/isotropic body with lengths of 50 km in both horizontal directions (Fig. 1a) and a thickness of 4 km (Fig. 1b). This 3-D anisotropic/isotropic body will be buried at the surface and at depths of 5 km, and 20 km.[image: ]
Fig. 1a Three-dimensional isotropic/anisotropic model adapted from the 2-D model of Pek et al. (2008) for the case where the 3-D body is buried at a depth of 5 km. b Plane view at a depth of 5 km. c Cross-section along west–east direction (y-axis). The two isotropic 300 Ω-m and 1000 Ω-m layers are kept fixed. Only the 3-D body will be changed to either anisotropic or isotropic resistivity with various resistivity values. The 3-D body was buried at various depths: 0 km (surface), 5 km (shown above), and 20 km. Dots at the surface on b are the 484 MT stations used in this study. Scenter, Sedge, and Souter are the stations discussed in the next section


The 3-D model in Fig. 1 was discretized to 42 × 42 × 70 in the x-, y- and vertical z-directions, respectively. Over the area of interest within a 120 km × 120 km region (Fig. 1a), we have set up a total of 484 stations at the center of each cell on the surface. Three stations (Scenter, Sedge, and Souter in Fig. 1a) will be used to demonstrate our observations for the isotropic cases: Scenter is close to the center of the 3-D anisotropic body, Sedge is just inside the edge of the 3-D body, and Souter is the outer edge of the 3-D body (Fig. 1a).
For the isotropic 3-D body models, the resistivity of the 3-D body takes the values 0.5, 5, 50, 500, and 5000 Ω-m, and these models are referred to as the iso05, iso5, iso50, iso500, and iso5000 models, respectively. To get the responses for all 484 stations at the surface, we run the WSINV3DMT forward code (Siripunvaraporn and Egbert 2002, 2009; Siripunvaraporn et al. 2005) with periods from 0.001 to 1000 s (a total of 19 periods) covering the ranges used in most MT explorations. Among these isotropic models, iso50 is chosen as the reference isotropic model as its resistivity is the median of the cases we examined.
For the anisotropic studies, we varied the “assigned” anisotropic resistivity element of the 3-D body according to the set of resistivities used in the isotropic cases in the axial case (section "The axial anisotropy"), and the conditions on the dipping and azimuthal cases (section "The Rx dipping anisotropy", "The Ry dipping anisotropy" and "The azimuthal anisotropy"). The results from the anisotropic models will be compared with the reference iso50 model in the axial case (section "The axial anisotropy") or any assigned references later in section "The Rx dipping anisotropy", "The Ry dipping anisotropy", and "The azimuthal anisotropy". The anisotropic forward code used in our study is described in Appendix A. The anisotropic forward models were applied with the same sets of period ranges as for the isotropic studies.

The impedance tensor influence and tipper edge effect indices
The impedance tensor influence indices
To justify the strong and weak effects of the surface impedance tensor responses Zxy, Zyx, Zxx, and Zyy from the buried 3-D resistivity bodies, we introduce the impedance tensor influence index [image: $${Z}_{ij}^{\mathrm{inf}}$$]. The impedance tensor influence index for a given station s at the surface [image: $${Z}_{ij}^{\mathrm{inf}}(s)$$] is defined as the root-mean-square (RMS) difference between a given impedance response [image: $${Z}_{ij}(s)$$], and the reference impedance response [image: $${Z}_{ij}^{\mathrm{ref}}(s)$$] normalized with the average of the products of the off-diagonal impedances between the given model and the reference model, i.e.,[image: $${Z}_{ij}^{\mathrm{inf}}(s)=\sqrt{\frac{1}{{N}_{p}} \sum_{p}\frac{{\left|{Z}_{ij}\left(p,s\right) - {Z}_{ij}^{\mathrm{ref}}(p,s)\right|}^{2}}{\left({ |Z}_{xy}\left(p,s\right){Z}_{yx}\left(p,s\right)\right| +|{Z}_{xy}^{\mathrm{ref}}\left(p,s\right) {Z}_{yx}^{\mathrm{ref}}\left(p,s\right)| )/2} ,}$$]

 (3)



where p is the period, [image: $${N}_{p}$$] is the number of periods, and i and j are either x or y. The overall impedance tensor influence index [image: $${Z}_{ij}^{\mathrm{inf}}$$] for all stations is defined similarly as[image: $${Z}_{ij}^{\mathrm{inf}}=\sqrt{\frac{1}{{N}_{s}}\frac{1}{{N}_{p}} \sum_{s}\sum_{p}\frac{{\left|{Z}_{ij}\left(p,s\right) - {Z}_{ij}^{\mathrm{ref}}(p,s)\right|}^{2}}{(|{Z}_{xy}\left(p,s\right){ Z}_{yx}\left(p,s\right)| +|{Z}_{xy}^{\mathrm{ref}}\left(p,s\right) {Z}_{yx}^{\mathrm{ref}}\left(p,s\right)| )/2} ,}$$]

 (4)



where s is the station, and [image: $${N}_{s}$$] is the number of stations.
To demonstrate the functionalities of these four indices, [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$] and [image: $${Z}_{yy}^{\mathrm{inf}}$$], for Zxx, Zxy, Zyx, and Zyy, respectively, we first applied them to the isotropic cases (iso05, iso5, iso500, iso5000) at all stations in Fig. 1 with the 3-D body at various depths. We used the iso50 models of their corresponding 3-D bodies as the references. For each type of responses, the overall [image: $${Z}_{ij}^{\mathrm{inf}}$$] indices for each of the isotropic cases are shown in the top row of Fig. 2a, while those at the center, edge, and outer stations (Scenter, Sedge and Souter, respectively) are shown in the bottom row of Fig. 2a.[image: ]
Fig. 2a The impedance tensor influence indices [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$] and [image: $${Z}_{yy}^{\mathrm{inf}}$$], and b the tipper edge effect indices [image: $${T}_{x}^{\mathrm{edge}}$$] and [image: $${T}_{y}^{edge}$$] calculated with all stations according to (4) and (6), respectively, and just at the Scenter, Sedge, and Souter stations, Eqs. (3) and (51), for the isotropic experiments where the resistivity of the 3-D body is varied as shown on the x-axis and buried at the surface, 5 km and 20 km. The dashed lines are at 0.1 for the impedance tensor and 0.50 for the tipper and mark the 10% and 50% levels, respectively


The overall [image: $${Z}_{xy}^{\mathrm{inf}}$$] and [image: $${Z}_{yx}^{\mathrm{inf}}$$] indices of all cases are higher than those of the overall [image: $${Z}_{xx}^{\mathrm{inf}}$$] and [image: $${Z}_{yy}^{\mathrm{inf}}$$] indices (Fig. 2a). All of our influence indices, [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$] and [image: $${Z}_{yy}^{\mathrm{inf}}$$] also show that they are a function of depth of the buried 3-D body. The strongest influence occurs when the 3-D body is at the surface and decreases when the 3-D body is deeper. For the station impedance tensor indices, [image: $${Z}_{ij}^{\mathrm{inf}}(s)$$] at the center Scenter and at the inner edge Sedge clearly show that the 3-D resistivity body has more influence on the Zxy and Zyx responses than those at the outer station Souter. For Zxx and Zyy, the station influences are strong only around the edges and corners of the 3-D body, e.g., at the Sedge station (Fig. 2a). Far away from the edge, the influence has gradually diminished, e.g., at the Souter and Scenter stations. This is also revealed in the surface plots of the influence impedance tensor indices [image: $${Z}_{xx}^{\mathrm{inf}}(s)$$], [image: $${Z}_{xy}^{\mathrm{inf}}(s)$$], [image: $${Z}_{yx}^{\mathrm{inf}}\left(s\right)$$] and [image: $${Z}_{yy}^{\mathrm{inf}}(s)$$] from the iso5 and iso500 models where the 3-D body is 5 km deep in Fig. 3a and b, respectively.[image: ]
Fig. 3The surface logarithmic plot of the impedance tensor influence indices [image: $${Z}_{xy}^{\mathrm{inf}}(s)$$], [image: $${Z}_{yx}^{\mathrm{inf}}(s)$$], [image: $${Z}_{xx}^{\mathrm{inf}}(s)$$], and [image: $${Z}_{yy}^{\mathrm{inf}}(s)$$] and the tipper edge effect indices [image: $${T}_{x}^{\mathrm{edge}}(s)$$], and [image: $${T}_{y}^{\mathrm{edge}}(s)$$] at all 484 stations from top to bottom rows, respectively, obtained from (a) the iso5 model, (b) the iso500 model (c) [image: $${\rho }_{x}$$] = 5 Ω-m, (d) [image: $${\rho }_{x}$$] = 500 Ω-m, (e) [image: $${\rho }_{y}$$] = 5 Ω-m, (f) [image: $${\rho }_{y}$$] = 500 Ω-m, (g) [image: $${\rho }_{z}$$] = 5 Ω-m, and (h) [image: $${\rho }_{z}$$] = 500 Ω-m, respectively, where the buried depth of the 3-D body in Fig. 1 (shown as dashed square) is 5 km


We then performed the 3-D isotropic inversion (Siripunvaraporn and Egbert 2009; Siripunvaraporn et al. 2005) on the three isotropic data sets (the 3-D body was buried at the surface, at 5 km, and at 20 km) with 2% Gaussian noise and with the two-layer model in Fig. 1 as the initial model. We found that the stronger influence bodies (the 3-D body was buried at the surface, and at 5 km) can be recovered but the weaker influence body at a depth of 20 km cannot. The overall influence level defined in (4) and the inversion RMS misfit (e.g., Siripunvaraporn and Egbert 2000, 2009; Siripunvaraporn et al. 2005; Siripunvaraporn and Sarakorn 2011; Siripunvaraporn 2012; Cao et al. 2018; Luo et al. 2020; Kong et al. 2021) are defined similarly so both can be linked. When the influence level is high for a wide range of resistivity values of the 3-D body, the inversion can also generate different inversion RMS misfits from the same resistivity range. Thus, there would be no difficulties for the 3-D isotropic inversion to recover the 3-D isotropic resistivity structure, even with just the Zxy and Zyx responses. However, when the 3-D body is buried at a greater depth (e.g., at 20 km), the influence of all components drops (below the 10% level for Zxy, Zyx, Zxx and Zyy in Fig. 2) even with different resistivity values. This makes it difficult for the inversion to distinguish these different resistivities resulting in similar RMS misfits. It is therefore not possible for the 3-D isotropic inversion to recover these weak influence structures.
Using this recovery criterion, the 10% influence level for [image: $${Z}_{xy}^{\mathrm{inf}}$$] and [image: $${Z}_{yx}^{\mathrm{inf}}$$] in Fig. 2a appears to be a good indicator to distinguish between the strong and weak influence for the isotropic cases. We will then keep this level as the minimum level for the anisotropic tests in the next sections. Since Zxx and Zyy cannot be inverted without Zxy and Zxy, this is consistent with [image: $${Z}_{xx}^{\mathrm{inf}}$$] and [image: $${Z}_{yy}^{\mathrm{inf}}$$] showing a relatively low influence (Fig. 2a), mostly below the 10% level. The strong and weak influence of [image: $${Z}_{xx}^{\mathrm{inf}}$$] and [image: $${Z}_{yy}^{\mathrm{inf}}$$] is therefore based on their comparative values. However, we still prefer to use the 10% separation level of [image: $${Z}_{xy}^{\mathrm{inf}}$$] and [image: $${Z}_{yx}^{\mathrm{inf}}$$] as a reference for [image: $${Z}_{xx}^{\mathrm{inf}}$$] and [image: $${Z}_{yy}^{\mathrm{inf}}$$].

The tipper edge effect indices
Since the tippers Tx and Ty are very sensitive to the lateral resistivity change or the edge of structures, like Zxx and Zyy, this value is high only near the edge of the structure and vanishes away from the edge (Siripunvaraporn and Egbert 2009). Applying (3) and (4) directly for the tipper would cause large errors for stations in the center or far away from the edge as their values at these stations are low. Thus, for the tipper, the influence is re-defined as the tipper edge effect indices [image: $${T}_{i}^{\mathrm{edge}}$$] with the purpose of measuring the influence from the edge of the 3-D structures. To do that, we need to fix the tipper of the inner edge station Sedge of the reference case as a normalized term for all stations. For each station s, the tipper edge effect [image: $${T}_{i}^{\mathrm{edge}}(s)$$] is then[image: $${T}_{i}^{\mathrm{edge}}(s)=\sqrt{\frac{1}{{N}_{p}} \sum_{p}\frac{{\left|{T}_{i}\left(p,s\right) - {T}_{i}^{\mathrm{ref}}(p,s)\right|}^{2}}{[|{T}_{x}^{2}\left(p,e\right)| + {|T}_{y}^{2}\left(p,e\right)| +|{T}_{x}^{2,\mathrm{ref}}\left(p,e\right)| + {|T}_{y}^{2,\mathrm{ref}}\left(p,e\right)|]/4} ,}$$]

 (5)



where e is the station at the edge or Sedge, and i is either x or y. The overall tipper edge effect index [image: $${T}_{i}^{\mathrm{edge}}$$] for all stations is defined as[image: $${T}_{i}^{\mathrm{edge}}=\sqrt{\frac{1}{{N}_{s}}\frac{1}{{N}_{p}} \sum_{s}\sum_{p}\frac{{\left|{T}_{i}\left(p,s\right) - {T}_{i}^{\mathrm{ref}}(p,s)\right|}^{2}}{[{|T}_{x}^{2}\left(p,e\right)| + |{T}_{y}^{2}\left(p,e\right)| +|{T}_{x}^{2,\mathrm{ref}}\left(p,e\right)| + |{T}_{y}^{2,\mathrm{ref}}\left(p,e\right)|]/4}.}$$]

 (6)



In addition to (5) and (6), the cutoff amplitude of the tipper in our study cases is set at 0.004 to avoid the instability of the indices. For the isotropic cases, the overall tipper edge effect indices [image: $${T}_{x}^{\mathrm{edge}}$$] and [image: $${T}_{y}^{\mathrm{edge}}$$] from all stations, and [image: $${T}_{x}^{\mathrm{edge}}(s)$$] and [image: $${T}_{y}^{\mathrm{edge}}(s)$$] at Scenter, Sedge and Souter are shown in Fig. 2b.
For all stations, the overall [image: $${T}_{x}^{\mathrm{edge}}$$] and [image: $${T}_{y}^{\mathrm{edge}}$$] indices are generally high (Fig. 2b) and roughly the same even from different resistivity objects at different depths. The strong edge effect levels are mostly from the stations around the edge as demonstrated at the Sedge station, while far from the edges, there is a weak effect at the Scenter and Souter stations. This can be clearly seen from the surface plots of the edge effect indices [image: $${T}_{x}^{\mathrm{edge}}$$] and [image: $${T}_{y}^{\mathrm{edge}}$$] from the iso5 and iso500 models in Fig. 3a and b, respectively, where the depth of the 3-D body is 5 km.
As with the impedance tensor cases, here we inverted just the tipper data of each case with the two-layer model (Fig. 1) as an initial model with the isotropic inversion code. Most of the inverted models put the lateral resistivity change of the 3-D anomaly at the surface, not at their corresponding depths, as is also demonstrated in Fig. 6 of Siripunvaraporn and Egbert (2009). Thus, the only case when the tipper data alone can recover the anomaly is when the 3-D body is at or close to the surface.
As for Zxx and Zyy, the Tx and Ty data need Zxy and Zyx to correctly recover the anomaly. Thus, the strong and weak influence of [image: $${T}_{x}^{\mathrm{edge}}$$] and [image: $${T}_{y}^{\mathrm{edge}}$$] is just based on their comparative values, as with those of [image: $${Z}_{xx}^{\mathrm{inf}}$$] and [image: $${Z}_{yy}^{\mathrm{inf}}$$]. However, all [image: $${T}_{x}^{\mathrm{edge}}$$] and [image: $${T}_{y}^{\mathrm{edge}}$$] at the Sedge station are well above the 50% level, while they are lower at Souter and Scenter. We therefore use this 50% level as a reference for our anisotropic studies in the next sections. Note here that the 10% level for the impedance tensor and 50% level for the tipper are only applicable for our tests and can be different for other tests.


The influence of various types of the anisotropy
In this section, we give the results of many experiments to learn about the influence of the anisotropic resistivity elements on the surface responses via many different types of anisotropic 3-D bodies. We prefer to report the facts observed from the experiments in this section. We will then discuss and summarize these observations in the next section.
The axial anisotropy
In our first experiment, the goal is to measure the influence and the edge effect using our [image: $${Z}_{ij}^{\mathrm{inf}}$$] and [image: $${T}_{i}^{\mathrm{edge}}$$] indices, respectively, in the case when the 3-D resistivity body of Fig. 1 has axial anisotropy, i.e., [image: $$\widehat{{\varvec{\rho}}}=\left[\begin{array}{ccc}{\rho }_{x}&amp; 0&amp; 0\\ 0&amp; {\rho }_{y}&amp; 0\\ 0&amp; 0&amp; {\rho }_{z}\end{array}\right]$$], relative to the 3-D isotropic body of the iso50 case. To see the influence of the [image: $${\rho }_{x}$$] element, we kept [image: $${\rho }_{y}= {\rho }_{z}=$$] 50 Ω-m and varied [image: $${\rho }_{x}$$] of the 3-D body ([image: $${\rho }_{x}$$] = 0.5, 5, 500, and 5000 Ω-m) for each of the depths (0, 5 and 20 km). Since the 20 km depth case yields very low indices for all cases, as in the isotropic cases, it will not be included in any figures after this section. Similarly, to see the influence of the [image: $${\rho }_{y}$$] or [image: $${\rho }_{z}$$] elements, we kept other elements constant at 50 Ω-m, and then varied [image: $${\rho }_{y}$$] or [image: $${\rho }_{z}$$] with the same sets of resistivities used in the [image: $${\rho }_{x}$$] cases.
Each case was simulated separately with our 3-D anisotropic forward code (see Appendix A) to obtain the Z and T responses at all 484 stations with 19 periods. The overall and station [image: $${Z}_{ij}^{\mathrm{inf}}$$] and [image: $${T}_{i}^{\mathrm{edge}}$$] indices were then applied to the responses obtained from all cases. Examples of the apparent resistivities and the magnitude of the tipper at a period of 10 s for the case where the 3-D body is at 5 km deep are shown in Fig. 15 of Appendix A.
Figure 3 shows the surface plots of the station [image: $${Z}_{ij}^{\mathrm{inf}}(s)$$] and [image: $${T}_{i}^{\mathrm{edge}}(s)$$] indices for every station of Fig. 1, when [image: $${\rho }_{x}$$] (Fig. 3c and d), [image: $${\rho }_{y}$$] (Fig. 3e and f), and [image: $${\rho }_{z}$$] (Fig. 3g and h) are 5 and 500 Ω-m. We also plot the isotropic cases iso5 (Fig. 3a) and iso500 (Fig. 3b), respectively, for the case where the 3-D body is 5 km deep. Similar influence and edge effect patterns with different magnitudes can also be obtained from other buried depths of the 3-D body. In Fig. 3, we use white to indicate when the influence and edge effects are very weak (below 10% and 50%, respectively). For the isotropic cases (Fig. 3a and b), the impacts of the 3-D body buried at 5 km depth on all responses are obvious. They are larger for the stations above the 3-D body for Zxy and Zyx, and around the edges and corners for Zxx, Zyy, Tx and Ty.
In the case of the axial anisotropy, [image: $${\rho }_{x}$$] shows strong influence on Zxy mostly above the 3-D anisotropic body, and around the edges and corners on Zyy and Ty. It has a weak influence on Zyx, Zxx, and Tx (Fig. 3c and d). The same influences and edge effects as in Fig. 3c and d can also be observed when the 3-D body is buried at other depths. The strong impacts on Zxy, Zyy and Ty from [image: $${\rho }_{x}$$] is confirmed with the overall [image: $${Z}_{ij}^{\mathrm{inf}}$$] and [image: $${T}_{i}^{\mathrm{edge}}$$] indices shown in Fig. 4a and d for the cases where the buried depth of the 3-D body is 0 and 5 km. Figure 4a and d also shows that [image: $${\rho }_{x}$$] has a very weak impact on the Zyx, Zxx, and Tx responses.[image: ]
Fig. 4(top) Logarithmic plots of the overall impedance tensor influence index [image: $${Z}_{xx}^{\mathrm{inf}}$$],[image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], and [image: $${Z}_{yx}^{\mathrm{inf}}$$] when varying a [image: $${\rho }_{x}$$], b [image: $${\rho }_{y}$$], and c [image: $${\rho }_{z}$$], respectively. (bottom) Logarithmic plots of the overall tipper edge effect indices [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] when varying d [image: $${\rho }_{x}$$], e [image: $${\rho }_{y}$$], and f [image: $${\rho }_{z}$$], respectively. The varying resistivity values are shown on the x-axis. The dashed lines mark 10% for [image: $${Z}_{ij}^{\mathrm{inf}}$$] and 50% for [image: $${T}_{i}^{\mathrm{edge}}$$] for reference. The asterisk and square are for the cases where the buried depth of the 3-D body is 0 km and 5 km, respectively


For the [image: $${\rho }_{y}$$] cases (Fig. 3e and f), the effects are the opposite of the [image: $${\rho }_{x}$$] cases. The [image: $${\rho }_{y}$$] element strongly affects the Zyx, Zxx, and Tx responses, and has a weak influence on Zxy, Zyy, and Ty. This agrees with the overall influence and edge effect indices shown in Fig. 4b and e. Interestingly, Fig. 3g and h for [image: $${\rho }_{z}$$] shows mostly white patterns in agreement with the very low overall influence and edge effect indices in Fig. 4c and f. This indicates that [image: $${\rho }_{z}$$] has a very weak influence on all responses. This is confirmed in Fig. 15 where the response of the [image: $${\rho }_{z}$$] cases is almost identical to those from the iso50 model, regardless of the resistivity values.
In summary, for the axial anisotropy, [image: $${\rho }_{x}$$] strongly affects Zxy, Zyy, and Ty, whereas [image: $${\rho }_{y}$$] has strong effects on Zyx, Zxx, and Tx. In contrast, [image: $${\rho }_{z}$$] does not affect any responses. Our influence studies with our [image: $${Z}_{ij}^{\mathrm{inf}}$$] and [image: $${T}_{i}^{\mathrm{edge}}$$] indices are in agreement with most previous studies (Pek and Santos 2006; Wang et al. 2017; Cao et al. 2018; Luo et al. 2020; Kong et al. 2021).

The R
                           x dipping anisotropy
When applying the rotation matrix around the x-axis, [image: $${\mathbf{R}}_{x}$$], to both sides of the axial resistivity tensor [image: $$\widehat{{\varvec{\rho}}}$$], we obtain the dipping anisotropy, i.e., [image: $${\mathbf{R}}_{x}^{T}\left(\theta \right){\widehat{{\varvec{\rho}}}}_{\boldsymbol{ }}\,{\mathbf{R}}_{x}\left(\theta \right)= \left[\begin{array}{ccc}{\rho }_{xx}&amp; 0&amp; 0\\ 0&amp; {\rho }_{yy}&amp; {\rho }_{yz}\\ 0&amp; {\rho }_{zy}&amp; {\rho }_{zz}\end{array}\right]$$]. The influence on the surface responses from the rotation matrix [image: $${\mathbf{R}}_{x}$$] is therefore equivalent to the influence from a combination of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}- {\rho }_{zy}$$]. In this section, we first investigate the influence of this rotation matrix [image: $${\mathbf{R}}_{x}$$] on the surface responses, and then we explore the influence and the role of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}- {\rho }_{zy}$$], one by one.
The effect of [image: $${{\varvec{R}}}_{{\varvec{x}}}$$]
                           
To see the influence from the rotation matrix [image: $${\mathbf{R}}_{x}$$] or the combination [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}- {\rho }_{zy}$$] on the surface responses, we first performed [image: $${\mathbf{R}}_{x}^{T}(\theta ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(\theta )$$] with various [image: $$\theta$$] on the 3-D anisotropic body (Fig. 1) with [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}=\left[\begin{array}{ccc}50 &amp; 0&amp; 0\\ 0&amp; 500 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] (Ω-m). Figure 5a and b shows the station influence and edge effect of the responses, [image: $${Z}_{xy}^{\mathrm{inf}}(s)$$], [image: $${Z}_{yx}^{\mathrm{inf}}(s)$$], [image: $${Z}_{xx}^{\mathrm{inf}}(s)$$], [image: $${Z}_{yy}^{\mathrm{inf}}(s)$$], [image: $${T}_{x}^{\mathrm{edge}}(s)$$], and [image: $${T}_{y}^{\mathrm{edge}}(s)$$] from the action of [image: $${\mathbf{R}}_{x}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(45^\circ )$$] for the case where the 3-D anisotropic body is at depth of 0 and 5 km, respectively, and similarly for Fig. 5c and d for [image: $${\mathbf{R}}_{x}^{T}(20^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(20^\circ )$$], and Fig. 5e and f for [image: $${\mathbf{R}}_{x}^{T}(70^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(70^\circ )$$]. In addition, performing [image: $${\mathbf{R}}_{x}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{z}}}{\mathbf{R}}_{x}(45^\circ )$$], when [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{z}}}=\left[\begin{array}{ccc}50 &amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 500\end{array}\right]$$] (Ω-m) (Fig. 5g and h) yields symmetrical images about the x-axis of Fig. 5a and b for the impedance tensor indices but not the tippers (due to a fixed edge station as reference).[image: ]
Fig. 5The surface logarithmic plot of [image: $${Z}_{xy}^{\mathrm{inf}}(s)$$], [image: $${Z}_{yx}^{\mathrm{inf}}(s)$$], [image: $${Z}_{xx}^{\mathrm{inf}}(s)$$], and [image: $${Z}_{yy}^{\mathrm{inf}}(s)$$], and [image: $${T}_{x}^{\mathrm{edge}}(s)$$], and [image: $${T}_{y}^{\mathrm{edge}}(s)$$] at all 484 stations from top to bottom rows, respectively, obtained when the 3-D anisotropic body in Fig. 1 (shown as dashed line) is assigned with [image: $${\mathbf{R}}_{x}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(45^\circ )$$] and buried at a the surface (0 km), and b 5 km deep, given [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}=\left[\begin{array}{ccc}50 &amp; 0&amp; 0\\ 0&amp; 500 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$], and similarly with [image: $${\mathbf{R}}_{x}^{T}(20^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(20^\circ )$$] for c and d, and with [image: $${\mathbf{R}}_{x}^{T}(70^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(70^\circ )$$] for e and f. In addition, when the 3-D anisotropic body is assigned with [image: $${\mathbf{R}}_{x}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{z}}}{\mathbf{R}}_{x}(45^\circ )$$], given [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{z}}}=\left[\begin{array}{ccc}50 &amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 500\end{array}\right]$$], the results are also shown in g and h


It is clear from Fig. 5a–f that [image: $${\mathbf{R}}_{x}$$], regardless of [image: $$\theta$$], has a strong impact on Zyx for the stations above the 3-D body, and on the Zxx and Tx responses for the stations around the edges and corners. The action of [image: $${\mathbf{R}}_{x}^{T}(\theta ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(\theta )$$] when [image: $$\theta$$] = 20° (Fig. 5c and d) yields a higher influence than those of other angles (Fig. 5a, b, e and f). The influence is reversed for [image: $${\mathbf{R}}_{x}^{T}(\theta ){\widehat{{\varvec{\rho}}}}_{{\varvec{z}}}{\mathbf{R}}_{x}(\theta )$$] which has higher influence when [image: $$\theta$$] = 70°. Both facts are confirmed by the overall [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$], [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] indices in Fig. 6a and b demonstrating stronger influence on the Zyx, Zxx and Tx responses. The level of the influence decreases when the 3-D body is buried deeper.[image: ]
Fig. 6a Logarithmic plots of [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], and [image: $${Z}_{yx}^{\mathrm{inf}}$$] and b [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] with [image: $${\mathbf{R}}_{x}^{T}(\theta ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(\theta )$$], and [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}=\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; 500 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$], when [image: $$\theta =20^\circ , 45^\circ , 70^\circ$$] shown on x-axis. Similarly, c and d are for [image: $${\mathbf{R}}_{x}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(45^\circ )$$], when [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}=\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; {\rho }_{y} &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] with [image: $${\rho }_{y}$$] equaling 0.5, 5, 500, and 5000 Ω-m shown on the x-axis


In the next experiment, we performed [image: $${\mathbf{R}}_{x}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(45^\circ )$$] on the 3-D anisotropic body (Fig. 1) with [image: $${\rho }_{y}$$] at 0.5, 5, 500 and 5000 Ω-m when [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}=\left[\begin{array}{ccc}50 &amp; 0&amp; 0\\ 0&amp; {\rho }_{y} &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] (Ω-m). The results with different [image: $${\rho }_{y}$$] yield similar patterns to those in Fig. 5a–f with different amplitude levels. The influence indices from these cases are shown in Fig. 6c and d. As with the case with various angles, the stronger influences are seen on the Zyx, Zxx and Tx responses and there is a very weak influence on the Zxy, Zyy and Ty responses. Surprisingly, the higher [image: $${\rho }_{y}$$] appear to have a higher influence than the lower resistivities.
The strong and weak influences from the action of [image: $${\mathbf{R}}_{x}$$] (Fig. 6a–d), regardless of the [image: $$\theta$$] and resistivity values, are apparently equivalent to the action from the [image: $${\rho }_{y}$$] element of the axial cases demonstrated in section "The axial anisotropy" (Fig. 4b and e). However, in this case, the action of [image: $${\mathbf{R}}_{x}$$] is in fact a contribution from the combination of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}- {\rho }_{zy}$$].


The effect of each of [image: $${{\varvec{\rho}}}_{{\varvec{x}}{\varvec{x}}}$$]
                           , 
                           [image: $${{\varvec{\rho}}}_{{\varvec{y}}{\varvec{y}}}$$]
                           , 
                           [image: $${{\varvec{\rho}}}_{{\varvec{z}}{\varvec{z}}}$$] and [image: $${{\varvec{\rho}}}_{{\varvec{y}}{\varvec{z}}}-\boldsymbol{ }{{\varvec{\rho}}}_{{\varvec{z}}{\varvec{y}}}$$] on the surface responses
To investigate the roles and contributions from each of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}- {\rho }_{zy}$$] on the surface response, we vary one element at a time while keeping other elements constant. The variation of [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$], and [image: $${\rho }_{yz}$$] carried out while satisfying the condition [image: $${\rho }_{zz}{\rho }_{yy}&gt; {\rho }_{yz}^{2}$$], in order to guarantee that this given structure can be reversed to yield reasonable axial resistivity tensor and dipping angle (see Appendix B for more details).
In our case, given [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}=\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; 500 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$], then [image: $${\mathbf{R}}_{x}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}\left(45^\circ \right)= \left[\begin{array}{ccc}50 &amp; 0&amp; 0\\ 0&amp; 275 &amp; 225\\ 0&amp; 225&amp; 275\end{array}\right]$$] which has all the terms [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}- {\rho }_{zy}$$] from [image: $${\mathbf{R}}_{x}$$]. To see the effect of [image: $${\rho }_{yy}$$] after the [image: $${\mathbf{R}}_{x}$$] rotation on the surface response, the tensor that we need to consider now is [image: $$\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; {\rho }_{yy}&amp; 225\\ 0&amp; 225&amp; 275\end{array}\right]$$], in which [image: $${\rho }_{yy}$$] must be in the range (184, [image: $$\infty$$]) Ω-m, according to the condition above. Here, [image: $${\rho }_{yy}$$] is set to 2000 and 5000 Ω-m. We still use the same indices [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$], [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] to measure the influence of the variation on the surface response. However, in this case, the reference is directly with respect to [image: $${\mathbf{R}}_{x}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}\left(45^\circ \right)= \left[\begin{array}{ccc}50 &amp; 0&amp; 0\\ 0&amp; 275 &amp; 225\\ 0&amp; 225&amp; 275\end{array}\right]$$], not the iso50 model as in Fig. 6. The influence of [image: $${\rho }_{yy}$$] in this case is shown in Fig. 7b.[image: ]
Fig. 7The logarithmic plots of [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], and [image: $${Z}_{yx}^{\mathrm{inf}}$$], and [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] on the x-axis for the case of [image: $${\mathbf{R}}_{x}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}\left(45^\circ \right)$$] equaling a [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; 0&amp; 0\\ 0&amp; 275 &amp; 225\\ 0&amp; 225&amp; 275\end{array}\right]$$] with [image: $${\rho }_{xx}$$] = 5000, 500, 5 and 0.5 Ω-m, b [image: $$\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; {\rho }_{yy} &amp; 225\\ 0&amp; 225&amp; 275\end{array}\right]$$] with [image: $${\rho }_{yy}$$] = 5000 and 2000 Ω-m, c [image: $$\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; 275 &amp; 225\\ 0&amp; 225&amp; {\rho }_{zz}\end{array}\right]$$] with [image: $${\rho }_{zz}$$] = 5000 and 2000 Ω-m, and [image: $$\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; 275 &amp; {\rho }_{yz} \\ 0&amp; {\rho }_{yz}&amp; 275\end{array}\right]$$] with [image: $${\rho }_{yz}$$] = 30, 3 and 0.3 Ω-m. The indices are all with reference to [image: $${\mathbf{R}}_{x}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}(45^\circ )$$], when [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}=\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; 500 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$]


Similar experiments were conducted for [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; 0&amp; 0\\ 0&amp; 275 &amp; 225\\ 0&amp; 225&amp; 275\end{array}\right]$$], [image: $$\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; 275 &amp; {\rho }_{yz} \\ 0&amp; {\rho }_{yz}&amp; 275\end{array}\right]$$] and also [image: $$\left[\begin{array}{ccc}50&amp; 0&amp; 0\\ 0&amp; 275 &amp; 225\\ 0&amp; 225&amp; {\rho }_{zz}\end{array}\right]$$]. According to the above condition (also see Appendix B), [image: $${\rho }_{zz}$$] can be varied in the range (184, [image: $$\infty$$]) Ω-m like [image: $${\rho }_{yy}$$], while [image: $${\rho }_{yz}$$] can be varied within the range (0, 275) Ω-m, and [image: $${\rho }_{xx}$$] can have any value. Figure 7a shows the cases when [image: $${\rho }_{xx}$$] is 0.5, 5, 500, and 5000 Ω-m when [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}$$] are kept fixed at 275, 275 and 225 Ω-m, respectively. When varying [image: $${\rho }_{zz}$$] (Fig. 7c), we set [image: $${\rho }_{zz}$$] to 2000 and 5000 Ω-m while the others are fixed. For the case of [image: $${\rho }_{yz}$$] (Fig. 7d), it was set at 0.3, 3 and 30 Ω-m, while the other elements are fixed as well. The reference for all of Fig. 7 is with respect to [image: $${\mathbf{R}}_{x}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}\left(45^\circ \right)$$].
Figures 5 and 6 show that [image: $${\mathbf{R}}_{x}$$] or a combination of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}- {\rho }_{zy}$$] has a strong influence on the Zyx, Zxx and Tx responses. Varying [image: $${\rho }_{xx}$$] (Fig. 7a) while keeping the other elements fixed, surprisingly, does not affect any of the Zyx, Zxx and Tx responses, but does affect the Zxy, Zyy and Ty responses. Varying [image: $${\rho }_{yy}$$] (Fig. 7b) while keeping the others fixed, we see a stronger influence on the Zyx, Zxx and Tx responses as with the original [image: $${\mathbf{R}}_{x}$$]. Unexpected results are found on varying [image: $${\rho }_{zz}$$] (Fig. 7c) or [image: $${\rho }_{yz}$$] (Fig. 7d) as the influence indices [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], and [image: $${Z}_{yx}^{\mathrm{inf}}$$] are relatively low, and all below the reference levels. This indicates that [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}$$] turn out to contribute less to the strong influence responses Zyx, Zxx and Tx from [image: $${\mathbf{R}}_{x}$$] (Figs. 5 and 6) than [image: $${\rho }_{yy}$$]. Since [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}$$] contribute less, it is possible to omit them. This will be discussed in the next section.

The R
                           y dipping anisotropy
In section "The Rx dipping anisotropy", we obtain the dipping anisotropy around the x-axis by performing [image: $${\mathbf{R}}_{x}^{T}(\theta ){\widehat{{\varvec{\rho}}}}_{\boldsymbol{ }}\,{\mathbf{R}}_{x}(\theta )$$] = [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; 0&amp; 0\\ 0&amp; {\rho }_{yy}&amp; {\rho }_{yz}\\ 0&amp; {\rho }_{zy}&amp; {\rho }_{zz}\end{array}\right]$$]. Here, applying [image: $${\mathbf{R}}_{y}\left(\theta \right)= \left[\begin{array}{ccc}\mathrm{cos}\theta &amp; 0&amp; \mathrm{sin}\theta \\ 0&amp; 1&amp; 0\\ -\mathrm{sin}\theta &amp; 0&amp; \mathrm{cos}\theta \end{array}\right]$$] on the axial resistivity tensor yields the dipping anisotropy around the y-axis, i.e., [image: $${\mathbf{R}}_{y}^{T}(\theta ){\widehat{{\varvec{\rho}}}}_{\boldsymbol{ }}\,{\mathbf{R}}_{y}(\theta )$$] = [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; 0&amp; {\rho }_{xz}\\ 0&amp; {\rho }_{yy}&amp; 0\\ {\rho }_{zx}&amp; 0&amp; {\rho }_{zz}\end{array}\right]$$]. Although Eq. (2) has no [image: $${\mathbf{R}}_{y}$$], the product [image: $${{\mathbf{R}}_{z}\left(90^\circ \right)\mathbf{R}}_{x}\left(\theta \right){\mathbf{R}}_{z}\left(-90^\circ \right)$$] is equal to [image: $${\mathbf{R}}_{y}$$]. The influence on the surface responses from [image: $${\mathbf{R}}_{y}$$] is therefore equivalent to the influence from [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xz}- {\rho }_{zx}$$].
Here, we conducted similar experiments to those in the dipping anisotropy around x-axis case. The results, which are similar to those in Figs. 5 and 6 of section "The Rx dipping anisotropy", are summarized in Fig. 8a and b, respectively, while those which are similar to Fig. 7 are given in Fig. 9. Since most of the results obtained in this section are just the opposite of those in section "The Rx dipping anisotropy", we just give a summary here.[image: ]
Fig. 8a The surface logarithmic plot of [image: $${Z}_{xy}^{\mathrm{inf}}(s)$$], [image: $${Z}_{yx}^{\mathrm{inf}}(s)$$], [image: $${Z}_{xx}^{\mathrm{inf}}(s)$$], and [image: $${Z}_{yy}^{\mathrm{inf}}(s)$$], and [image: $${T}_{x}^{\mathrm{edge}}(s)$$], and [image: $${T}_{y}^{\mathrm{edge}}(s)$$] at all 484 stations from top to bottom rows, respectively, obtained when the 3-D anisotropic body in Fig. 1 (shown as a dashed line) is assigned with [image: $${\mathbf{R}}_{y}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{y}(45^\circ )$$] and buried at the surface (0 km), and at a depth of 5 km, given [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}=\left[\begin{array}{ccc}500 &amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$]. b Logarithmic plots of [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$], [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] with [image: $${\mathbf{R}}_{y}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{y}(45^\circ )$$], when [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}=\left[\begin{array}{ccc}{\rho }_{x}&amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] with [image: $${\rho }_{x}$$] equaling 0.5, 5, 500, and 5000 Ω-m as shown on the x-axis

[image: ]
Fig. 9The logarithmic plots of [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], and [image: $${Z}_{yx}^{\mathrm{inf}}$$], and [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] on the x-axis for the case of [image: $${\mathbf{R}}_{y}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{y}\left(45^\circ \right)$$] equaling a [image: $$\left[\begin{array}{ccc}{\rho }_{xx} &amp; 0&amp; 225\\ 0&amp; 500 &amp; 0\\ 225&amp; 0&amp; 275\end{array}\right]$$] with [image: $${\rho }_{xx}$$] = 2000 and 5000 Ω-m, b [image: $$\left[\begin{array}{ccc}275 &amp; 0&amp; 225\\ 0&amp; {\rho }_{yy}&amp; 0\\ 225&amp; 0&amp; 275\end{array}\right]$$] with [image: $${\rho }_{yy}$$] = 0.5, 5, 500 and 5000 Ω-m, c [image: $$\left[\begin{array}{ccc}275 &amp; 0&amp; 225\\ 0&amp; 50&amp; 0\\ 225&amp; 0&amp; {\rho }_{zz}\end{array}\right]$$] with [image: $${\rho }_{zz}$$] = 2000 and 5000 Ω-m, and d [image: $$\left[\begin{array}{ccc}275 &amp; 0&amp; {\rho }_{xz}\\ 0&amp; 50&amp; 0\\ {\rho }_{xz}&amp; 0&amp; 275\end{array}\right]$$] with [image: $${\rho }_{xz}$$] = 0.3, 3 and 30 Ω-m. The indices are all with reference to [image: $${\mathbf{R}}_{y}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{y}(45^\circ )$$] = [image: $$\left[\begin{array}{ccc}275 &amp; 0&amp; 225\\ 0&amp; 50 &amp; 0\\ 225&amp; 0&amp; 275\end{array}\right]$$]



The effect of [image: $${{\varvec{R}}}_{{\varvec{y}}}$$]
                        
We first investigate the influence of [image: $${{\varvec{R}}}_{y}$$] around y-axis on the surface responses. The surface plots of the [image: $${Z}_{ij}^{\mathrm{inf}}\left(s\right)$$] and [image: $${T}_{i}^{\mathrm{edge}}(s)$$] indices for [image: $${{\varvec{R}}}_{y}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{y}\left(45^\circ \right)$$] are shown in Fig. 8a when [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}=\left[\begin{array}{ccc}500&amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$]. Figure 8a shows that [image: $${\mathbf{R}}_{y}$$] has stronger effect on Zxy above and around the 3-D body, and on Zyy and Ty around the edges and corners of the 3-D body. The strong influence on the Zxy, Zyy and Ty responses from [image: $${\mathbf{R}}_{y}$$] is confirmed by the overall [image: $${Z}_{ij}^{\mathrm{inf}}$$] and [image: $${T}_{i}^{\mathrm{edge}}$$] indices in Fig. 8b which is in the opposite to those from [image: $${\mathbf{R}}_{x}$$] (Fig. 6) but similar to the strong influence from [image: $${\rho }_{x}$$] in the axial cases (section "The axial anisotropy", Fig. 4a and d). However, in this case, the contribution is simply from the combination of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xz}- {\rho }_{zx}$$].
The effect of each of [image: $${{\varvec{\rho}}}_{{\varvec{x}}{\varvec{x}}}$$], [image: $${{\varvec{\rho}}}_{{\varvec{y}}{\varvec{y}}}$$], [image: $${{\varvec{\rho}}}_{{\varvec{z}}{\varvec{z}}}$$] and [image: $${{\varvec{\rho}}}_{{\varvec{x}}{\varvec{z}}}- {{\varvec{\rho}}}_{{\varvec{z}}{\varvec{x}}}$$]
                           
We then explore the influence from [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xz}- {\rho }_{zx}$$], one by one, as with the experiments in section "The Rx dipping anisotropy". Here, [image: $${\rho }_{xx}$$], [image: $${\rho }_{zz}$$], and [image: $${\rho }_{xz}$$] must satisfy [image: $${\rho }_{zz}{\rho }_{xx}&gt; {\rho }_{xz}^{2}$$], and all indices are with reference to [image: $${\mathbf{R}}_{y}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{y}\left(45^\circ \right)$$].
Given [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}=\left[\begin{array}{ccc}500&amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$], then [image: $${\mathbf{R}}_{y}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{y}\left(45^\circ \right)= \left[\begin{array}{ccc}275 &amp; 0&amp; 225\\ 0&amp; 50 &amp; 0\\ 225&amp; 0&amp; 275\end{array}\right]$$] consisting of all terms [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xz}- {\rho }_{zx}$$] from [image: $${\mathbf{R}}_{y}$$]. To see the effect of each of these elements on the surface responses, we first vary [image: $${\rho }_{xx}$$] while other terms are fixed, i.e., [image: $$\left[\begin{array}{ccc}{\rho }_{xx} &amp; 0&amp; 225\\ 0&amp; 50 &amp; 0\\ 225&amp; 0&amp; 275\end{array}\right]$$]. The indices to indicate the influence of [image: $${\rho }_{xx}$$] are measured with respect to [image: $${\mathbf{R}}_{y}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{y}\left(45^\circ \right)$$] and are shown in Fig. 9a, when [image: $${\rho }_{xx}$$] = 2000 and 5000 Ω-m. Similarly, the indices for the effect of [image: $$\left[\begin{array}{ccc}275 &amp; 0&amp; 225\\ 0&amp; {\rho }_{yy}&amp; 0\\ 225&amp; 0&amp; 275\end{array}\right]$$], [image: $$\left[\begin{array}{ccc}275 &amp; 0&amp; 225\\ 0&amp; 50&amp; 0\\ 225&amp; 0&amp; {\rho }_{zz}\end{array}\right]$$] and [image: $$\left[\begin{array}{ccc}275 &amp; 0&amp; {\rho }_{xz}\\ 0&amp; 50&amp; 0\\ {\rho }_{xz}&amp; 0&amp; 275\end{array}\right]$$] are shown in Fig. 9b–d, respectively, when [image: $${\rho }_{yy}$$] = 0.5, 5, 500 and 5000 Ω-m, [image: $${\rho }_{zz}$$] = 2000 and 5000 Ω-m, and [image: $${\rho }_{xz}$$] = 0.3, 3 and 30 Ω-m.
The results from varying only [image: $${\rho }_{xx}$$] (Fig. 9a) or [image: $${\rho }_{yy}$$] (Fig. 9b) while fixing the other elements, in this section, are in the opposite of the results in section "The Rx dipping anisotropy". Varying only [image: $${\rho }_{xx}$$] clearly affects just the strong Zxy, Zyy and Ty responses (Fig. 9a), as with the effect from [image: $${\mathbf{R}}_{y}$$], but varying [image: $${\rho }_{yy}$$] has no effect on these strong responses but does affect the weak Zyx, Zxx and Tx responses (Fig. 9b) from [image: $${\mathbf{R}}_{y}$$]. As in section "The Rx dipping anisotropy", unexpected results occur when varying the [image: $${\rho }_{zz}$$] (Fig. 9c) or [image: $${\rho }_{xz}$$] (Fig. 9d) elements which show a relatively low influence on all responses. This indicates that [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xz}$$] contribute less to the strong influence responses Zxy, Zyy and Ty from [image: $${\mathbf{R}}_{y}$$] (Fig. 8) than [image: $${\rho }_{xx}$$], and can possibly be omitted as will be discussed in the next section.


The azimuthal anisotropy
To obtain the azimuthal anisotropic 3-D body, we applied [image: $${\mathbf{R}}_{z}$$] to both sides of the axial resistivity tensor, i.e., [image: $${\mathbf{R}}_{z}^{T}\left(\theta \right){\widehat{{\varvec{\rho}}}}_{\boldsymbol{ }}\,{\mathbf{R}}_{z}\left(\theta \right)=\left[\begin{array}{ccc}{\rho }_{xx} &amp; {\rho }_{xy}&amp; 0\\ {\rho }_{yx}&amp; {\rho }_{yy} &amp; 0\\ 0&amp; 0&amp; {\rho }_{zz}\end{array}\right]$$]. The influence on the surface responses from [image: $${\mathbf{R}}_{z}$$] is therefore equivalent to the influence from combinations of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xy}- {\rho }_{yx}$$].
The effect of [image: $${{\varvec{R}}}_{{\varvec{z}}}$$]
                           
To see the influence from [image: $${\mathbf{R}}_{z}$$] or the combinations of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xy}- {\rho }_{yx}$$], we performed [image: $${\mathbf{R}}_{z}^{T}(\theta ){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{z}(\theta )$$] with various [image: $$\theta$$] on the 3-D anisotropic body (Fig. 1) where [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}=\left[\begin{array}{ccc}{\rho }_{x} &amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] (Ω-m) with [image: $${\rho }_{x}$$] at 0.5, 5, 500, and 5000 Ω-m. The station influences and edge effects for the case where [image: $${\rho }_{x}$$] = 500 Ω-m and [image: $$\theta =45^\circ$$] are shown in Fig. 10a where the 3-D anisotropic body is at the surface and 5 km deep, respectively. Figure 10b shows the overall influence and edge effect for all of these values of [image: $${\rho }_{x}$$].[image: ]
Fig. 10a The surface logarithmic plot of [image: $${Z}_{xy}^{\mathrm{inf}}(s)$$], [image: $${Z}_{yx}^{\mathrm{inf}}(s)$$], [image: $${Z}_{xx}^{\mathrm{inf}}(s)$$], and [image: $${Z}_{yy}^{\mathrm{inf}}(s)$$], and [image: $${T}_{x}^{\mathrm{edge}}(s)$$], and [image: $${T}_{y}^{\mathrm{edge}}(s)$$] at all 484 stations from top to bottom rows, respectively, obtained when the 3-D anisotropic body in Fig. 1 (shown as a dashed line) is assigned with [image: $${\mathbf{R}}_{z}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{z}(45^\circ )$$] and buried at the surface (0 km), and at a depth of 5 km, given [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}=\left[\begin{array}{ccc}500 &amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$]. b Logarithmic plots of [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$], [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] with [image: $${\mathbf{R}}_{z}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{z}(45^\circ )$$], when [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}=\left[\begin{array}{ccc}{\rho }_{x}&amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] with [image: $${\rho }_{x}$$] equaling 0.5, 5, 500, and 5000 Ω-m shown on the x-axis


Interestingly, the action from [image: $${\mathbf{R}}_{z}$$], regardless of [image: $$\theta$$] and [image: $${\rho }_{x}$$], has a strong impact on all kinds of responses (Fig. 10a and b), unlike the axial anisotropy (section "The axial anisotropy") or the dipping anisotropy (section "The Rx dipping anisotropy" and "The Ry dipping anisotropy") where [image: $${\rho }_{x}$$], [image: $${\rho }_{y}$$], [image: $${\mathbf{R}}_{x}$$], and [image: $${\mathbf{R}}_{y}$$] affect only half of the responses. Previously, the direct effects on Zxx, and Zyy of the axial or dipping anisotropy can only be seen just around the edges and corners (Figs. 3c–f, 5, and 8a). Here, the effects from [image: $${\mathbf{R}}_{z}$$] on Zxx, and Zyy are much stronger and cover the whole of the 3-D body (Fig. 10a) with a magnitude close to those of Zxy and Zyx. This is confirmed by the overall [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$], [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] indices in Fig. 10b in which all [image: $${Z}_{ij}^{\mathrm{inf}}$$] and [image: $${T}_{i}^{\mathrm{edge}}$$] indices obtained from the structure at the same buried depths are shown at similar levels. For other [image: $$\theta$$], the levels of the impact on all responses are similar to those in Fig. 10b but with different amplitudes. It is therefore clear that the action of [image: $${\mathbf{R}}_{z}$$] affects all responses confirming the studies of Kong et al. (2018).

The effect of each of [image: $${{\varvec{\rho}}}_{{\varvec{x}}{\varvec{x}}}$$], [image: $${{\varvec{\rho}}}_{{\varvec{y}}{\varvec{y}}}$$], [image: $${{\varvec{\rho}}}_{{\varvec{z}}{\varvec{z}}}$$] and [image: $${{\varvec{\rho}}}_{{\varvec{x}}{\varvec{y}}}- {{\varvec{\rho}}}_{{\varvec{y}}{\varvec{x}}}$$]
                           
Here, we further investigate the role of each of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xy}- {\rho }_{yx}$$] from the 3-D azimuthal anisotropic body influence on the surface responses. As in sections "The Rx dipping anisotropy" and "The Ry dipping anisotropy", here, we must have [image: $${\rho }_{xx}{\rho }_{yy}&lt; {\rho }_{xy}^{2}$$], and each element is varied while keeping the other elements constant.
Given [image: $${\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}=\left[\begin{array}{ccc}500&amp; 0&amp; 0\\ 0&amp; 50 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$], then [image: $${\mathbf{R}}_{z}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}\,{\mathbf{R}}_{z}\left(45^\circ \right)= \left[\begin{array}{ccc}275 &amp; 225&amp; 0\\ 225&amp; 275 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] consisting with all terms [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xy}- {\rho }_{yx}$$] from [image: $${\mathbf{R}}_{z}$$]. To see the effect of each of these elements on the surface responses, we first vary [image: $${\rho }_{xx}$$] while other terms are fixed, i.e., [image: $$\left[\begin{array}{ccc}{\rho }_{xx} &amp; 225&amp; 0\\ 225&amp; 275 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$]. The [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], [image: $${Z}_{yx}^{\mathrm{inf}}$$], [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] indices to indicate the influence of [image: $${\rho }_{xx}$$] measured with respect to [image: $${\mathbf{R}}_{z}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}\,{\mathbf{R}}_{z}\left(45^\circ \right)$$] are shown in Fig. 11a when [image: $${\rho }_{xx}$$] = 2000 and 5000 Ω-m. Similarly, the indices for the effect of [image: $$\left[\begin{array}{ccc}275&amp; 225&amp; 0\\ 225&amp; {\rho }_{yy} &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$], [image: $$\left[\begin{array}{ccc}275&amp; 225&amp; 0\\ 225&amp; 275 &amp; 0\\ 0&amp; 0&amp; {\rho }_{zz}\end{array}\right]$$] and [image: $$\left[\begin{array}{ccc}275&amp; {\rho }_{xy}&amp; 0\\ {\rho }_{xy}&amp; 275 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] are shown in Fig. 11b–d, respectively, when [image: $${\rho }_{yy}$$] = 2000 and 5000 Ω-m, [image: $${\rho }_{zz}$$] = 0.5, 5, 500 and 5000 Ω-m, and [image: $${\rho }_{xy}$$] = 0.3, 3 and 30 Ω-m.[image: ]
Fig. 11The logarithmic plots of [image: $${Z}_{xx}^{\mathrm{inf}}$$], [image: $${Z}_{yy}^{\mathrm{inf}}$$], [image: $${Z}_{xy}^{\mathrm{inf}}$$], and [image: $${Z}_{yx}^{\mathrm{inf}}$$], and [image: $${T}_{x}^{\mathrm{edge}}$$], and [image: $${T}_{y}^{\mathrm{edge}}$$] on the x-axis for the case of [image: $${\mathbf{R}}_{z}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{z}\left(45^\circ \right)$$] equaling a [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; 225&amp; 0\\ 225&amp; 275 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] with [image: $${\rho }_{xx}$$] = 2000 and 5000 Ω-m, b [image: $$\left[\begin{array}{ccc}275&amp; 225&amp; 0\\ 225&amp; {\rho }_{yy} &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] with [image: $${\rho }_{yy}$$] = 2000 and 5000 Ω-m, c [image: $$\left[\begin{array}{ccc}275&amp; 225&amp; 0\\ 225&amp; 275 &amp; 0\\ 0&amp; 0&amp; {\rho }_{zz}\end{array}\right]$$] with [image: $${\rho }_{zz}$$] = 0.5, 5, 500 and 5000 Ω-m, and d [image: $$\left[\begin{array}{ccc}275&amp; {\rho }_{xy}&amp; 0\\ {\rho }_{xy}&amp; 275 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$] with [image: $${\rho }_{xy}$$] = 0.3, 3 and 30 Ω-m. The indices are all with reference to [image: $${\mathbf{R}}_{z}^{T}(45^\circ ){\widehat{{\varvec{\rho}}}}_{{\varvec{x}}}{\mathbf{R}}_{z}(45^\circ )$$] =[image: $$\left[\begin{array}{ccc}275&amp; 225&amp; 0\\ 225&amp; 275 &amp; 0\\ 0&amp; 0&amp; 50\end{array}\right]$$]


A combination of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{xy}- {\rho }_{yx}$$] of [image: $${\mathbf{R}}_{{\varvec{z}}}$$] has a strong influence on all responses (Fig. 10). In our experiments, varying [image: $${\rho }_{xx}$$] (Fig. 11a), [image: $${\rho }_{yy}$$] (Fig. 11b) or [image: $${\rho }_{xy}$$] (Fig. 11d) shows strong effects on all of the responses, especially when the 3-D anisotropic body is close to the surface. In contrast, varying [image: $${\rho }_{zz}$$] (Fig. 11c) shows a very weak influence on all responses, as seen in most of our previous studies. Thus, in this experiment, a combination of just [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$] and [image: $${\rho }_{xy}$$] strongly influences all responses.



Discussion and conclusions
In isotropic MT inversion, we usually use all response types and components, Zxy, Zyx, Zxx, Zyy, Tx and Ty (or just the off-diagonal tensor, Zxy and Zyx, as a minimum) as inputs to invert for the single parameter, [image: $$\rho$$], the isotropic resistivity. For the anisotropic case, the medium is associated with six parameters, either the tensor [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$], [image: $${\rho }_{xy}$$], [image: $${\rho }_{xz}$$], and [image: $${\rho }_{yz}$$] elements, or the [image: $${\rho }_{x}$$], [image: $${\rho }_{y}$$], and [image: $${\rho }_{z}$$] and the anisotropy angles [image: $${\alpha }_{S}$$], [image: $${\alpha }_{D}$$], and [image: $${\alpha }_{L}$$], via [image: $${\mathbf{R}}_{z}$$] and [image: $${\mathbf{R}}_{x}$$]. The sixfold increase in the number of parameters has raised the CPU time and memory usage even with current modern computer technology. This makes the general anisotropic inversion less practical unless performing the inversion on a high-end parallel computing machine (see Kong et al. 2021; Rong et al. 2022).
If prior geological or geophysical information is known, one might prefer to simplify the medium to just the azimuthal anisotropy (via [image: $${\mathbf{R}}_{z}$$]) or the dipping anisotropy (via [image: $${\mathbf{R}}_{x}$$]) or the axial anisotropy. In the past decade, many developers (e.g., Wang et al. 2017; Cao et al. 2018; Luo et al. 2020) have successfully completed the axial anisotropic inversion to search for the three principal resistivities, [image: $${\rho }_{x}$$], [image: $${\rho }_{y}$$], and [image: $${\rho }_{z}$$], as this is more practical for the current computational resources. However, Kong et al. (2021) and Rong et al. (2022) pointed out the limitations for the axial anisotropic inversion if there is an anisotropic strike.
Another ambiguity could occur for the inversion of either the azimuthal anisotropy [image: $${\mathbf{R}}_{z}^{T}(\theta )\widehat{{\varvec{\rho}}}\boldsymbol{ }\,{\mathbf{R}}_{z}(\theta )$$] or the dipping anisotropy [image: $${\mathbf{R}}_{x}^{T}\left(\theta \right)\widehat{{\varvec{\rho}}}\,\boldsymbol{ }{\mathbf{R}}_{x}(\theta )$$] as we found in our experiments. For example, for azimuthal anisotropy, if the 3-D anisotropic body in Fig. 1 has an axial resistivity tensor, [image: $${\widehat{{\varvec{\rho}}}}_{xy}=\left[\begin{array}{ccc}{\rho }_{x} &amp; 0&amp; 0\\ 0&amp; {\rho }_{y}&amp; 0\\ 0&amp; 0&amp; {\rho }_{z}\end{array}\right]$$] with strike angle [image: $${\alpha }_{S}$$], we found that [image: $${\mathbf{R}}_{z}^{T}\left({\alpha }_{S}\right){\widehat{{\varvec{\rho}}}}_{xy}\boldsymbol{ }{\mathbf{R}}_{z}({\alpha }_{S})$$] yields exactly the same responses to [image: $${\mathbf{R}}_{z}^{T}\left(90^\circ +{\alpha }_{S}\right){\widehat{{\varvec{\rho}}}}_{yx}\boldsymbol{ }{\mathbf{R}}_{z}(90^\circ +{\alpha }_{S})$$], when [image: $${\widehat{{\varvec{\rho}}}}_{yx}=\left[\begin{array}{ccc}{\rho }_{y} &amp; 0&amp; 0\\ 0&amp; {\rho }_{x}&amp; 0\\ 0&amp; 0&amp; {\rho }_{z}\end{array}\right]$$], if there is no constraint on the angle.
All the studies of the influence from each anisotropic case to the responses from previous section are summarized in Fig. 12. Here, based on these studies (Fig. 12), instead of the conventional anisotropic inversions, we introduce two new processes to perform the anisotropic inversion as outlined in Fig. 13. First in section "The exclusion of the weak influence [image: $${{\varvec{\rho}}}_{{\varvec{z}}{\varvec{z}}}$$], [image: $${{\varvec{\rho}}}_{{\varvec{x}}{\varvec{z}}}-{{\varvec{\rho}}}_{{\varvec{z}}{\varvec{x}}}$$] and [image: $${{\varvec{\rho}}}_{{\varvec{y}}{\varvec{z}}}-{{\varvec{\rho}}}_{{\varvec{z}}{\varvec{y}}}$$] elements", we explain why[image: $${\rho }_{zz}$$], [image: $${\rho }_{xz}$$] and [image: $${\rho }_{yz}$$] become unnecessary and can be excluded. In section "Two decoupled [image: $${{\varvec{\rho}}}_{\mathbf{x}}$$]-mode and [image: $${{\varvec{\rho}}}_{\mathbf{y}}$$]-mode anisotropic inversions", we separate the axial anisotropic inversion into two independent or decoupled modes: the [image: $${\rho }_{x}$$]-mode inversion and the [image: $${\rho }_{y}$$]-mode inversion. In section "Reduced coupled azimuthal anisotropic inversion", we show that the general anisotropic inversion with six output parameters can be simplified to the reduced coupled azimuthal anisotropic inversion with just three outputs. In section "Criteria to choose between decoupled and coupled inversion modes", we discuss the criteria to choose whether to perform the decoupled or the coupled inversions.[image: ]
Fig. 12A one-page summary of our studies on the influence of the resistivity elements on the surface responses from the four anisotropic cases in sections. "The axial anisotropy"–"The azimuthal anisotropy"

[image: ]
Fig. 13A one-page summary of a the conventional methods and our two new designed processes, b the decoupled [image: $${\rho }_{x}-$$] mode and [image: $${\rho }_{y}-$$] mode anisotropic inversion, and c the reduced coupled azimuthal anisotropic inversion


The exclusion of the weak influence [image: $${{\varvec{\rho}}}_{{\varvec{z}}{\varvec{z}}}$$], [image: $${{\varvec{\rho}}}_{{\varvec{x}}{\varvec{z}}}-{{\varvec{\rho}}}_{{\varvec{z}}{\varvec{x}}}$$] and [image: $${{\varvec{\rho}}}_{{\varvec{y}}{\varvec{z}}}-{{\varvec{\rho}}}_{{\varvec{z}}{\varvec{y}}}$$] elements
The strong influence elements, like [image: $${\rho }_{x}$$] and [image: $${\rho }_{y}$$], result in a significantly difference to the inversion RMS misfits for a range of resistivity values, particularly if Zxy and Zyx are the major responses. It is then straightforward to understand why past anisotropic inversion can recover the correct values of [image: $${\rho }_{x}$$] and [image: $${\rho }_{y}$$] (e.g., Wang et al. 2017; Cao et al. 2018; Luo et al. 2020; Kong et al. 2021; Rong et al. 2022). In contrast, the weak influence elements have little effect on the misfits regardless of the resistivity values. This makes it difficult for the inversion to recover these weak influence elements.
According to our studies, in the axial anisotropic case (section "The axial anisotropy") and both dipping anisotropic cases (section "The Rx dipping anisotropy", and "The Ry dipping anisotropy"), and the azimuthal anisotropic case (section "The azimuthal anisotropy"), [image: $${\rho }_{z}$$] (or [image: $${\rho }_{zz}$$]) shows a very weak influence on all responses (summarized in Fig. 12). Both dipping anisotropic studies (section "The Rx dipping anisotropy" and "The Ry dipping anisotropy") also suggest that both [image: $${\rho }_{yz}$$] in the case of [image: $${\mathbf{R}}_{x}$$] and [image: $${\rho }_{xz}$$] in the case of [image: $${\mathbf{R}}_{y}$$] yield relatively weak influence responses, particularly on Zyx and Zxy, respectively.
Because of the low contribution to the responses of the [image: $${\rho }_{zz}$$], [image: $${\rho }_{yz}$$] and [image: $${\rho }_{xz}$$] elements, this makes it difficult for any anisotropic inversions to recover them. This was proven as many previous anisotropic inversions fail to resolve the [image: $${\rho }_{z}$$] elements (e.g., Wang et al. 2017; Cao et al. 2018; Luo et al. 2020; Kong et al. 2021; Rong et al. 2022). In a recently developed inversion technique for the dipping anisotropy case, Rong et al. (2022) found that they can resolve just the two horizontal resistivities, [image: $${\rho }_{xx}$$], and [image: $${\rho }_{yy}$$], but not the dipping angle [image: $${\alpha }_{D}$$]. The dipping angle through [image: $${\mathbf{R}}_{x}$$] and [image: $${\mathbf{R}}_{y}$$] corresponds to the contribution from [image: $${\rho }_{yz}$$] and [image: $${\rho }_{xz}$$], respectively. This confirms that these weak influence elements [image: $${\rho }_{yz}$$] and [image: $${\rho }_{xz}$$] cannot be well resolved.
With our studies and the previous inversion experiments, we therefore propose excluding these weak [image: $${\rho }_{zz}$$], [image: $${\rho }_{yz}$$] and [image: $${\rho }_{xz}$$] elements from any anisotropic inversion. The influence on the responses from these elements would be even lower when the 3-D anisotropy body is at greater depth, or the acquired MT stations are not located around the edges or corners of the 3-D anomaly. In addition, if the observed data are noisy with large error bars, the noise would overwhelm these weak influences. With these factors, the exclusion of these weak influence elements in any kind of anisotropic inversion is reasonable and practical.

Two decoupled [image: $${{\varvec{\rho}}}_{\mathbf{x}}$$]-mode and [image: $${{\varvec{\rho}}}_{\mathbf{y}}$$]-mode anisotropic inversions
In the previous section, we recommended removing the weak influence elements ([image: $${\rho }_{zz}$$], [image: $${\rho }_{xz}$$] and [image: $${\rho }_{yz}$$]) from the axial or dipping anisotropic inversion. This, then, leaves us with just the [image: $${\rho }_{x}$$] (or [image: $${\rho }_{xx}$$]) and [image: $${\rho }_{y}$$] (or [image: $${\rho }_{yy}$$]) for these cases. Recall that in our axial (section "The axial anisotropy"), and dipping (sections "The Rx dipping anisotropy" and "The Ry dipping anisotropy") anisotropic studies, [image: $${\rho }_{x}$$] (or [image: $${\rho }_{xx}$$]) has a strong influence on Zxy, Zyy, and Ty, and a very weak influence on Zyx, Zxx, and Tx, while [image: $${\rho }_{y}$$] (or [image: $${\rho }_{yy}$$]) has opposite the influence, strong on Zyx, Zxx, and Tx and very weak on Zxy, Zyy, and Ty. This is summarized in Fig. 12.
Because [image: $${\rho }_{x}$$] has a relatively low influence on Zyx, Zxx and Tx, including these responses as inputs for conventional axial anisotropic inversion will not have much effect on the RMS misfits. This is for the same reason that [image: $${\rho }_{y}$$] has a low influence on Zxy, Zyy and Ty. We therefore recommend decoupling the axial and dipping anisotropy systems into two independent modes for inversion: the [image: $${\rho }_{x}$$]-mode anisotropic inversion and the [image: $${\rho }_{y}$$]-mode anisotropic inversion (Fig. 13). After decoupling, the [image: $${\rho }_{x}$$]-mode inversion requires only Zxy, Zyy and Ty (or just Zxy as a minimum) as inputs to invert for the [image: $${\rho }_{x}$$] element, while the [image: $${\rho }_{y}$$]-mode inversion requires only Zyx, Zxx and Tx (or just Zyx as a minimum) as inputs to invert for the [image: $${\rho }_{y}$$] element (Fig. 13).
By separation, we can reduce the amount of computational resources required to gain a better inversion performance. For example, the conventional axial or general anisotropic inversion (e.g., Wang et al. 2017; Cao et al. 2018; Luo et al. 2020; Kong et al. 2021; Rong et al. 2022) requires all responses (6 responses or 2 as minimum) as inputs, while either the [image: $${\rho }_{x}$$]-mode inversion or the [image: $${\rho }_{y}$$]-mode inversion requires just 3 responses (or 1 as a minimum) for each mode (see Fig. 13). The outputs are also down from 3 principal resistivities in the conventional axial inversion (e.g., Wang et al. 2017; Cao et al. 2018; Luo et al. 2020; Kong et al. 2021; Rong et al. 2022) or 4 elements in the dipping anisotropy inversion (e.g., Rong et al. 2022) to just 1 resistivity for each decoupled mode inversion (Fig. 13). Because the inputs and outputs are lower, memory requirements are significantly reduced as well as the computational times for the inversion. In addition, since both [image: $${\rho }_{x}$$]-mode and the [image: $${\rho }_{y}$$]-mode inversions are independent of each other, they can be inverted simultaneously on a parallel machine.
In section "Criteria to choose between decoupled and coupled inversion modes", we discuss the criteria for when to apply these two decoupled inversion modes.

Reduced coupled azimuthal anisotropic inversion
For the azimuthal anisotropy (Figs. 10 and 11), the action [image: $${\mathbf{R}}_{z}^{T}(\theta ){\widehat{{\varvec{\rho}}}}_{\boldsymbol{ }}\,{\mathbf{R}}_{z}(\theta )$$] is a result of a combination of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$] and [image: $${\rho }_{xy}$$] (excluding a weak [image: $${\rho }_{zz}$$] element). The strong influence [image: $${\rho }_{xx}$$] and [image: $${\rho }_{yy}$$] elements provide an impact on all responses, Zxy, Zyx, Zxx, Zyy, Tx and Ty. The contribution from the off-diagonal [image: $${\rho }_{xy}$$] elements help further increase the magnitudes of the Zxx, Zyy, Tx and Ty responses everywhere over the 3-D anisotropic body as shown in Figs. 10 and 11. We therefore cannot separate the azimuthal anisotropy into two modes as in the previous section but can only exclude the [image: $${\rho }_{zz}$$] element. As [image: $${\rho }_{zz}$$] is excluded, we refer to this case as the reduced coupled azimuthal anisotropy.
The general form of the anisotropy tensor is [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; {\rho }_{xy}&amp; {\rho }_{xz}\\ {\rho }_{yx}&amp; {\rho }_{yy}&amp; {\rho }_{yz}\\ {\rho }_{zx}&amp; {\rho }_{zy}&amp; {\rho }_{zz}\end{array}\right]$$] as in (1). Since [image: $${\rho }_{zz}$$], [image: $${\rho }_{xz}$$] and [image: $${\rho }_{yz}$$] can be eliminated, this leaves us with only the strong and coupled [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], and [image: $${\rho }_{xy}$$] elements, i.e., [image: $$\approx \left[\begin{array}{ccc}{\rho }_{xx}&amp; {\rho }_{xy}&amp; 0\\ {\rho }_{yx}&amp; {\rho }_{yy}&amp; 0\\ 0&amp; 0&amp; {\rho }_{zz}\end{array}\right]$$]. Here, [image: $${\rho }_{zz}$$] is required just for the completion of the forward modeling, but is not necessarily needed as an inversion parameter. We therefore recommend that the reduced coupled azimuthal anisotropic inversion is used instead of the general anisotropic inversion. This design reduces the output parameters from six to just three, [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], and [image: $${\rho }_{xy}$$], or [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], and [image: $${\mathbf{R}}_{z}({\alpha }_{S})$$]. With the halving in the number of outputs, we can make significant saving in CPU time and memory, but still gain a useful and interpretable inverted anisotropic model.
Although Kong et al. (2021) and Rong et al. (2022) attempt to invert all anisotropic parameters, they found that they can accurately recover just [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], and [image: $${\alpha }_{S}$$] but not [image: $${\rho }_{zz}$$], [image: $${\alpha }_{D}$$] and [image: $${\alpha }_{L}$$]. Their separate experiments strongly support our recommendations.

Criteria to choose between decoupled and coupled inversion modes
For our proposed recommendations, the criteria to choose which type of anisotropic inversion to perform depend greatly on the (1) the magnitude of the Zxx (and Tx) and/or Zyy (and Ty) responses, and (2) the site distribution of the relatively large magnitude Zxx (and Tx) and/or Zyy (and Ty) responses as summarized in Fig. 13. Since many MT field surveys do not acquire the vertical magnetic field Hz, and Kong et al. (2021) found that the tipper does not help the inversion to recover the anisotropic structure, we put the Tx and Ty in parentheses as optional data.
Figures 3, 5 and 8 demonstrate that in the cases of the axial (Fig. 3) and dipping anisotropy (Figs. 5 and 8), the zones where the large magnitude of Zxx (and Tx) or Zyy (and Ty) (large magnitude corresponding to strong influence for Zxx, Zyy, Tx and Ty, and vice versa) occurs is just around the edges and corners of the 3-D anisotropic body. In contrast, both Zxx and Zyy are large all over the 3-D anisotropic body for the azimuthal anisotropic case (Fig. 10a). We therefore use this observation on Zxx and Zyy (and Tx and Ty) as a criterion to choose which modes to perform the inversion.
For a given data set, assume that (1) the MT stations are well distributed around a large area of investigation; (2) the acquired data, particularly for the Zxx and Zyy (Tx and Ty) responses, is of good quality; (3) no galvanic distortion involved (Rung-Arunwan et al. 2016) and (4) prior geological and geophysical information has suggested the existence of electrical anisotropy.
If Zxx (and Tx) is relatively large and Zyy (and Ty) is relatively small at some sites connecting and forming a narrow stripe or small pattern (Fig. 13b), this indicates that these sites are located around the edges or corners of 3-D anisotropic anomalies and are getting strongly influenced by the [image: $${\rho }_{y}$$] element (Fig. 12). In contrast, if Zyy (and Ty) is much larger than Zxx (and Tx), this indicates the influence from the [image: $${\rho }_{x}$$] element (Fig. 12). In these cases, decoupled [image: $${\rho }_{x}$$]-mode and [image: $${\rho }_{y}$$]-mode inversions are recommended for this region. In the case where Zxx and Zyy are very low, but anisotropy is necessary, the decoupled mode is also recommended with just Zxy and Zyx as inputs.
If the Zxx and Zyy responses (and Tx and Ty response) have magnitude relatively about the same or just a decade lower than the Zxy and Zyx responses (Fig. 13c), then these sites are strongly influenced by [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], and [image: $${\rho }_{xy}$$] of the 3-D anisotropic anomalies (Fig. 12). In this scenario, a reduced coupled azimuthal anisotropic inversion is recommended.
Usually, obtaining good-quality Zxx, Zyy, Tx and Ty data can be difficult, especially if the MT stations are in noisy area (see Boonchaisuk et al. 2013; Wang et al. 2014; Amatyakul et al. 2015, 2016, 2021). This can therefore pose an obstacle as including noisy data in the inversion may cause worse results than not including it.
Both processes (Fig. 13) display the conceptual designs from our studies. They still need further validation from either the previous developed anisotropic inversion codes (e.g., Kong et al. 2021; Rong et al. 2022) or any new developments.
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Appendices
Appendix A: Implementation of the 3-D anisotropic forward modeling
Given [image: $${e}^{-i\omega t}$$] as the time dependence and using a quasi-stationary approximation, the 2nd order Maxwell’s differential equations in the electric field (E) in an anisotropic medium can be written as:[image: $$\frac{{\partial }^{2}{E}_{y}}{\partial y\partial x}-\frac{{\partial }^{2}{E}_{x}}{\partial {y}^{2}}-\frac{{\partial }^{2}{E}_{x}}{\partial {z}^{2}}+\frac{{\partial }^{2}{E}_{z}}{\partial z\partial x}=i\omega {\mu }_{0}\left({\sigma }_{xx}{E}_{x}+{\sigma }_{xy}{E}_{y}+{\sigma }_{xz}{E}_{z}\right),$$]

 (7)


[image: $$\frac{{\partial }^{2}{E}_{x}}{\partial x\partial y}-\frac{{\partial }^{2}{E}_{y}}{\partial {x}^{2}}-\frac{{\partial }^{2}{E}_{y}}{\partial {z}^{2}}+\frac{{\partial }^{2}{E}_{z}}{\partial z\partial y}=i\omega {\mu }_{0}\left({\sigma }_{yx}{E}_{x}+{\sigma }_{yy}{E}_{y}+{\sigma }_{yz}{E}_{z}\right),$$]

 (8)


[image: $$\frac{{\partial }^{2}{E}_{x}}{\partial x\partial z}-\frac{{\partial }^{2}{E}_{z}}{\partial {x}^{2}}-\frac{{\partial }^{2}{E}_{z}}{\partial {y}^{2}}+\frac{{\partial }^{2}{E}_{y}}{\partial y\partial z}=i\omega {\mu }_{0}\left({\sigma }_{zx}{E}_{x}+{\sigma }_{zy}{E}_{y}+{\sigma }_{zz}{E}_{z}\right),$$]

 (9)


 where μ is the air magnetic permeability and ω is the angular frequency. The staggered grid finite difference (SFD) scheme of Yee (1966) was used to discretize the electric fields, where the conductivity tensor is defined at the center of each cell. After grid discretization, we obtain the discrete system [image: $${\varvec{S}}{\varvec{e}}={\varvec{b}}$$] where [image: $${\varvec{e}}$$] is the unknown electric field vector, [image: $${\varvec{S}}$$] is a coefficient matrix, and [image: $${\varvec{b}}$$] is a vector related to the applied periodic boundary condition. The linear system of equations is solved on our shared-memory computer using the PARDISO direct solver (Alappat et al. 2020; Bollhöfer et al. 2019, 2020).
To validate our code, we first applied our code to the three 2-D classic models of Pek et al. (2008) illustrated in Marti (2014). The first model (left in Fig. 14a) is where the anisotropic 2-D body is buried within the two isotropic layered Earth. Our 3-D anisotropic model (Fig. 1) is an adaptation of this model. The second model (middle in Fig. 14b) is the same as the first model, but the 2-D anisotropic body is extended to a greater depth. The last model (right in Fig. 14a) is where the top layer is anisotropic and lies on top of a 2-D isotropic body. Responses (Fig. 14b and c) from our code and from Marti (2014) for various values of vertical resistivity [image: $${\rho }_{z}$$] are plotted as colored symbols, and colored lines, respectively.[image: ]
Fig. 14a The three 2-D synthetic models of Pek et al. (2008), b their corresponding apparent resistivities and c phases. Solid lines are responses digitized from Fig. 3 of Marti (2014). Colored symbols are our calculations for various vertical resistivity values


Figure 14b and c shows that responses from our code and from Pek et al. (2008) perfectly lie on top of each other for all values of the vertical resistivity. Pek et al. (2008) claimed that they cannot see the influence of vertical resistivity in the first model as they used two low resistivity values. Here, we added one more case of [image: $${\rho }_{z}$$] = 500 Ω-m to show that a slight deviation can be seen if a higher value of [image: $${\rho }_{z}$$] is used.
Figure 15 shows examples of the apparent resistivities and magnitudes of the tipper at a period of 10 s computed from the model in Fig. 1 (a) from the iso50 model, (b) and (c) when [image: $${\rho }_{x}$$] is 5 and 500 Ω-m, respectively, and (d), (e), (f) and (g) when [image: $${\rho }_{y}$$] and [image: $${\rho }_{z}$$] are 5 and 500 Ω-m, respectively, for the case of the axial anisotropy in section "The axial anisotropy". It is clear that [image: $${\rho }_{x}$$] strongly affects the [image: $${\rho }_{xy}^{app}$$](or Zxy), [image: $${\rho }_{yy}^{app}$$] (or Zyy) and [image: $$\left|{T}_{y}\right|$$] (or Ty) responses since these responses greatly differ from those of the iso50 model. The effects of [image: $${\rho }_{y}$$] are the opposite to those of [image: $${\rho }_{x}$$]. In contrast, all [image: $${\rho }_{z}$$] cases are not different from those of the iso50 model indicating that [image: $${\rho }_{z}$$] has a very weak effect on all of the responses.[image: ]
Fig. 15The surface plots of the apparent resistivities [image: $${\rho }_{xy}^{\mathrm{app}}$$], [image: $${\rho }_{yx}^{\mathrm{app}}$$], [image: $${\rho }_{xx}^{\mathrm{app}}$$], and [image: $${\rho }_{yy}^{\mathrm{app}}$$] and the magnitude of the tipper [image: $$\left|{T}_{x}\right|$$] and [image: $$\left|{T}_{y}\right|$$], respectively, from top to bottom rows, at a period of 10 s from a the isotropic case of ρ = 50 Ω-m as reference, and axial anisotropic cases when b [image: $${\rho }_{x}$$] = 5 Ω-m, c [image: $${\rho }_{x}$$] = 500 Ω-m, d [image: $${\rho }_{y}$$] = 5 Ω-m, e [image: $${\rho }_{y}$$] = 500 Ω-m, f [image: $${\rho }_{z}$$] = 5 Ω-m, and g [image: $${\rho }_{z}$$] = 500 Ω-m in the axial anisotropy experiment in section "The axial anisotropy". The dash line marks the boundary of the 3-D body in Fig. 1 where it is buried at 5 km depth


Based on the governing Eqs. (7), (8) and (9), [image: $${\rho }_{x}$$] and [image: $${\rho }_{y}$$] are well connected to Hy and Hx, respectively. This is why [image: $${\rho }_{x}$$] has a strong influence on the Zxy, Zyy and Ty responses, while [image: $${\rho }_{y}$$] has strong influence on the Zyx, Zxx and Tx responses. This helps to confirm that our numerical studies are correct.
We further validated our code on the 3-D prism model (Fig. 16a) used in Han et al. (2018). In this model, we varied the strike angle αs and plotted the responses along profiles A and B (Fig. 16b and c). Our responses are in good agreement with the responses calculated from Han et al. (2018). The disagreement only occurs near the edges of the prism. We suspect that this might be due to our different grid discretization around the edges of the prism.[image: ]
Fig. 16a 3-D view and top view of the 3-D prism model of Han et al. (2018). b Apparent resistivities with various values of strike angles αs along profile A, and c along profile B



Appendix B: A condition for variations of the resistivity elements for the dipping anisotropic case
Evaluating [image: $${\mathbf{R}}_{x}^{T}\left(\theta \right)\widehat{{\varvec{\rho}}}{\mathbf{R}}_{x}\left(\theta \right)$$] where the axial tensor [image: $$\widehat{{\varvec{\rho}}}= \left[\begin{array}{ccc}{\rho }_{x}&amp; 0&amp; 0\\ 0&amp; {\rho }_{y}&amp; 0\\ 0&amp; 0&amp; {\rho }_{z}\end{array}\right]$$], we obtain[image: $${\mathbf{R}}_{x}^{T}\left(\theta \right)\widehat{{\varvec{\rho}}}\,{\mathbf{R}}_{x}\left(\theta \right)=\left[\begin{array}{ccc}{\rho }_{x}&amp; 0&amp; 0\\ 0&amp; {\rho }_{y}{\mathrm{cos}}^{2}\theta +{\rho }_{z}{\mathrm{sin}}^{2}\theta &amp; \left({\rho }_{y}-{\rho }_{z}\right)\mathrm{cos}\theta \mathrm{sin}\theta \\ 0&amp; \left({\rho }_{y}-{\rho }_{z}\right)\mathrm{cos}\theta \mathrm{sin}\theta &amp; {\rho }_{z}{\mathrm{cos}}^{2}\theta + {\rho }_{y}{\mathrm{sin}}^{2}\theta \end{array}\right]$$]



[image: $$= \left[\begin{array}{ccc}{\rho }_{xx}&amp; 0&amp; 0\\ 0&amp; {\rho }_{yy}&amp; {\rho }_{yz}\\ 0&amp; {\rho }_{zy}&amp; {\rho }_{zz}\end{array}\right].$$]

 (10)



Our goal here is to vary each of [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}$$] in order to see the effect on the surface responses. For example, we vary only [image: $${\rho }_{yz}$$], while keeping [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], and [image: $${\rho }_{zz}$$] constant, to see the influence of [image: $${\rho }_{yz}$$] on Z and T. The variation of [image: $${\rho }_{yz}$$], or any of these elements, is invalid if [image: $$\left[\begin{array}{ccc}{\rho }_{xx}&amp; 0&amp; 0\\ 0&amp; {\rho }_{yy}&amp; {\rho }_{yz}\\ 0&amp; {\rho }_{zy}&amp; {\rho }_{zz}\end{array}\right]$$] cannot be reversed to [image: $${\mathbf{R}}_{x}^{T}\left(\theta \right)\widehat{{\varvec{\rho}}}\,{\mathbf{R}}_{x}\left(\theta \right)$$] with reasonable [image: $$\theta$$] and [image: $$\widehat{{\varvec{\rho}}}$$].
To make this process reversible, the equation linking [image: $${\rho }_{x}$$], [image: $${\rho }_{y}$$], and [image: $${\rho }_{z}$$] to [image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$] and [image: $${\rho }_{yz}$$] elements is required to set up the conditions. This can be straightforwardly obtained by computing the determinant of the lower half 2 × 2 matrix of both right-hand side matrices of (10). This gives[image: $${\rho }_{yy}{\rho }_{zz}-{\rho }_{yz}^{2}= {\rho }_{y}{\rho }_{z}.$$]

 (11)



This way the [image: $$\theta$$] angle is eliminated. Since all diagonal elements of both axial tensor ([image: $${\rho }_{x}$$], [image: $${\rho }_{y}$$], [image: $${\rho }_{z}$$]) and dipping tensor ([image: $${\rho }_{xx}$$], [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$]) must be positive, the reversible process can only be done if[image: $${\rho }_{yy}{\rho }_{zz}-{\rho }_{yz}^{2}&gt;0.$$]

 (12)



This is therefore the condition that must be satisfied while varying [image: $${\rho }_{yy}$$], [image: $${\rho }_{zz}$$], and [image: $${\rho }_{yz}$$]. Note that as [image: $${\rho }_{xx}$$] does not appear in (12), it can take on any positive value. In accordance with (12), [image: $${\rho }_{yy}$$] or [image: $${\rho }_{zz}$$] mostly have higher values, while [image: $${\rho }_{yz}={\rho }_{zy}$$] can mostly be lower (or become a more conductive structure) relative to each other.
For example, if [image: $${\mathbf{R}}_{x}^{T}\left(45^\circ \right){\widehat{{\varvec{\rho}}}}_{{\varvec{y}}}{\mathbf{R}}_{x}\left(45^\circ \right)= \left[\begin{array}{ccc}50 &amp; 0&amp; 0\\ 0&amp; 275 &amp; 225\\ 0&amp; 225&amp; 275\end{array}\right]$$], then from (12) we have [image: $${\rho }_{yy}&gt;\frac{{\rho }_{yz}^{2}}{{\rho }_{zz}}$$] = 184, and similarly for [image: $${\rho }_{zz}$$]. We therefore can vary [image: $${\rho }_{yy}$$] or [image: $${\rho }_{zz}$$] in the range (184, [image: $$\infty$$]) Ω-m. For varying [image: $${\rho }_{yz}$$], the condition becomes [image: $${\rho }_{yz}^{2}&lt;{\rho }_{yy}{\rho }_{zz}$$] = 2752. Thus, [image: $${\rho }_{yz}$$] can only be varied within the range (0, 275) Ω-m.
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