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Excitation of electrostatic electron cyclotron harmonic (ECH) waves is studied by performing linear dispersion
analysis and particle-in-cell computer simulation. The ECH wave emissions can be excited by a positive slope
in a velocity distribution function perpendicular to the ambient magnetic ﬁeld, such as that due to a loss cone
or ring velocity distribution. However, there exists no analytic expression for integration of Maxwellian ring
velocity distribution functions. Here we present a method to solve the linear dispersion relations of Maxwellian
ring velocity distribution functions with numerical integration. The obtained dispersion relations are conﬁrmed
by particle-in-cell simulation.
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1.

Introduction

Electrostatic electron cyclotron harmonic (ECH) waves
are observed in the near-Earth equatorial region (e.g., Kennel et al., 1970; Rönnmark et al., 1978; Kurth et al., 1979a,
b, 1980; Rönnmark and Christiansen, 1981; Horne et al.,
1981, 1987; Koons and Fennel, 1984; Matsumoto and Usui,
1997; Usui et al., 1997, 1999a, b; Shinbori et al., 2007).
The ECH wave emissions were observed at frequencies
f ∼ (n + 12 ) f ce , where n is a positive integer and f ce denotes the electron cyclotron frequency.
It is well known that the ECH waves can be excited by an
electrostatic instability induced when an electron velocity
distribution function F(v|| , v⊥ ) (where v|| and v⊥ are velocity components parallel and perpendicular to the ambient
magnetic ﬁeld, respectively) has a region of positive gradient, i.e., ∂ F/∂v⊥ > 0. Thus, a loss cone or ring velocity distribution is likely to drive ECH waves unstable, and
the presence of the cold background electrons strongly affects the growth rates (Fredricks, 1971; Young et al., 1973;
Young, 1975; Ashour-Abdalla et al., 1975, 1979; AshourAbdalla and Kennel, 1978a, b), which may explain the enhancement of such waves near the plasmapause.
The effects of a loss cone distribution have been examined in a number of theoretical linear dispersion analyses of
ECH waves whereby the loss cone feature of the distribution was modeled using subtracted Maxwellian velocity distribution functions (e.g., Ashour-Abdalla et al., 1975, 1979;
Ashour-Abdalla and Kennel, 1978a, b). However, selfconsistent particle-in-cell (PIC) simulations of loss cone
distributions, which can be used to analyze nonlinear effects, are difﬁcult to be carried out. Since a loss cone distribution, which is relatively narrow, as expected from the
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magnetospheric conditions in which these waves are observed (∼ few degrees), would be weakly unstable, it is difﬁcult to study with PIC codes because of its high numerical
noise level.
For the reason, the excitation of ECH waves has been examined by means of two-dimensional PIC simulations assuming a Maxwellian ring distribution (Ashour-Abdalla et
al., 1980; Umeda et al., 2007). The Maxwellian ring velocity distribution was adopted since the resulting physical processes are similar to those occurring in a loss cone
distribution. In contrast, the electrostatic linear dispersion
relation for Maxwellian ring velocity distributions has not
been analyzed because there is no analytic expression for
the integral of ring distribution functions over v⊥ . Thus,
cold plasma approximations, i.e., the Dirac delta functions,
were used in previous theoretical works on the linear dispersion relation of ring velocity distributions (e.g., Fredricks,
1971; Tataronis and Crawford, 1970a, b; Lee and Birdsall,
1979; Sotnikov et al., 1995; Convery, 1997). The purpose
of this paper is to present a method for solving the linear
dispersion relations of Maxwellian ring velocity distributions with a numerical integration. The results of the linear
dispersion analysis are compared against PIC simulation results.
The paper is structured as follows. The Maxwellian ring
velocity distribution is introduced and its linear dispersion
equation is derived in Section 2. The linear dispersion relation of electrostatic ECH waves is analyzed and compared
against PIC simulation in Section 3. A summary and discussion of the results are presented in Section 4.

2.

Theoretical Formulation

The starting point of the present analysis is the Harris dispersion equation of electrostatic waves in a uniform magnetic ﬁeld (Harris, 1959),
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where s = 0smss and s = mqss B0 represent the plasma
frequency and the cyclotron frequency, respectively, for
species s, ω∗ ≡ ω + iγ represents the complex frequency,
and k|| , k⊥ , and v|| , v⊥ represent wavenumbers and velocities in the directions parallel and perpendicular to the ambient magnetic ﬁeld B0 , respectively.
We use a Maxwellian ring velocity distribution function,

Fig. 1. Plots of the functions X n and Yn for n = 1.
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3. Numerical Results
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Here the left-hand side of Eqs. (3) and (4) are analytically whereas the cold background electrons have zero ring veexpressed by using the plasma dispersion function Z (ζ ). locity (Vr c = 0). Isotropic thermal plasmas are also asFor the left-hand side of Eqs. (5) and (6), on the other hand, sumed, i.e., Vts|| = Vts⊥ = Vts . Since only high-frequency
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Fig. 2. Growth rates of electrostatic ECH waves in (k|| , k⊥ ) space with Vtc /Vth = 0.1, Vr /Vth = (a) 6.0, (b) 5.0, (c) 4.0, (d) 3.0, (e) 2.0, and (f) 1.0.

e (= h = c ) = −0.3, the density ratio n h /n c = 4.0,
and the isotropic thermal velocity of hot ring electrons
Vth = 1.0. It is also assumed that a condition outside the
plasmapause where a warm plasma with a positive slope in
the velocity distribution function is injected into a plasmaspheric low-density cold plasma on closed ﬁeld lines.
3.1 Growth rates of ECH waves in (k|| , k⊥ ) space
Figures 2 and 3 show the normalized growth rates of ECH
waves γ /|e | in (k|| , k⊥ ) space. In Fig. 2, the ring velocity
is varied as Vr = 6.0, 5.0, 4.0, 3.0, 2.0, and 1.0 with a
constant isotropic thermal velocity of cold electrons Vtc =
0.1. In Fig. 3, the thermal velocity of cold electrons is varied
as Vtc = 0.2, 0.3, and 0.4 with a constant ring velocity
Vr = 3.0. The parallel and perpendicular wavenumbers k||
and k⊥ are normalized by the gyro-radius of hot electrons
ρh ≡ Vth /|e |. In the present (k|| , k⊥ ) space search, we
used Muller’s complex-root ﬁnder (Muller, 1956) to obtain
the numerical solution to the dispersion equation (Eq. (9)).
The linear dispersion analysis shows that the ECH
waves have positive growth rates at the frequency range
of ω/|e | = 1.4 ∼ 1.8, which is below the upperhybrid 
resonance frequency of the cold background electrons, 2c + 2e . Thus, the cold background electrons
affects the linear dispersion relation of the ECH waves
(Fredricks, 1971; Young et al., 1973; Young, 1975; AshourAbdalla et al., 1975, 1979; Ashour-Abdalla and Kennel,
1978a, b).
The ECH waves have maximum growth rates at a parallel
wavenumber range of k|| ρh = 0.25 ∼ 0.5. A typical
cyclotron resonance velocity is given by

fected by the Landau damping.
Figure 2 shows that the perpendicular wavenumber of the
ECH mode becomes larger as the ring velocity becomes
slower. The ECH waves have maximum growth rates at
k⊥ Vr /e ∼ 5 when the ring velocity is faster than the
perpendicular thermal velocity of hot electrons. This result
indicates that the perpendicular wavenumber of the ECH
mode is determined by the ring velocity.
Figure 3 shows that the growth rate of ECH mode becomes lower as the thermal velocity of cold electrons becomes faster. The parallel wavenumber range of the unstable ECH waves becomes narrower as the thermal velocity of cold electrons becomes faster. The perpendicular wavenumber range of the unstable ECH waves is also
slightly modiﬁed. The wave normal angle of the most unstable ECH mode is modiﬁed by the cold electron temperature. To study the effect of both Landau and cyclotron damping, results with Vtc|| = 0.4, Vtc⊥ = 0.1
and Vtc|| = 0.1, Vtc⊥ = 0.4 are shown in Fig. 3(d) and
Fig. 3(e), respectively. When the parallel thermal velocity of cold electrons increases, the parallel wavenumber
range of ECH waves becomes narrower while the perpendicular wavenumber range does not change (see Fig. 2(d)
and Fig. 3(d)). This results from the parallel thermal velocity affecting only Z  (ζ )(= −2[1 + ζ Z (ζ )]) in Eq. (9).
On the other hand, when the perpendicular thermal velocity of the cold electrons increases, the growth rate of ECH
mode decreases and the perpendicular wavenumber range
becomes slightly narrower. The perpendicular thermal velocity affects the arguments of both X n and Yn in Eq. (9).
A larger Vt⊥ gives a larger a and a smaller b, which can
ω + e
0.7|e |
V p|| =
∼
= 2.33Vth .
change the properties of X n and Yn , as shown in Fig. 1,
k||
0.3/ρh
and the cyclotron resonance condition can be modiﬁed. In
The ECH waves have positive growth rates in a resonance summary, the parallel thermal velocity determines the parvelocity range faster than the thermal velocity of hot ring allel wavenumber range of ECH waves while the perpenelectrons. Thus, the growth of the ECH waves is not af- dicular thermal velocity determines the dispersion relation
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Fig. 3. Growth rates of electrostatic ECH waves in (k|| , k⊥ ) space with Vr /Vth = 3.0, Vtc /Vth = (a) 0.2, (b) 0.3, and (c) 0.4.

and growth rate of ECH waves.
3.2 Comparison with PIC simulation
The present linear analysis was conﬁrmed by performing a PIC simulation. A 2.5-dimensional electromagnetic
PIC code (Umeda, 2004) is used in which Maxwell’s equations and the equations of motion for individual charged
particles are solved in a self-consistent manner in two spatial and three velocity dimensions. The simulation system
is taken in the x–y plane with a simulation box size of
L x × L y = 512λe × 128λe , where λe = Vth /e is the electron Debye length. The ambient magnetic ﬁeld is taken in
the x direction. Periodic boundary conditions are imposed
in both the x and y directions for both ﬁelds and particles.
A total of 256 particles were used per cell for each component. The time step and the grid spacing of the present
simulation are e t = 0.032 and x = y = λe , respectively. Detained descriptions on the simulation setup
are given by Umeda et al. (2007).
The maximum growth rates of the ECH waves obtained
by the PIC simulation and the numerical dispersion analysis are compared in Fig. 4. The bracketed numbers represent mode numbers of the most unstable ECH mode in
each PIC simulation, where the mode number corresponds
to the number of spatial oscillation cycles in the x and y
directions, i.e., (L x k|| /2π, L y k⊥ /2π). Thus, the maximum
growth rate is also a function of wavenumbers. Note that
the wavenumbers and the maximum growth rates do not
necessarily correspond to the theoretical analysis shown in
Figs. 2 and 3 because of the discrete wavenumbers in computer simulations.
Figure 4(a) shows the simulated and theoretical growth
rates of as a function of ring velocity Vr , and Fig. 3(b)
shows the growth rates of ECH waves as a function of
cold thermal velocity Vtc . The result shows an excellent
agreement between the PIC simulation and the numerical
analysis of the linear dispersion relation (Eq. (9)). Note

Fig. 4. Comparison between PIC simulation and numerical analysis of
the theoretical dispersion relations: Simulated and theoretical maximum
growth rates of ECH waves as functions of (a) Vr and (b) Vtc . The
theoretical growth rates are plotted as solid lines, while the simulated
growth rates are plotted as circles. The numbers in parenthesis represent
mode numbers of the most unstable ECH modes in the PIC simulation,
(L x k|| /2π, L y k⊥ /2π ) with L x = 512λe , L y = 128λe .

that we cannot ﬁnd the growth of the ECH mode in the run
with Vr /Vth = 1.0 in Fig. 4(a) because the growth rate is
too small to follow a PIC simulation with a high numerical
noise level.

4.

Summary and Discussion

In the present paper, excitation of electrostatic electron
cyclotron harmonic (ECH) waves is studied by means of
theoretical dispersion analysis and particle-in-cell (PIC)
computer simulation. A theoretical expression for the ECH
waves due to Maxwellian ring velocity distributions is ﬁrst
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derived, and then the linear dispersion equation is numeri- for kk=1:nb
ymin=max(0,b(kk)-5); % Minimum y
cally solved.
ymax=
b(kk)+5;
% Maximum y
As there is no analytic expression for integrals of the
y =linspace(ymin,ymax,ny+1); % yy
Maxwellian ring velocity distribution over the velocity
dy=y(2)-y(1);
% dy
component perpendicular to the ambient magnetic ﬁeld, the
for jj=1:na
former was analyzed using the cold approximation (e.g.,
for ii=1:nn
% F_n(y)
Fredricks, 1971; Tataronis and Crawford, 1970a, b; Lee
F(1:ny+1)=besselj(n(ii),a(jj)*y(1:ny+1)).ˆ2 ...
.* exp(-(y(1:ny+1)-b(kk)).ˆ2)
...
and Birdsall, 1979; Sotnikov et al., 1995; Convery, 1997).
.* y(1:ny+1);
In this study, the ring distribution is integrated numerically
end
and dispersion relations are then derived. The obtained dis- %% Simpson’s Numerical Integration
persion relations have been compared against the PIC sim- %
tmp(1:ny/2)=(F(1:2:ny-1)+F(2:2:ny)*4+F(3:2:ny+1));
ulations. The result shows an excellent agreement between
XX(ii,jj,kk)=sum(tmp)*dy/3;
the numerical analysis and the computer simulation.
end
In this study, we assumed a condition outside the plasma- end
pause in which an unstable velocity distribution consists of
a warm ring plasma and a plasmaspheric low-density cold Appendix B. Function Y n in MATLAB
plasma. Detained nonlinear consequences due to the ring function YY = plasma_Y(n,a,b)
%
velocity distribution have been reported by Umeda et al. % Integrate F_n(y) = J_n(a*y)ˆ2 * exp(-(y-b)ˆ2) * (y-b)
(2007). Here, the perpendicular wavenumber of the ECH % from 0 to infinity.
%
mode is shown to be proportional to the ring velocity when
% The number of element
the ring velocity is faster than the thermal velocity of hot ny = 200;
electrons. The parallel phase (resonant) velocity of the ECH nn = length(n); % ii
mode becomes slightly faster as the ring velocity becomes na = length(a); % jj
nb = length(b); % kk
faster. The temperature of the cold electrons affects the linear dispersion relation and the growth rate. Since the fre- YY = zeros(nn,na,nb);
quency of the ECH mode is determined by the upper-hybrid for kk=1:nb
ymin=max(0,b(kk)-5); % Minimum y
resonance frequency of cold electrons, the density ratio of
ymax=
b(kk)+5;
% Maximum y
cold-to-hot electrons is an important parameter. Thus, propy =linspace(ymin,ymax,ny+1); % yy
erties of ECH waves inside the plasmapause and plasmady=y(2)-y(1);
% dy
sphere would be different from those outside the plasmafor jj=1:na
pause.
for ii=1:nn
% F_n(y)
The present approach is useful when the perpendicular
F(1:ny+1)=besselj(n(ii),a(jj)*y(1:ny+1)).ˆ2 ...
.* exp(-(y(1:ny+1)-b(kk)).ˆ2)
...
velocity distribution is not an analytic function. The inte.* (y(1:ny+1)-b(kk));
gral can be easily obtained using Simpson’s rule, and linear
end
dispersion relations can be numerically derived in Eq. (9) %
% Simpson’s Numerical Integration
as long as a parallel velocity distribution is a Maxwellian. %
tmp(1:ny/2)=(F(1:2:ny-1)+F(2:2:ny)*4+F(3:2:ny+1));
When a parallel velocity distribution is not a Maxwellian
YY(ii,jj,kk)=sum(tmp)*dy/3;
nor an analytic function, however, it is not easy to inteend
grate the parallel velocity distribution because the integral end
becomes a complex number. In such a case, a numerical
method proposed by Nakamura and Hoshino (1998) would References
be useful to numerically derive linear dispersion relations. Ashour-Abdalla, M. and C. F. Kennel, Multi-harmonic electron cyclotron
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Appendix A. Function Xn in MATLAB
function XX = plasma_X(n,a,b)
%
% Integrate F_n(y) = J_n(a*y)ˆ2 * exp(-(y-b)ˆ2) * y
% from 0 to infinity.
%
ny = 100;

% The number of element

nn = length(n); % ii
na = length(a); % jj
nb = length(b); % kk
XX = zeros(nn,na,nb);
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