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Abstract
One of the difficulties encountered in modeling the piezomagnetic field is determining the distribution of the initial magnetizations. A previous study showed that, in the case that data are available regarding the magnetic total force anomaly and that the directions of the initial magnetizations are assumed to be uniform, the piezomagnetic field arising from the regional stress is uniquely determined, although the intensities of the initial magnetizations are not uniquely determined. The present study considers a more general situation in which the directions of the initial magnetizations are unknown. The problem addressed here is whether the piezomagnetic field is determined uniquely. To this end, a set of expressions is derived to describe the relation among the initial magnetizations, the magnetic anomalies corresponding to the initial magnetization, and the resultant piezomagnetic field. The expressions show that the correspondence between magnetic anomalies and the piezomagnetic field is not one-to-one. This result suggests that observations of the piezomagnetic field provide quantitative estimations of changes in stress only if we can assume that the directions of the initial magnetizations are uniform.
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1. Introduction
In the Earth’s crust, changes in stress result in changes in magnetization via the piezomagnetic effect (Nagata, 1970). By observing changes in the magnetic field arising from the piezomagnetic effect, which are referred to as piezomag-netic fields, it is possible to monitor the stress accumulation caused by various processes such as slab subduction.
However, studies of the piezomagnetic field encounter difficulties relating to the treatment of the magnetization structures in the Earth’s crust. Changes in magnetization are approximately proportional to the product of applied stress and the initial magnetization with no stress (e.g., Stacey, 1964; Nagata, 1970; Stacey and Johnston, 1972). In the absence of constraints on the spatial distribution of the initial magnetization, it is not possible to perform accurate calculations of the piezomagnetic field, even in forward problems. Indeed, numerical examples have demonstrated that significant variations in the magnetic field are observed near areas having strong contrasts in magnetization (e.g., Oshiman, 1990; Nishida et al., 2007) and that, by ignoring the precise structure of the initial magnetization, we obtain an incorrect estimation of the piezomagnetic field (e.g., Currenti et al., 2009).
A steady procedure that can be used to calculate the piezomagnetic field is as follows: first, the spatial distribution of the initial magnetization is assumed by using magnetic survey data; next, the change in magnetization, due to the piezomagnetic effect at each point, is calculated; finally, changes in the magnetic field generated by different parts of the crust are integrated to obtain the magnitude of the entire piezomagnetic field (e.g., Oshiman et al., 1997; Nishida et al., 2004). A drawback of this procedure is the non-uniqueness of solutions in the potential theory. Even in the case that the magnetic field generated by the initial magnetization is completely known, the explicit distribution of the initial magnetizations cannot be determined uniquely. Consequently, the resultant piezomagnetic field is not determined uniquely. This result means that the observed changes in the magnetic field are not directly converted to changes in stress.
Yamazaki (2009) proposed a method of calculating the piezomagnetic field in cases for which (i) the stress field is uniform in the region of interest, and (ii) the directions of initial magnetizations are parallel to the ambient geomagnetic field. Taking into account the similarity between this problem and the reduction to the pole calculation (cf. Baranov, 1957), Yamazaki successfully derived a formula to determine the resultant piezomagnetic field based on magnetic anomaly data. The existence of such a formula implies that the resultant piezomagnetic field is determined uniquely, regardless of the non-uniqueness of the explicit distribution of the initial magnetization intensities. Therefore, the difficulty encountered regarding the non-uniqueness of the initial magnetization is avoided for situations in which conditions (i) and (ii) are met. Condition (i) is valid across a reasonably wide range of situations, including stress accumulation related to plate subduction. However, condition (ii) is somewhat problematic. Although this condition is usually assumed in interpretations of aero-magnetic survey results, the directions of the initial magnetizations are not assured to be uniform, particularly in cases of remanent magnetization.
If the uniqueness of the resultant piezomagnetic field is still assured without the need to make assumptions regarding the directions of initial magnetization, the efficiency of studies on the piezomagnetic field would be enhanced. In contrast, if the uniqueness of the resultant piezomagnetic field cannot be assured, we should be cautious in calculating the piezomagnetic field. Therefore, it is important to consider situations in which the directions of the initial magnetizations are unknown. The aim of the present study is to clarify whether the piezomagnetic field is uniquely determined in the case that only data of magnetic anomalies arising from initial magnetizations are available and that no constraints are available regarding the directions of the initial magnetizations.

2. Definition of the Problem
It is assumed that changes in magnetization due to the piezomagnetic effect ([image: A40623_2015_6301201217_IEq1.gif]) are proportional to the applied stress ([image: A40623_2015_6301201217_IEq2.gif]) and the initial magnetization (Ji). The constitutive law is then summarized as follows (Sasai, 1991): [image: A40623_2015_6301201217_Equ1.gif]

 (1)

 where Tij is the deviatoric stress tensor given by [image: A40623_2015_6301201217_Equ2.gif]

 (2)

 and β is the stress sensitivity. Although the stress sensitivity largely depends on the mechanical strength of the rocks of the crust (e.g. Hamano, 1983), only the situation in which β is constant in the region of interest is considered in the present study. In Eq. (1) and hereafter, summation rules for subscripts are used for simplicity of notation. Note that summation rules are not used in the previous paper (i.e. Yamazaki, 2009). Therefore, attention is required when the equations in this paper are compared with those in the previous paper.
A situation is considered in which anomalies in the geomagnetic total force values are known at a certain height (i.e., x3). Anomalies in total force values of the geomagnetic field (F
                  a
                ) corresponding to crustal magnetizations (J
                  i
                ) are approximately expressed by the following formula, which is equivalent to equation (5) in Yamazaki (2009): [image: A40623_2015_6301201217_Equ3.gif]

 (3)

 where l
                  i
                 denotes the direction cosines of the ambient geomagnetic field and H represents the Curie point depth. A similar expression is obtained for the piezomagnetic field. Using the constitutive law (Eq. (1)), changes in the total forces of the geomagnetic field due to the piezomagnetic effect (Fp) are expressed by [image: A40623_2015_6301201217_Equ4.gif]

 (4)


The relations among Ji, Fa, and Fp are more clearly expressed when considered in wavenumber space. To obtain the double Fourier transforms of Eqs. (3) and (4), the following formula is referred to (e.g., Sasai, 1991): [image: A40623_2015_6301201217_Equ5.gif]

 (5)

 where [image: A40623_2015_6301201217_IEq3.gif]. Using this formula, the double Fourier transforms of Fa and Fp are expressed in the following forms: [image: A40623_2015_6301201217_Equ6.gif]

 (6)

 and [image: A40623_2015_6301201217_Equ7.gif]

 (7)

 where the superscript denotes the double Fourier transform of a function, K
                  i
                 is a scalar multiplier defined by [image: A40623_2015_6301201217_IEq4.gif], and the superscript # denotes the integral defined by [image: A40623_2015_6301201217_Equ8.gif]

 (8)

 Based on Eqs. (6) and (7), it is possible to discuss the relation between Fa and Fp. The problem to be solved is whether a given value of Fa uniquely determines the corresponding Fp in the case that the explicit distribution of J
                  i
                 is unknown.

3. Non-uniqueness of Estimations of the Piezomagnetic Field
Before considering general cases, a special case is considered in which the directions of the initial magnetizations are uniform so that the magnetization vector is represented as [image: A40623_2015_6301201217_IEq5.gif], where m is a scalar function. In this case, [image: A40623_2015_6301201217_IEq6.gif] is expressed as [image: A40623_2015_6301201217_Equ9.gif]

 (9)

 By taking the ratio of [image: A40623_2015_6301201217_IEq7.gif] to [image: A40623_2015_6301201217_IEq8.gif], the factor m# is cancelled. Consequently, [image: A40623_2015_6301201217_IEq9.gif] is uniquely determined by [image: A40623_2015_6301201217_IEq10.gif]. The explicit relation is expressed as [image: A40623_2015_6301201217_Equ10.gif]

 (10)

 This formula is equivalent to that derived by Yamazaki (2009), which implies the piezomagnetic field is uniquely determined for a given magnetic anomaly.
In the general situation, the initial magnetizations are not fixed to a single direction. Note that the general situation includes the case of Eq. (9) as a special case. Therefore, if [image: A40623_2015_6301201217_IEq11.gif] is uniquely determined for a given [image: A40623_2015_6301201217_IEq12.gif] the formula of the general situation should also be given by Eq. (10). In particular, [image: A40623_2015_6301201217_IEq13.gif] should yield [image: A40623_2015_6301201217_IEq14.gif] if Eq. (10) is satisfied.
Unfortunately, a brief inspection of Eqs. (6) and (7) reveals that this expectation is incorrect. For example, consider the following distributions: [image: A40623_2015_6301201217_Equ11.gif]

 (11)

 where [image: A40623_2015_6301201217_IEq15.gif] and A are constants, and δ is the Dirac Delta function. One of the explicit forms of J corresponding to Eq. (11) is given by [image: A40623_2015_6301201217_Equ12.gif]

 (12)

 where A′is a constant. With reference to Eqs. (6) and (8), [image: A40623_2015_6301201217_IEq16.gif] becomes zero for the above distribution of magnetizations. However, Eq. (7) yields non-zero values of the piezomagnetic field corresponding to this distribution of magnetizations. The initial magnetizations and the changes in magnetizations are illustrated in Fig. 1. This example shows that there are no exact one-to-one correspondences between the magnetic anomalies and the resultant piezo-magnetic fields.[image: A40623_2015_6301201217_Fig1.jpg]
Fig. 1Example illustrating the non-uniqueness of the piezomagnetic field. (a) Spatial distribution of initial magnetizations (J) in the crust. x1 and x3 are the location coordinates, H represents the Curie point depth, and k represents a spatial wavenumber. (b) Changes in the magnetization due to the piezomagnetic effect [image: A40623_2015_6301201217_IEq17.gif]) corresponding to J. β and T represent the stress sensitivity and a deviatoric stress tensor (i.e., Eq. (2)), respectively. In each panel, arrow length is proportional to the intensity of magnetization. The regional stress field is assumed to be a uniaxial compression with intensity σ in the x1 direction. The distribution ΔJ generates a non-zero magnetic field above the ground, whereas J does not.




Nevertheless, the possibility is that Fp corresponding to agiven Fa can be determined in a statistical sense, and that the counterexample given by Eq. (12) is merely an extreme case. This is an analogy to statistical mechanics (e.g. Landau and Lifshitz, 1980). For a given Fa, we can consider a set of Ji, all members of which generate the given Fa.If Fp corresponding to major members of the set are approximately the same as those corresponding to the initial magnetizations with a uniform direction (i.e. F
                  p
                 given by Eq. (10)), then the Fp is regarded as a likely estimation corresponding to the given Fa. To confirm whether this expectation is valid or not, it is useful to estimate Fp based on acceptable assumptions regarding Ji, other than the assumption of a uniform direction of Ji (Eq. (9)).
One plausible assumption regarding the initial magnetizations is the minimum length requirement, which is given by [image: A40623_2015_6301201217_Equ13.gif]

 (13)

 For a given magnetic anomaly Fa, the solution of Eq. (6) that satisfies the requirement of Eq. (13) is given by [image: A40623_2015_6301201217_Equ14.gif]

 (14)

 where [image: A40623_2015_6301201217_IEq18.gif]. The corresponding piezomagnetic field is given by [image: A40623_2015_6301201217_Equ15.gif]

 (15)


The estimations of piezomagnetic fields given by Eqs. (10) and (15) are different, meaning that estimations of the piezomagnetic field differ according to the assumed distributions of the initial magnetizations: an assumption of uniform direction yields Eq. (10), while an assumption of minimum magnetizations yields Eq. (15). Therefore, it is not possible to obtain any estimation of piezomagnetic fields unless the assumption regarding the distribution of the initial magnetization can be demonstrated to be valid.

4. Conclusions
In the case of a uniform regional stress, a series of formulae that express the relation between the initial magnetizations, the magnetic anomalies, and the piezomagnetic field, is derived in wavenumber space. Based on the formulae, it is possible to discuss whether there exists a one-to-one correspondence between the magnetic anomalies and the piezomagnetic field. In the case that the direction of the initial magnetizations is assumed to be uniform, the piezomag-netic field is uniquely determined from the initial magnetic anomalies, regardless of the non-uniqueness of the explicit distributions of the initial magnetizations. In contrast, in cases for which the directions of the initial magnetization are not uniform, the piezomagnetic field cannot be determined in any sense. This result indicates that the efficiency of piezomagnetic studies is diminished in the case that we cannot assure a uniform direction of initial magnetizations within the region of interest.
The above conclusion is somewhat disappointing because it implies that piezomagnetic fields cannot be correctly determined unless the directions of the initial magnetizations are fixed. The present analysis was limited to the case in which the regional stress is uniform within the region of interest. However, it is natural to expect that the same conclusion would be obtained for a non-uniform regional stress. Of course, this result does not mean that all efforts to observe piezomagnetic fields are meaningless. Observations of the magnetic field will continue to be used for the qualitative detection of events, including changes in the rate of stress accumulation. The present results merely highlight the difficulty encountered in quantitative interpretations of the observed magnetic field. In addition, the directions of the initial magnetizations can be assumed to be uniform in many situations. Indeed, this assumption is adopted in many studies that attempt to interpret the results of magnetic surveys. Nevertheless, we must bear in mind that forward calculations of piezomagnetic fields are accurate only if the direction of magnetization is known.
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