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Relationship between the Pi2 pulsations and the localized impulsive current
associated with the current disruption in the magnetosphere

S. Fujita1,2, M. Itonaga3, and H. Nakata2

1Meteorological College, Asahi 7-4-81, Kashiwa, Chiba 277-0852, Japan
2Department of Geophysics, Kyoto University, Kyoto 606-8502, Japan

3Faculty of Education, Yamaguchi University, Yoshida 1677-1, Yamaguchi, Yamaguchi 753-8513, Japan

(Received September 14, 1999; Revised February 16, 2000; Accepted February 29, 2000)

Behavior of fast-magnetosonic-mode MHD signals in the inner magnetosphere that are driven by the impulsive
eastward current is investigated as a model of the Pi2 signal at midnight. The magnetosphere is treated as an
axisymmetric cold MHD regime with dipole magnetic fields and has the plasmaspheric structure of the Alfvén speed
distribution. MHD perturbation is assumed to be axisymmetric. Numerical calculation revealed the following:
1) The impulsive current induces the plasmasphere virtual resonance oscillation; 2) The compressional magnetic
field perturbation is confined near the equator; 3) The waveform of the compressional magnetic perturbation in the
plasmasphere depends on the spatial extent of the source current, its temporal variation, as well as its location; 4)
The typical Pi2 waveform in the plasmasphere is obtained when the source current is located near the plasmapause
(L ≤ 10); 5) When the source current is not located on the equator, the compressional component and the poloidal
component have different waveforms.

1. Introduction
Pi2 pulsations are generally thought to be impulsively gen-

erated in association with the sudden change of the magnetic
field in the near-Earth magnetotail from a tail-like configu-
ration to a dipolar configuration (e.g., Yumoto, 1990). Re-
cently, the propagation and generation mechanism of the Pi2
pulsations in middle and low latitudes and in the inner magne-
tosphere has been studied extensively via observational meth-
ods (Yeoman and Orr, 1989; Sutcliffe and Yumoto, 1989,
1991; Yumoto, 1990; Yumoto et al., 1989, 1990; Takahashi,
1994; Takahashi et al., 1992, 1995, 1999; Osaki et al., 1998).
In response to these observations, theoretical/numerical stud-
ies on the behavior of low-latitude MHD waves have been
carried out (Allan et al., 1986; Lee, 1996, 1998; Pekrides et
al., 1997; Itonaga et al., 1997a,b; Lee and Kim, 1999).

Yeoman and Orr (1989) manifested from mid-latitude Pi2
observations that a 180◦ phase shift of the H component
is associated with the plasmapause latitude. Sutcliffe and
Yumoto (1989, 1991) revealed that spectra of low-latitude
pulsations are almost identical at different local times. These
findings suggest that the behavior of the Pi2 pulsations in
middle and low latitudes is explained by the “global mode”
hypothesis presented by Kivelson and Southwood (1986).
Yumoto (1990) suggested that middle- and low-latitude Pi2
pulsations are “global mode” trapped within the inner part
of the magnetosphere. This idea was confirmed directly by
ground-satellite coordinated observations of Pi2 pulsations
by Takahashi et al. (1992, 1995). Takahashi et al. (1992)
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revealed a 180◦ phase difference between the magnetic vari-
ations within the plasmasphere (BH of Kakioka, L = 1.2)
and those beyond the plasmapause (bz , compressional com-
ponent, of AMPTE CCE, L > 3). This feature directly
supports the “plasmasphere cavity-mode resonance” of Pi2
pulsations. Takahashi et al. (1995) analyzed the AMPTE
CCE data and investigated the behavior of the Pi2 pulsa-
tion in the inner magnetosphere (L < 6) in detail and found
that the “plasmasphere cavity-mode resonance” is associ-
ated with magnetospheric Pi2 pulsation. They also reported,
based on AMPTE CCE data, that the compressional compo-
nent of the Pi2 pulsation is confined near the magnetospheric
equator in the plasmasphere. AMPTE CCE data covers the
region of the magnetic latitude (λm) smaller than 16◦. Us-
ing the AKEBONO satellite data covering λm larger than
20◦, Osaki et al. (1998) found that the compressional com-
ponent is not detected in the off-equatorial region. There-
fore, the observations suggested that the current disruption
in the near-Earth magnetotail generates low-latitude Pi2 pul-
sations, which show the “plasmasphere cavity-mode reso-
nance” with the compressional component strongly confined
near the magnetospheric equator. Now, a theoretical model
corresponding to this observation is needed.

Before reviewing previous theoretical studies, it is impor-
tant to clarify terms such as the “global mode” concerning
the behavior of the MHD waves in the magnetosphere. Lee
and Kim (1999) presented very useful illustrations that dis-
tinguish four types of behaviors of waves propagating in a
non-uniform medium. The first is the “bounded wave” cor-
responding to the cavity/waveguide modes. Energy of this
wave is perfectly trapped in the “well” (depression) of the
Alfvén speed profile. The “global mode” belongs to this
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category. The second type of behavior is “tunneling” and
“scattering” of the wave. This occurs when there is an en-
hancement in the Alfvén speed profile. When the wave be-
comes evanescent/propagating in this region, the situation is
referred to as “tunneling”/“scattering”. The third type of be-
havior is the “virtual trapped resonance” in which the Alfvén
speed profile is increasing monotonically in one side and has
an enhancement in the other side. In “virtual trapped reso-
nance”, the wave is partially trapped in the “well” between
the wall and is the enhanced VA region and evanescent in the
enhanced VA region. When the wave is not evanescent in
the enhancement region, this is referred to as “virtual scat-
tering resonance”. Energy transport across the enhanced VA

region occurs. This is different form the “bounded wave”.
“Virtual trapped resonance” and “virtual resonance scatter-
ing” indicate MHD waves propagating from the nightside
magnetosphere to the plasmasphere. Therefore, the “plas-
masphere cavity-mode resonance” of the low-latitude Pi2
pulsation should be referred to “plasmasphere virtual reso-
nance”. This term is used hereafter in the present paper.
Now, let us review previous theoretical and numerical

studies. In order to examine the plasmasphere virtual reso-
nance, several theoretical studies have investigated the mag-
netospheric response of the MHD impulse (Allan et al.,
1986; Lee, 1996, 1998; Pekrides et al., 1997; Itonaga et
al., 1997a,b; Lee and Kim, 1999). Pekrides et al. (1997)
presented a 3D numerical simulation of MHD wave propa-
gation in a cylindrical magnetosphere model with the plas-
masphere structure. They obtained the plasmasphere virtual
resonance oscillation, as well as the magnetosphere bounded
mode oscillation. Their simulation includes the magneto-
sphere bounded mode because the magnetopause is assumed
as a rigid boundary. Itonaga et al. (1997a,b) studied the
1Dmagnetospheric response of the impulse in the simplified
magnetosphere model with plasmaspheric structure using a
numerical Laplace transform technique. They assumed no
outer boundary of the system because the nightside magne-
tosphere does not have a boundary such the magnetopause.
They revealed that the magnetospheric signal is composed
of the initial impulse and the normal modes in the system
(the poles of the Laplace-transformed MHD equation). Lee
(1998) and Lee and Kim (1999), on the other hand, presented
a 2D analysis of the MHD signal induced by an impulse
based on a simplified box-typemagnetosphere-plasmasphere
model. They insisted that instead of the ionosphere, a turn-
ing point in the inner magnetosphere acts as a wave reflection
layer in the real magnetosphere.
All previous theoretical/numerical studies assumed the ini-

tial driving perturbation as the externally-charged electric
field at the magnetopause boundary (Pekrides et al., 1997)
or a wave impinging on the plasmasphere (Itonaga et al.,
1997a,b; Lee, 1998; Lee and Kim, 1999). Therefore, the
current disruption model (e.g., Yumoto, 1990) has not been
explicitly treated in previous numerical/theoretical studies of
the Pi2 pulsation. Moreover, the studies cited above use an
unrealistic model. Only Lee (1996) uses the dipole magneto-
sphere with the plasmasphere. However, he presented only
the wave characteristics in the stationary state sufficiently
after the initial impulse. This treatment is not adequate for
the simulation of the Pi2 pulsations. Therefore, we need to

study the transient stage of theMHD signals generated by the
impulsive current based on the dipole magnetosphere with
the plasmasphere.
In addition to the Pi2 pulsation, the Psc pulsation is another

phenomenon generated by the impulse (solar wind shock).
Ground-based observation of the Psc pulsation revealed that
the character of the Psc pulsation is essentially similar to
that of the Pi2 pulsation in lower latitudes (Yumoto et al.,
1994, 1997). Instead of the current disruption process, the
enhanced Chapman-Ferraro current is used to generate the
Psc pulsation.
The present paper intends to reveal the propagation charac-

ter of the fast mode wave in the midnight meridian induced
by the impulsive eastward (dusk-to-dawn) magnetospheric
current based on the dipole magnetosphere model. The east-
ward current is the magnetospheric part of the current wedge
that is believed to generate the Pi2 pulsation (Samson, 1982).
In the present paper, this impulsive current is referred to as
the source current. The source current is assumed to be lo-
calized in the field-aligned and radial directions. Since the
present study represents the first attempt to characterize the
behavior of fast-magnetosonic-mode MHD signals in the in-
ner magnetosphere that are driven by the impulsive eastward
current, for the purpose of simplification, the source current
is assumed to be azimuthally uniform. The present paper
is organized as follows. The second section describes the
model employed and the numerical technique that is suitable
for numerical analysis of the MHD wave propagation in the
inner magnetosphere. The third section discusses the numer-
ical results with an emphasis on the relationship between the
waveform of the plasmasphere virtual resonance oscillation
and the source current. The forth section describes the valid-
ity of the present numerical results and summarizes the main
results.

2. Model and Basic Equations
In the present paper, MHD signal is assumed to be driven

by the eastward current localized in the field-aligned and
radial directions. In addition, the cold plasma model is em-
ployed.
2.1 Model
The model is the dipole magnetosphere having Alfvén

speed (VA) that is a spatially non-uniform distribution having
plasmaspheric structure. See Fujita and Glassmeier (1995)
for the VA model. Here, only the radial variation of VA at
the magnetospheric equator is shown in Fig. 1, in which the
plasmapause structure of the VA profile is evident. In the
present model, equatorial VA at L = 10 is set as 500 km/sec.
The magnetosphere is bounded by the ionosphere. Based on
Itonaga et al. (1997b), the fast mode wave is reflected effec-
tively by the solid Earth rather than the ionosphere. Bearing
in mind that the distance between the solid Earth and the
ionosphere is much smaller than the typical wavelength of
the fast mode wave, it can be assumed that the boundary con-
dition of the foot point of the field line for the fast mode wave
is a perfect conductor. Figure 2 depicts the dipole magneto-
sphere model using the mesh configuration for the numerical
calculation. In this figure, the x and z coordinates are em-
ployed, where z is the axis of the south-to-north direction
and x is vertical to z. The magnetic field is assumed to be
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Fig. 1. Equatorial profile of VA in L = 3 ∼ 10. VA at L = 10 is 500
km/sec. VA is enhanced in the plasmapause (L 
 6).

Fig. 2. The 2D model of the magnetosphere. This model is bounded
by the inner boundary at L = Lin = 3 and by the outer boundary at
L = Lout = 21. The foot points of the field line are located at the
ionospheres in both hemispheres. Dots in the figure denote the nodes
used for the discrete numerical calculation. z is the coordinate from the
south pole to the north pole and x is perpendicular to z.

vertical to the ionosphere. This assumption is valid in the
region of L > 3.
The coordinate system employed in the present paper is the

dipole coordinate system, in which ê and n̂ are field-aligned
and radially inward. Therefore, ϕ̂ = ê× n̂ is westward. The
directions of n̂ and ϕ̂ are anti-parallel to those frequently used
in other studies.
As for the boundary condition ofMHDwave equations, the

inner and outer boundaries (L = Lin and Lout , respectively)
are assumed to be perfect conductors. The inner and outer
boundaries are located at Lin = 3 and Lout = 21, respec-
tively. Since the ionosphere and the magnetic field is vertical
in the present model, we assign the inner boundary at L = 3.
(There is no difficulty involved when the inner boundary is
assigned at L < 3. However, the oblique magnetic field
to the ionosphere requires tedious treatment.) In order to
model propagation of the MHD signal, it is important to take
into account that the nightside magnetosphere has no outer
boundary. Therefore, the outer boundary is located far from
the position of the source current (L ∼ 10) in order to avoid
the boundary effect from the behavior of the plasmasphere

virtual resonance oscillation. In addition, we assign a spe-
cial layer, in which the wave energy is absorbed in the outer
part of the magnetosphere (L = L ′ > 18). This layer has
an artificial conductivity (σ(L) = σ0(L − L ′)/(Lout − L ′)).
σ0 = 5 × 10−3 mho/m is used in the present paper. How-
ever, in the present model, the wave-absorbing layer does
not affect the behavior of the plasmasphere virtual resonance
oscillation because the outer boundary is located far from the
plasmasphere. Technically, this wave absorber stabilizes the
numerical calculation.
2.2 Source current
The magnetospheric source current J(r, t) (r and t are

position and time, respectively) is assumed as μ0∂J/∂t =
μ0ϕ̂∂ Jϕ∂/∂t = ϕ̂Sϕ(r)T (t), where μ0 is the magnetic per-
meability of a vacuum. The maximum of μ0∂ Jϕ/∂t is nor-
malized to the unit value. The following equations are used
in the present paper.

T (t) = t

T0
e1−t/T0 , (1)

Sϕ(r) = −e−(μ−μcent )
2/�μ2

e−(ν−νcent )
2/�ν2

, (2)

where μ and ν are the dipole coordinates (μ = cos θ/r2,
ν = sin2 θ/r where θ is the colatitude). Since ϕ̂ points
westward, negative J indicates the eastward current. Equa-
tions (1) and (2) indicate that Jϕ is spatially confined at
μ = μcent and ν = νcent (Lcent = 1/νcent ) to extent of
�μ and �ν. Figure 3 illustrates the spatial and temporal
variation of |μ0∂ Jϕ/∂t |with the parameters of�μ = 0.001,
μcent = 0, �ν = 0.01, Lcent = 10, and T0 = 5 sec. (Note
that Jϕ and ∂ Jϕ/∂t are negative because the source current
flows eastward.) Figure 3(c) also shows the temporal evolu-
tion of |Jϕ|, which grows in time to reach a constant value.
2.3 Modal analysis of the magnetospheric MHD wave

equation
We solve the MHD equation of the electric perturbations

(δE⊥);

1

V 2
A(r)

∂2δE⊥(r, t)

∂t2
+ ∇⊥ × ∇ × δE⊥(r, t)

= −μ0
∂J(r, t)

∂t
, (3)

by using modal analysis and Finite Element method (FEM).
Modal analysis is an alternative method to the numerical
Laplace transform analysis employed by Itonaga et al.
(1997a). Modal analysis calculates the contribution of each
eigenvector to the external signal. Superposing all contribu-
tions of the eigenvectors, we can compose the MHD signal.
Here, the eigenvector in themagnetosphere is obtained based
on FEM because this method yields accurate eigenvectors in
strongly nonuniform system such as the Earth’s magneto-
sphere (Fujita and Patel, 1992). Modal analysis is explained
in Appendix A. Equation (A.15) in Appendix A indicates
that the signal (X(r, t) = δE⊥(r, t)) is composed of eigen-
vectors (zi (r)) with temporally varying weights (pi (t)). We
obtain pi (t) from Eqs. (1) and (A.14) as

pi (t) = Gi

αi

{
T0

(1 + si T0)2
e1+si t

− t (1 + si T0) + T0
(1 + si T0)2

e1−t/T0

}
, (4)
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Fig. 3. (a) The spatial profile of |μ0∂ Jϕ/∂t | in x − z coordinates, (b) its temporal variation, and (c) the temporal variation of |μ0 Jϕ |. This current flows
eastward. We assign �μ = 0.001, �ν = 0.01, Lcent = 10, and T0 
 5 sec. The radial and field-aligned extent of the source current is approximately
2 ∼ 3Re . The maximum of |μ0∂ Jϕ/∂t | is normalized to 1.

whereGi is the i-th component of ZT f(t)/T (t) in Eq. (A.13).
Gi is the product of ZT and the FEM-discretized ϕ̂Sϕ(r). si
is the eigenfrequency of the i-th eigenvector and αi is given
in Eq. (A.11). It is clear from Eq. (4) that pi (t) consists of
two parts: one is derived from the eigenvector (the first term)
and the other is derived from the source current (the second
term). Note that only the contribution from the eigenvectors
remains at t  T0.

The temporal accuracy of modal analysis depends on the
largest eigenvalue (eigenfrequency). The spatial accuracy is
determined by the smallest wavelength of the eigenvectors.
No numerical instability appears in modal analysis unlike
explicit numerical integral methods such as the two-step Lax
Wendroff scheme.

3. Results
First, we investigate the general characteristics of the plas-

masphere virtual resonance oscillation driven by the source
current shown in Fig. 3. Second, we discuss how the source
current controls the plasmasphere virtual resonance oscilla-
tion.
3.1 Eigenvector
The present modal analysis utilizes all electric field eigen-

vectors obtained through the numerical calculations in the
model that has 44 × 20 nodes in the L × s space (s is the
field-aligned direction). The number of eigenvectors used
is 817. The minimum and maximum angular eigenfrequen-
cies employed are 0.00669−0.00137i sec−1 and 83.5 sec−1,
respectively. Since the source current is symmetric with re-
spect to the equator, only the electric field eigenvectors that
are symmetric with respect to the equator have non-zero Gi .
Before discussing the time-dependent behavior of the

MHD signals, let us show the electric field eigenvectors
(δEϕ). Here, the four electric field eigenvectors that have
the largest contributions, Gi/αi (See Eq. (4)), to the source
current are shown in Fig. 4. (The angular eigenfrequencies
in sec−1 are 0.175− 0.00235i , 0.190− 0.00210i , 0.0878−
0.00121i , and 0.0826 − 0.00170i , from top to bottom.) We
notice that all electric field eigenvectors have a larger am-
plitude in the plasmasphere and expand beyond the plasma-
pause.
3.2 MHD signals induced from the source current

3.2.1 Propagation of the MHD signals in the equa-
torial plane Since the MHD disturbance is regarded as
axisymmetric, it has δEϕ (the azimuthal component of the
electricfield), δB‖ (the compressional component of themag-
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Fig. 4. The left and right panels show the spatial patterns of the real and imaginary parts of the electric field eigenvectors with the four largest Gi/αi . The
figures are shown using the rectangular frame ofμ×ν. The angular eigenfrequencies in sec−1 are 0.175−0.00235i , 0.190−0.00210i , 0.0878−0.00121i ,
and 0.0826 − 0.00170i from top to bottom. The electric field eigenvector has an imaginary part due to wave damping associated with an artificial wave
absorber in the outer part of the magnetosphere. The amplitude of each eigenvector is normalized to 1.
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Fig. 5. (a) Temporal variation of δEϕ and (b) that of δB‖ generated by the
source current in the equatorial plane. All perturbations are normalized
to the maximum intensity of |μ0∂ Jϕ/∂t |. It is evident that the pertur-
bations are propagating toward the inner magnetosphere and the outer
magnetosphere.

netic field), and δBν (the poloidal component of themagnetic
field). In the equatorial plane, δBν = 0 when the source
current is distributed symmetric with respect to the equator.
Therefore, temporal variations in δEϕ and δB‖ in the equa-
torial plane of 3 < L < 21 are illustrated in Fig. 5. Note
that the westward δEϕ and the inward δBν are positive.
First, we need to check the numerical accuracy of the

present results. Physical causality requires that there should
be no signal at any position before a wave arrives at that
position. On the other hand, in modal analysis, each eigen-
vector has a contribution at any position and any time (see
Eq. (4)). Therefore, reproduction of a propagating wave-
front (or cancel-out of contributions from all eigenvectors
before arrival of thewavefront) guarantees the accuracyof the
present modal analysis calculation. Figure 5 clearly shows
that thewavefront in δEϕ and that in δB‖ propagate toward the

Fig. 6. (a) Waveform of δEϕ at the equator at L = 5.0, (b) waveform
of δB‖ at the equator at L = 3.8 (full line) and 5.9 (broken line), and
(c) waveform of dδB‖/dt at the equator at L = 3.8 (full line) and 5.9
(broken line). It is evident that, after passing the initial disturbance, there
remains clear oscillation with a period of approximately 60 sec. in δEϕ .
It is also evident that δB‖ and dδB‖/dt have waveforms that change the
phase in the inner and outer part of the plasmasphere. This is evidence of
the plasmasphere virtual resonance oscillation. Note that westward δEϕ

is positive.

plasmasphere and the outer magnetospheres from the center
region of the source current (L = 10). Therefore, the clear
wavefront indicates that the present numerical technique in-
vokes sufficiently accurate results.
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Fig. 7. (a) Temporal evolution of the field-aligned profile of δEϕ , (b) that of dδB‖/dt , and (c) that of dδBν/dt at L = 5.0. The horizontal axis is measured
using λ (= arctan(z/x)). The ionosphere is located at ±60◦. δEϕ and δB‖ are localized in the vicinity of the equator. δB‖ tends to be more confined
near the equator compared with δEϕ . Note that westward δEϕ and inward δBν are positive.

Next, let us describe characteristic features of the signals.
δB‖ is null at the center of the source current (L = 10). It
is positive (northward) in the earthward region and negative
(southward) in the opposite region. Bearing in mind that
positive δEϕ is westward, the Poynting flux deduced from
δEϕ and δB‖ in Fig. 5 is earthward in L < 10 and tailward in
L > 10. Both δEϕ and δB‖ show rather smoother temporal
variation in the inner part of the magnetosphere. This is
the plasmasphere virtual resonance oscillation. This will be
discussed in detail later. Whereas, ripples in the outer part
of the magnetosphere are found to have a period as large as
that of the time scale of the source current. (We confirm that
these ripples become smaller when the source current has
longer time scale variation.) We confirm that the behavior of
δEϕ and that of δB‖ in the inner part of the magnetosphere
are independent of the artificial wave absorber assigned in
the outer part of the magnetosphere. The ripples in the outer
magnetosphere are damped due to the wave absorber. In the
present paper, we do not consider the behavior of the MHD
signal in the outer part of the magnetosphere. The wavefront

marching toward the outer boundary arrives at the boundary
at the termination time of the simulation. Thus, the outer
boundary does not affect the behavior of the MHD signal in
the inner magnetosphere during the time interval shown in
Fig. 5.
Several theoretical and observational studies have been

conducted on plasmasphere virtual resonance oscillation
(e.g., Itonaga et al., 1997a,b; Lee, 1998; Takahashi et al.,
1992). Let us confirm that the plasmasphere virtual reso-
nance oscillation appears in the present numerical calcula-
tion. δEϕ shown in Fig. 5(a) indicates that the oscillation
in the plasmasphere extends beyond the plasmapause toward
the outermagnetosphere. Namely, δEϕ does not vanish at the
plasmapause. Therefore, this oscillation is not the plasmas-
phere bounded resonance, but may be the plasmasphere vir-
tual resonance oscillation presented by Lee and Kim (1999).
δB‖ in Fig. 5(b) has a feature that is typical of the plasma-
sphere virtual resonance oscillation; the phase relation be-
tween δB‖ in the inner plasmasphere and that in the outer
plasmasphere is out-of-phase (Takahashi et al., 1992). This
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Fig. 8. (a) Temporal variation of |μ0∂ Jϕ/∂t | and (b) that of |μ0 Jϕ | for
T0 = 25 sec. �μ = 0.001, �ν = 0.01, Lcent = 10 (same as that in
Fig. 3). The maximum of |μ0∂ Jϕ/∂t | is normalized to 1. This current
flows eastward.

indicates that δB‖ is a good indicator of the plasmasphere
virtual resonance oscillation. In order to show clearly the
waveform of δB‖ in the two regions of the plasmasphere,
we present temporal variations of δB‖ at the equator in the
inner plasmasphere (L = 3.8) and in the outer plasmasphere
(L = 5.9) in Fig. 6. From this figure, δB‖ in the inner
plasmasphere and that in the outside of the plasmasphere
tend to be out-of-phase. This result confirms that the plas-
masphere virtual resonance oscillation exists in the present
numerical calculation. Note that the disturbance at L = 3.8
commenced later than that at L = 5.9. This is due to the time
difference invoked by propagation of the MHD signal in the
magnetosphere from L = 5.9 to 3.8. Since δB‖ has a DC
bias due to the growth of the source current, we also show
dδB‖/dt in Fig. 6(c). This figure also demonstrates the plas-
masphere virtual resonance oscillation in the dδB‖/dt trace.
Finally, the oscillation in δEϕ (Fig. 6(a) is found to be the
plasmasphere virtual resonance oscillation because its period
is as large as that of δB‖ shown in Fig. 6(b). These results
are consistent with those of a previous study by Itonaga et
al. (1997a,b), Lee (1998), and Lee and Kim (1999).

3.2.2 Field-aligned profile of the MHD signals Let
us examine the field-aligned profiles of the MHD signals in
the plasmasphere. The nonuniform VA distribution along the
field line influences strongly the amplitude profile of the fast
mode oscillation, as explained by Southwood and Kivelson

Fig. 9. The waveforms of δB‖ and dδB‖/dt at the equator at L = 3.8
and L = 5.9 are also shown in (a) and (b). �μ = 0.001, �ν = 0.01,
Lcent = 10 (the source shown in Fig. 3).

(1986). Lee (1996) also demonstrated that the fast mode
wave does not reach the ionosphere by calculating the cutoff
frequency of the fast mode wave. However, no report has
shown the field-aligned profile of the electromagnetic field
perturbations associated with the plasmasphere virtual reso-
nance oscillation in the dipole magnetosphere. We calculate
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Fig. 10. Spatial profiles of the source current: (a) extended in the field-aligned direction (�μ = 0.002, �ν = 0.01, Lcent = 10); (b) extended in the radial
direction (�μ = 0.001, �ν = 0.03, Lcent = 10); and (c) located in the outer magnetosphere (�μ = 0.0006, �ν = 0.008, Lcent = 15).

the field-aligned profile of the perturbations, which are com-
parable to the observations by AMPTE CCE (Takahashi et
al., 1995) and by AKEBONO (Osaki et al., 1998).
Figure 7 illustrates temporal variations in the field-aligned

profiles of δEϕ in (a), dδB‖/dt in (b), and dδBν/dt in (c).
(In order to pick up only the oscillatory variation, we show
dδB‖/dt and dδBν/dt instead of δB‖ and δBν .) Signals at
L = 5.0 (where VA is minimized) are employed. The “iono-
sphere” is located at the latitude (λ) of 60◦ for δEϕ in (a) and
δB‖ in (b), where λ is defined as arctan(z/x). (See Fig. 2 for
definitions of z and x .) It is evident that δEϕ and dδB‖/dt
are confined near the equator. In particular, δB‖ is almost
confined in the region of |λ| < 20◦ ∼ 30◦. (Although not
shown here, we confirm that this feature is independent of
the field-aligned profile of the source current as long as the
field-aligned width of the source current is not larger than
4Re, twice as large as that shown in Fig. 3(a)). It is note-
worthy that the equatorial confinement of δB‖ depends on
the field-aligned profile of VA. Moreover, close observation
of Figs. 7(a) and (b) reveals that dδB‖/dt tends to be con-

fined in the vicinity of the equator compared with δEϕ . The
equatorially localized compressional perturbation is consis-
tent with the observational results obtained by Takahashi et
al. (1995) and Osaki et al. (1998). In particular, Osaki et al.
(1998) revealed that the compressional magnetic perturba-
tion of the Pi2 signal in the magnetosphere is not observed
by AKEBONO at λm > 20◦.

Next, dδBν/dt in Fig. 7(c) is investigated. δBν is cal-
culated based on δEϕ in the present calculation. Since the
central difference schemeused in the calculation of δBν shifts
the lowermost point of the field line from 60◦ (for δEϕ and
δB‖) to 45◦. Since the source signal is given as symmet-
ric with respect to the equator, δBν is always diminished at
the equator. Thus, δBν shows the field-aligned odd-mode
structure. In addition, δBν can has a relatively larger signal
intensity near the ionosphere.
3.3 Plasmasphere virtual resonance oscillation and spa-

tial and temporal variations of the source current
We have investigated in detail the behavior of the plasma-

sphere virtual resonance oscillation induced by the source
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Fig. 11. (a) Temporal evolution of δB‖ and (b) that of dδB‖/dt in the
equatorial plane. The full and broken lines indicate the waveforms at
L = 3.8 and at L = 5.9, respectively. The source current is assignedwith
�μ = 0.002, �ν = 0.01, Lcent = 10 (the source shown in Fig. 11(a)).
T0 = 5 sec.

current shown in Fig. 3. Here, let us examine how the plas-
masphere virtual resonance oscillation is controlled by the
temporal and spatial variations of the source current. Since
compared with δEϕ , δB‖ clearly shows the plasmasphere
virtual resonance oscillation, only δB‖ is investigated here.
3.3.1 Temporal variation of the source current Iton-

aga et al. (1997b) investigated the MHD response of the in-
ner magnetosphere for rapidly and gradually growing source
impulses. They manifested that the rapid impulse invokes
a clear sinusoidal damped oscillation in the inner magneto-
sphere. Here, let us confirm their results in the dipole mag-
netosphere model. Temporal evolution of |μ0∂ Jϕ/∂t | and
that of |μ0 Jϕ| with T0 = 25 sec. are shown in Fig. 8. Note
that the maximum of |μ0∂ Jϕ/∂t | is normalized to 1. The
spatial variation of the source current is as described earlier
in the present study (Fig. 3). By using this source current,
we calculate the equatorial variation of δB‖ with a longer
time scale (T0 
 25 sec.) in Fig. 9. Figures 9(a) and (b)
show the waveforms of δB‖ and dδB‖/dt at L = 3.8 and
L = 5.9. Figures 9(a) and (b) and Figs. 5(b) and (c) show
that the plasmasphere virtual resonance oscillation in δB‖ is
clearer for T0 = 5 sec. Note that dδB‖/dt shows clear plas-
masphere virtual resonance oscillation in both cases. Since

Fig. 12. Same as Fig. 11. The source current is assigned with�μ = 0.001,
�ν = 0.03, Lcent = 10 (the source shown in Fig. 11(b)). T0 = 5 sec.

the Pi2 observed in the plasmasphere and in the low-latitude
ground shows various waveforms, the cases shown in Figs. 5
(T0 = 5 sec.) and 10 (T0 = 25 sec.) may both exist. It is
noteworthy that the temporal evolution of the source current
controls the waveform.
3.3.2 Spatial distribution of the source current It is

interesting to understand how the response of the inner mag-
netosphere is controlled by the spatial distribution of the
source impulse. Figure 10 summarizes the spatial profiles
of the source currents employed here. Figures 10(a), (b),
and (c) present respectively the source extended in the field-
aligned direction (field-aligned extent ∼4 Re; �μ = 0.002,
�ν = 0.01, Lcent = 10), that extended in the radial direction
(radial extent∼4 Re; �μ = 0.001, �ν = 0.03, Lcent = 10),
and that located in the outer magnetosphere (�μ = 0.0004,
�ν = 0.005, Lcent = 15). Figures 11, 12, and 13 illustrate
the waveforms of δB‖ and dδB‖/dt in the equatorial plane
at L = 3.8 and L = 5.9.

Figures 6 and 11 indicate that δB‖ and dδB‖/dt behave in
a similar manner, with the exception of the amplitude when
the field-aligned profile of the source current is extended
and the radial extent is the same. Note that the amplitude
of the oscillation becomes larger when the field-aligned ex-
tent becomes larger. For a source (Fig. 11) twice as large
the reference one (Fig. 6), the amplitude doubles. On the
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Fig. 13. Same as Fig. 11. The source current is assignedwith�μ = 0.0004,
�ν = 0.005, Lcent = 15 (the source shown in Fig. 11(c)). T0 = 5 sec.

other hand, when the source current is extended in the radial
direction, the plasmasphere virtual resonance oscillation in
the δB‖ trace becomes rather obscure (Fig. 12). The δB‖
waveform becomes similar to that for T0 = 25 sec. (Fig. 8).
Moreover, dδB‖/dt contains shorter-periodwaves compared
to that for T0 = 25 sec. The signal detected in the plasmas-
phere is composed of the components emitted from all places
of the spatial extent of the source current. When the source
current is extended in the radial direction, the signal emitted
in the nearest part and that in the farthest part of the source
current region have a significant phase difference. By sum-
ming up all of the signals emitted from all parts of the source
current, the plasmasphere virtual resonance oscillation be-
comes obscure. This is the reason that the plasmasphere
virtual resonance oscillation becomes slightly unclear when
the source current is extended in the radial direction.
Next, let us investigate the dependence of the plasmas-

phere virtual resonance oscillation on the location of the
source current (Fig. 13). This figure shows δB‖ and dδB‖/dt
at L = 3.8 and L = 5.9 for the source current with Lcent =
15. (In order to avoid the effects of the artificial wave-
absorbing layer and the outer boundary, we change themodel
in which the outer boundary is located at Lout = 35 and the
wave-absorbing layer is placed at L > 30.) Comparing the
signal behavior for Lcent = 10 (Fig. 6) and that of Lcent = 15

Fig. 14. Spatial profiles of the source current located at about 1Re apart
from the equator (μcent = 0.001, �μ = 0.001, �ν = 0.01, Lcent = 10).

Fig. 15. Waveforms of δB‖ (full line) and δBν (broken line) in the equatorial
plane for the source current shown in Fig. 15. (a) waveforms at L = 3.8
and (b) at L = 5.9. T0 = 5 sec.

(Fig. 13), the latter has the plasmasphere virtual resonance
oscillation appearing considerably after the commencement
of the initial signal. This feature is quite different from the
typical Pi2 waveform. Namely, this may indicate that Pi2
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Fig. 16. Waveforms of dδB‖/dt (full line) and dδBν/dt (broken line) in the
equatorial plane for the source current shown in Fig. 15. (a) waveforms
at L = 3.8 and (b) at L = 5.9. T0 = 5 sec.

pulsation is generated when the source current is located
within L = 10.
3.4 Source current located in the off-equator region
So far, we have investigatedMHD signals generated by the

source current for which the spatial distribution is symmetric
with respect to the equator. Here, let us consider the case in
which the source current is asymmetric. This is a likely case
in SSC events, in which the solar wind shock impinging on
the magnetopause has a shock front that is not vertical to the
equatorial plane of the Earth. (However, since the source
current for Pi2 seems to be symmetric with respect to the
equator, the off-equatorial source current may be an unlikely
case in the Pi2 event.) In order to investigate the effect of
this asymmetry, we employ the source current located in the
off-equator region. Thus, μcent in Eq. (2) is set as 0.001,
which corresponds to the center of the source current located
approximately 1Re from the equator, as shown in Fig. 14.
Figures 15 and 16 illustrate the waveforms of δB‖ and

δBν in the equatorial plane at L = 3.8 and L = 5.9. δBν

has non-zero amplitude at the equator in the case of the off-
equatorial source current. This is in contrast to the case
of the equatorial source current. In other words, when the
poloidal component (δBν) of the MHD signal is detected by
satellite at the equator, we may guess that the source cur-
rent is asymmetric with respect to the equator. Next, from

Figs. 6, 15, and 16, we find that δB‖ does not change greatly
when the source current is located in the off-equatorial re-
gion. δBν has a shorter frequency than δB‖. This feature
is also evident in dδBν/dt and dδB‖/dt . Here, we refer to
the symmetric mode/anti-symmetric mode as the eigenvec-
tor having the electric field symmetric/anti-symmetric with
respect to the equator. The symmetric mode has zero δBν ,
non-zero δB‖, and non-zero δEϕ at the equator. On the other
hand, the anti-symmetric mode has non-zero δBν , zero δB‖,
and zero δEϕ at the equator. In the case of the equatorial
source current, only the symmetric modes are generated. In
the case of the off-equatorial source current, both symmet-
ric and anti-symmetric modes are generated. Therefore, for
the off-meridional source current, at the equator, δB‖ con-
sists of only the symmetric modes and δBν consists of only
the anti-symmetric modes. Bearing in mind that the funda-
mental symmetric mode has a longer eigenperiod than the
anti-symmetric mode with the longest eigenperiod, we un-
derstand that δB‖ has a longer period than δBν . Note that the
period of δB‖ is not simply twice as large as that of δBν . In
otherwords, thewaveformof δBν seems to be independent of
that of δB‖. One of the reasons for this is that the ratio of the
eigenperiods of the fundamental and second harmonic eigen-
vectors is not 1:2 in nonuniform systems such as the Earth’s
magnetosphere. Another reason is that several eigenvectors
contribute to δB‖ and δBν at the same time. Therefore, δB‖
and δBν may be detected as independent oscillations when
the source current is asymmetric with respect to the equator.

4. Discussion and Conclusions
4.1 Discussion
We have determined that the plasmasphere virtual reso-

nance oscillation of the compressional magnetic perturba-
tion (δB‖) has a waveform that depends on the temporal
variation of the source current and the radial extent of the
source current. The plasmasphere virtual resonance oscil-
lation has a clear oscillatory waveform with the period of
typical Pi2 pulsation when the source current is confined in
the radial direction to the extent of approximately 1 ∼ 2Re.
When the source current spreads wider in the L direction, the
waveform in the plasmasphere becomes unclear. At the same
time, the induction observation (dδB‖/dt) detects the shorter
frequency component. On the other hand, as the rise time of
the source current becomes longer, the waveform becomes
similar to the case of the wider source current. However, the
induction record does not have the shorter-period compo-
nent. These results indicate the possibility for evaluating the
spatial and temporal behavior of the source current from the
observation of the Pi2 pulsation in the plasmasphere when
the VA model in the magnetosphere is given.

Next, the present model suggests that the source current
should be located at L ≤ 10 for the plasmasphere virtual res-
onance oscillation with typical Pi2 waveform. Note that the
magnetosphere model depicted in Fig. 2 represents a rather
quiet magnetosphere. Usually, the plasmapause is located at
approximately L = 4 ∼ 5. In this case, the location of the
source current may be closer to the Earth. The “depth” of
VA in the plasmasphere affects the waveform of the plasma-
sphere resonance oscillation. In any condition of the mag-
netospheric activity, the location of the source current that
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produces the typical Pi2 pulsation in the plasmasphere may
not shift far away from the plasmapause. This location of the
source current is consistent with the location of the current
disruption (Takahashi et al., 1987; Lui, 1996). Note that the
present numerical analysis uses the dipole magnetosphere.
This model is valid in L < 10. The waveform of the com-
pressional perturbation based on the source current located at
L = 15 in our numerical calculation may be modified due to
the fact that the magnetosphere becomes different from the
dipole magnetosphere model. However, the plasmasphere
virtual resonance oscillation may not have a waveform that
is similar to the typical Pi2 signal because VA can be regarded
to decrease in the radial direction, similar to that in the dipole
magnetosphere.
The azimuthally uniform source current model is equiv-

alent to the case in which m (the azimuthal wave number)
is zero. Thus, the coupled oscillation is not considered in
the present paper. As discussed by Fujita and Patel (1992),
the compressional magnetic field does not exhibit singular
behavior on the field line where field line resonance occurs.
Therefore, as long as the compressional component is treated,
no field-line resonance occurs. Next, Lee (1996) found that
the plasmasphere virtual resonance oscillation depends on
m. Namely, a source signal having smaller m can pene-
trate deep into the plasmasphere. Satellite observations in
the inner magnetosphere revealed that the Pi2 pulsations ap-
pear only in the nightside (Takahashi et al., 1992). This
observation suggests that m of the Pi2 pulsation in the plas-
masphere should be 2 ∼ 3. Therefore, the amplitude of the
plasmasphere virtual resonance oscillation may be reduced
compared to the present numerical results. As long as m is
not excessively large, the results obtained in the present pa-
per may remain valid in the meridian of the center longitude
of the source current (midnight). The m-control of the plas-
masphere virtual resonance oscillation is our next problem.
In addition, in the case of nonzero-m, the fast mode wave
couples to the Alfvén wave and the field-aligned currents
carried by the Alfvén waves are dissipated at the ionosphere
by conductivity. This leads to damping of the pulsation and
Poynting flux that is directed toward the ionosphere. Osaki
et al. (1998) showed that the Poynting flux associated with
the magnetospheric Pi2 pulsation is directed away from the
equator. However, the field-aligned Poynting flux vanishes
in our simulation because the fast mode wave is perfectly
reflected by the ionosphere. Therefore, our simulation could
reveal only the plasmasphere virtual resonance oscillation
seen in the compressional component associated with the
Pi2 pulsation. Inclusion of a realistic ionospheric conductiv-
ity and coupled oscillation is an important subject of future
study with respect to the simulation.
In the present paper, the source current itself does not

move; rather, only its intensity varies in time. However, this
assumption may be simplified. For example, the SSC pushes
the magnetopause toward the Earth. Then, the Chapman-
Ferraro current changes its location and intensity in time.
The current disruption region also moves from the near-
Earth magnetotail toward the deep magnetotail (Ohtani et
al., 1992). In future studies, the moving source current must
be taken into consideration. At the same time, a more realis-
tic magnetosphere model that describes well the magnetotail

in the nightside must be used.
The source current model adopted herein is a simplified

model. Physically speaking, the current disruption cannot
be described in terms of the MHD theory (Lui, 1996) and
the cold plasma approximation is not valid in the near-Earth
magnetotail region in the substorm period. The source cur-
rent employed in the present paper is an “equivalent” current
that produces the plasmasphere virtual resonance oscillation
of the Pi2 pulsation. Direct observation of the plasma and
field in the current disruption region indicates that the current
system is temporarily and spatially complex compared to the
present current system (Takahashi et al., 1987). Not all of
the components of such a complex current system are likely
to propagate to the plasmasphere to form the plasmasphere
virtual resonance oscillation. The current system averaged
over the current disruption region, which has a larger spa-
tial scale and a longer time scale, may have been the source
current employed in the present paper.
4.2 Conclusions
The present paper investigated propagation of the MHD

signal generated by the impulsive eastward current (the
source current) as a simplifiedmodel of the Pi2 signal and Psc
in the inner magnetosphere based on modal analysis using
FEM. The compressional magnetic component in the plas-
masphere was mainly investigated. The model has a dipole
magnetic field with the ionosphere as the lower boundary of
the magnetosphere. The outer boundary is placed far from
the plasmasphere in order to eliminate the effect of the outer
boundary from the behavior of the plasmasphere virtual res-
onance oscillation. The numerical calculation reveals the
waveform of the plasmasphere virtual resonance oscillation
of the Pi2 pulsations.
The following results were obtained:

1) The source current generates the plasmasphere virtual
resonance oscillation. Evaluation of position and tem-
poral variation of the source current may be possible.
The source current is related to the large-scale magne-
tospheric eastward current that is associated with the
current disruption.

2) When the source current is located in the outer mag-
netosphere (L > 15), the waveform becomes different
from that of the typical Pi2 signal. Therefore, the source
current that makes the typical Pi2 signal in the plasmas-
phere should be located fairly close to the plasmapause.

3) When the source current is distributed symmetrically
with respect to the equator, only an azimuthal electric
field and compressional magnetic field appear at the
equator, whereas the poloidal magnetic field vanishes
at the equator. When the current is located off-equator,
the poloidal component appears at the equator and has a
different waveform than that of the compressional com-
ponent at the equator.

4) The compressional magnetic component appears to be
confined within ±20◦ ∼ 30◦ around the magneto-
spheric equator in the plasmasphere. This is consis-
tent with the result observed by theAKEBONO satellite
(Osaki et al., 1998).
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The waveform of the impulse-stimulated pulsation
(Pi2/Psc) is very important because it carries information
on the source current. These pulsations have been studied
based on spectral analysis. However, using pulsations such
as the Pi2 pulsation in evaluating the source current proper-
ties requires the direct analysis of the waveform.
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Appendix A. Modal Analysis of theMHDEquation
The basic equation for FEM eigenmode analysis is ob-

tained as Eq. (3) without the r.h.s. term by multiplying δE∗
⊥

(a piecewise FEM element function in Galerkin method) and
then integrating the result in the magnetosphere. Galerkin
formulation used in the present study is explained by Fujita
and Patel (1992).
By assuming temporal variation as est , the FEM equation

is written as∫
ms

dV (∇ × δE∗
⊥)(∇ × δE⊥) +

∫
ms

dV
s2

V 2
A

δE∗
⊥δE⊥

+
∫
is
dSs�PδE∗

⊥δE⊥ +
∫
ms

dV sσδE∗
⊥δE⊥ = 0.

(A.1)

(The ionospheric conductivity is included in Eq. (A.1) for
generality, but is not considered in the present paper.) The
eigenvectors obtained through Eq. (A.1) compose an orthog-
onal system. This means that any function can be expanded
using these eigenvectors: this is the fundamental concept of
modal analysis.
Discretizing Eq. (A.1) in space, we obtain

s2BX + sCX + AX = 0, (A.2)

where X is the row vector for FEM-discretized δE⊥. A, B,
and C are real matrices. Then, let si and zi be the eigen-
value and corresponding row eigenvector of Eq. (A.2), re-
spectively. Note that s̄i and z̄i (complex conjugates) are also
the eigenvalue and eigenvector of Eq. (A.2), respectively, be-
cause matrices A, B, and C are real. The orthogonality of
the eigenvector is defined as

[
si zTi zTi

] [
0 B

B C

] [
s j z j
z j

]

= (
s j z

T
i Bz j + si z

T
i Bz j + zTj Czi

)
δi j , (A.3)[

si zTi zTi

] [
B 0

0 −A

] [
s j z j
z j

]

= (
s j si z

T
i Bz j − zTj Azi

)
δi j , (A.4)

where zT denotes the transposed vector of z. These relations
are valid for z̄.

Next, we explain the method used to obtain temporal vari-
ation of the MHD signal that is driven by an external source.
Let f(t) be the FEM-discretized form of the source current
(
∫
dV δE∗

⊥(−μ0∂J/∂t)). By retaining time-derivatives in
Eq. (A.1), the FEM-discretized form of Eq. (A.1) with the
source current term in r.h.s. becomes

BẌ(t) + CẊ(t) + AX(t) = f(t). (A.5)

When we define Y(t) as Ẋ(t), Eq. (A.5) is transformed into

[
0 B

B C

] [
Ẏ(t)

Ẋ(t)

]
=

[
B 0

0 −A

] [
Y(t)

X(t)

]
+

[
0

f(t)

]
. (A.6)

Next, we define [
p(t)

q(t)

]
= �−1

[
Y(t)

X(t)

]
, (A.7)

where

� =
[
Z� Z̄�̄

Z Z̄

]
, Z =

[
z1 · · · zn

]
, (A.8)

where n is the size ofmatrices, A, B, andC . � is the diagonal
matrix having the element siδi j . By using the orthogonal
relation indicated by Eqs. (A.3) and (A.4), we obtain, after
some algebraic manipulation, the following equations

αi ṗi (t) = βi pi (t) + gi (t), (A.9)

ᾱi q̇i (t) = β̄i qi (t) + ḡi (t), (A.10)

where

αi = 2si zTi Bzi + zTi Czi , (A.11)

βi = s2i z
T
i Bzi − zTi Czi , (A.12)

where i = 1, . . . , n. Note that the vector g(t) transports
information about the source current, such as

g(t) = (g1(t), . . . , gn(t))
T = ZT f(t). (A.13)

This equation indicates that each gi (t) corresponds to the
contributionof each eigenvector zi to the source current (f(t)).
When Eq. (A.9) is solved for the initial condition that there
are no disturbances at t = 0, we obtain

pi (t) = e(βi/αi )t

{∫ t

0

gi (t ′)
αi

e−(βi/αi )t ′
}

, (A.14)

and qi (t) = p̄i (t). Note that βi/αi = si . Finally, the electric
field perturbation (X) is obtained as

X(r, t) = Z(r)p(t) + Z̄(r)q(t) = 2�Z(r)p(t)

= 2�
n∑

i=1

zi (r)pi (t). (A.15)

Equation (A.15) shows that pi (t) is a kind of “weight” of the
eigenvector, zi .
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