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Investigation on relationship between
epicentral distance and growth curve of initial
P-wave propagating in local heterogeneous
media for earthquake early warning system
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Abstract

In the earthquake early warning (EEW) system, the epicenter location and magnitude of earthquakes are estimated
using the amplitude growth rate of initial P-waves. It has been empirically pointed out that the growth rate becomes
smaller as epicentral distance becomes far regardless of the magnitude of earthquakes. So, the epicentral distance can
be estimated from the growth rate using this empirical relationship. However, the growth rates calculated from different
earthquakes at the same epicentral distance mark considerably different values from each other. Sometimes the growth
rates of earthquakes having the same epicentral distance vary by 104 times. Qualitatively, it has been considered that
the gap in the growth rates is due to differences in the local heterogeneities that the P-waves propagate through. In
this study, we demonstrate theoretically how local heterogeneities in the subsurface disturb the relationship between
the growth rate and the epicentral distance. Firstly, we calculate seismic scattered waves in a heterogeneous medium.
First-ordered PP, PS, SP, and SS scatterings are considered. The correlation distance of the heterogeneities and fractional
fluctuation of elastic parameters control the heterogeneous conditions for the calculation. From the synthesized waves,
the growth rate of the initial P-wave is obtained. As a result, we find that a parameter (in this study, correlation distance)
controlling heterogeneities plays a key role in the magnitude of the fluctuation of the growth rate. Then, we calculate
the regional correlation distances in Japan that can account for the fluctuation of the growth rate of real earthquakes
from 1997 to 2011 observed by K-NET and KiK-net. As a result, the spatial distribution of the correlation distance shows
locality. So, it is revealed that the growth rates fluctuate according to the locality. When this local fluctuation is taken
into account, the accuracy of the estimation of epicentral distances from initial P-waves can improve, which will in turn
improve the accuracy of the EEW system.
Findings
Introduction
In the earthquake early warning (EEW) system, the mag-
nitude and epicenter location of earthquakes are estimated
within several seconds after P-wave arrival. Nakamura
(1988) developed an EEW system called the Urgent Earth-
quake Detection and Alarm System (UrEDAS), used by
railways to stop trains in advance of the strong seismic
motion. In the UrEDAS system, the magnitude of
earthquakes is estimated from the predominant fre-
quency of P-waves using a single-station record (the
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single-station method). Then, the epicentral distance
is estimated using the estimated magnitude and the
observed amplitude of the P-wave. Odaka (2003) sug-
gested a new method to estimate epicentral distance also
using a single-station record. In this method, Eq. (1) is fit-
ted to the early portion of the P-wave envelopes.

Bt exp −Atð Þ ð1Þ

where A and B are constants, and t represents time. A
and B are determined by a least-squares method. From
the B value, epicentral distances are estimated using an
empirical relationship. Odaka (2003) pointed out that
the B value decreases as the epicentral distance in-
creases. The decrease in the B value is mainly due to the
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geometrical spreading and scattering and anelastic at-
tenuation of seismic waves. As the amplitude of P-waves
decreases by propagating through the medium, the amp-
litude growth rate of the early portion of the P-waves
also decreases. The decrease seemed to be independent
of the magnitude of the earthquakes. Thus, the B value
can be used to estimate the epicentral distance. How-
ever, in practice, the B values of different earthquakes
show quite different values even if the epicentral dis-
tances are same. The gap in the B values is sometimes
by 104 times. So, the epicentral distances estimated from
B values include error to some extent, sometimes the
error reaches to 102 km order. Possible causes of the gap
in the B values are differences in the radiation pattern,
source function, conditions of the subsurface, etc. How-
ever, Odaka (2003) pointed out that differences in radi-
ation patterns do not result in an order-of-magnitude
difference of the B values, except for the case when the
seismic station is located near the nodal plane. More-
over, the B values of the observed earthquakes in this
study are calculated from high-frequency (higher than
10 Hz) seismic waves. It has been pointed out that the
radiation pattern of high-frequency seismic waves
(higher than several hertz) seems to be isotropic (e.g.,
Liu and Helmberger 1985 for S-wave and Kobayashi
et al. 2014 for P-wave). Source functions whose duration
times reach several seconds or more, i.e., earthquakes
bigger than magnitude M7, may cause a significant
change to the B value. This is because the source dur-
ation time is longer than the length of the time window
to calculate the B value, which is 2 s in the present EEW
system. However, the B value fluctuates considerably
even when the magnitude of earthquakes is relatively
small, like M4 or M5. In that case, the source duration
time is on the order of around 10−2−10−1 s. So, the
source function, especially the source duration time,
cannot be the main cause for the B value fluctuation, es-
pecially for relatively low-magnitude earthquakes. The
remaining potential cause for the B value fluctuation is
seismic attenuation and scattering due to heterogeneities
in the subsurface. Tsukada et al. (2004) conducted a theor-
etical calculation on the broadening of scalar wave enve-
lopes based on three-dimensional von Kármán type
random medium. They found that the gap in the B values
of different earthquakes having the same epicentral dis-
tance can be attributed to differences in the scattering con-
dition. In their study, it is assumed that conversion waves
between P and S waves (i.e., PS and SP conversions) are
negligible. However, P coda waves seem to be dominated
by the SP conversion waves (Yoshimoto et al. 1997a).
In this study, we theoretically calculated P-waves in a

heterogeneous medium considering the conversion
waves between P and S waves and obtained theoretical B
values. We showed that variation in the condition of
heterogeneities (correlation distance) changes the B
values and causes fluctuation in the B values even if the
epicentral distances are the same. Then, we compared
the theoretically calculated B values with those calculated
from earthquakes in 1996–2011 observed by K-NET and
KiK-net in Japan. The B values calculated from various
earthquakes showed different values even when their epi-
central distances were the same. We calculated regional
parameters of heterogeneities (correlation distances) in
Japan that can account for the fluctuation in the observed
B values. As a result, it was found that the spatial distribu-
tion of the correlation distances showed a similar tendency
with that of parameters reflecting local heterogeneities,
like coda-Q. The observed B values also showed similar
distribution to that of the correlation distance.
In this study, we hypothesize that the variation in the

condition of heterogeneities causes significant B value
fluctuation, and verify this hypothesis. The fluctuation in
the B values causes error in estimation of epicentral dis-
tances. Thus, if we address the fluctuation in B values by
considering the local condition of heterogeneities, the
estimation of epicentral distances becomes more accur-
ate, which in turn improves the accuracy of the EEW
system.

Calculation of theoretical P-wave
We calculated theoretical P-waves and its scattering
waves (PP, PS, SP, and SS conversions) using the method
by Sato (1984). P-waves were calculated on the basis of
the first-ordered Born approximation. The P-wave radi-
ating from a source fault in the subsurface is scattered
by heterogeneous structures, and the P- and scattered
waves are observed at a receiver on the surface. The het-
erogeneous structure is characterized by an exponential
autocorrelation function with the fractional fluctuation ε
and the correlation distance a. Gao et al. (1983) and
Hoshiba (1991) pointed out that the first-ordered Born
approximation is appropriate within a time window
whose length is shorter than the mean free time of the
medium by about 0.57 times. When P-wave velocity is
5.0 km/s and the mean free path is 102−103 km, the time
appropriate to the first-ordered Born approximation is
101−102 s from the origin of earthquakes, which corre-
sponds to hypocentral distance of ~102 km. Frankel and
Clayton (1986) numerically showed that the amplitude
growth of P-waves is well accounted for by the first-
ordered Born approximation when ε is less than 10 %. In
this study, we used a 2-s length time window from the
onset of P-waves, and considered several % of ε, so that
we could ignore multiple scatterings. Source faults have
parameters, which are strike, dip-and-slip angles, depth,
epicentral distance, and moment magnitude, and these
are all considered in the theoretical calculation. So, the
geometry of source-receiver configuration, the size, and
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the radiation pattern of earthquakes are considered in
the theoretical calculation. Though the radiation pattern
is taken into account for the theoretical calculation, the
directivity effect of earthquakes is not considered be-
cause we adopt a point source. The source function we
adopted is the ω-squared model. The calculated waves
for a given frequency are velocity envelopes, and simply
multiplying the angular frequency ω to the velocity enve-
lopes, we get the acceleration envelope waveforms.
Waveforms were calculated for 4–20 Hz at 1-Hz inter-
vals, and the waves are converted to the time-domain by
the Fourier transform.

Example of theoretical calculation
Figure 1 shows a synthesized P-wave envelope and an
observed seismogram, both are UD components of ac-
celeration. The analyzed earthquake, which occurred on
May 8, 2005 at Tochigi prefecture, Japan, had a moment
magnitude of 4.5 and focal depth of 9.7 km. The ob-
served seismogram was recorded at the K-NET SIT008
station. The observed seismogram was filtered by a
Fig. 1 Observed and synthesized envelope. Observed seismogram is show
The gray shadow shows the 2-s time window which is used to calculate th
Butterworth band-pass filter (4–20 Hz). When the theor-
etical P-wave envelope was calculated, P- and S-wave
velocities (Vp = 5,515 m/s, Vs = 3,126 m/s) were taken
from Matsubara and Obara (2011), and the focal mech-
anism and location were given from the JMA unified
earthquake catalog. The velocities at the intermediate
point of the hypocenter and the station were used. The
density was calculated from the P-wave velocity using the
equation based on Gardner’s relationship (Gardner et al.
1974). In the original Gardner’s relationship, density is in
proportion to the forth root of P-waves. In this study, we
used a modified Gardner’s relationship shown by Eq. (2).

ρ ¼ 1:5Vp
0:35 ð2Þ

Equation (2) was obtained from the core samples of
the boreholes down to the depth of the seismic bedrock
in Chiba prefecture (Chiba prefecture 2004). Here, ρ =
2.73 g/cm3 was obtained from Eq. (2). The heteroge-
neous medium was characterized by a = 800 m and ε =
8 %. The theoretical P-wave envelope matched the
n by the thin line and synthesized envelope is shown by the bold line.
e B value
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observed seismogram well. Thus, P-wave envelopes are
calculated, considering the focal mechanism, location,
and magnitude of earthquakes and the parameters (Vp,
Vs, ρ, a, ε) of the medium that the seismic waves propa-
gate through. Those parameters, except a and ε, are de-
termined when the focal mechanism and location of the
hypocenter and the station are given. The theoretical B
value is obtained by fitting Eq. (1) to the theoretical en-
velope. To fit Eq. (1), a least-squares method is used for
a 2-s envelope from the onset of the P-wave.

Comparison of theoretical and observed B values
We calculated the B value from the UD component of
the observed acceleration waveform envelopes. The
waveforms were observed by the K-NET and KiK-net
stations. The observation term was from March 1996 to
April 2011, and the magnitude range of the analyzed
earthquakes was from 4.0 to 5.0. The source duration
time was far shorter than the time window length (2 s).
The total number of analyzed earthquakes and
Fig. 2 Seismic stations (shaded triangles) and analyzed earthquakes (shade
seismograms were 55 and 2373 (the geometry is shown
in Fig. 2). The arrival time of P-waves was identified by
the Short Time Average to Long Time Average (STA/
LTA) method (Horiuchi et al. 2005). A band-pass filter
(10–20 Hz) was applied to the seismogram. Then, the
envelope was synthesized from the band-passed seismo-
gram by taking the absolute value and smoothing it with
10-Hz intervals. Finally, the B value was acquired by fit-
ting Eq. (1) to the envelope using a least-squares
method. A 2-s envelope from the P-wave arrival was
used for the fitting. We call the B value obtained from
the real earthquakes the observed B value (Bobs.). On the
other hand, the B value was also calculated from the the-
oretically synthesized acceleration envelopes. We call it
the theoretical B value (Btheo.). Focal mechanisms, P- and
S-wave velocities and density are given for the theoretical
calculation as described in the former chapter. The
remaining parameters required for the theoretical calcula-
tion are fractional fluctuation ε and correlation distance a.
We fixed ε to 6 % and a to 150, 200, 600, or 1000 m. The
d circles)
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values of those parameters are comparable with those re-
ported by Yoshimoto et al. (1997b).
Figure 3 shows the Bobs. and Btheo. values for the ana-

lyzed earthquakes. The Bobs. values from different earth-
quakes having the same epicentral distance vary on an
order of more than 104. The Btheo. values were calculated
for each analyzed earthquake. The four lines (a = 150,
200, 600, and 1000 m) of the Btheo.values covered the
wide distribution of the Bobs values. The shorter the cor-
relation distance is, the smaller value the Btheo. marks.
Thus, the fluctuation of the Bobs. values is accounted for
by variation in a. When a is fixed, the stretch of the
Btheo. values at a given epicentral distance is far smaller
than that of Bobs. values. At that time, the stretch of the
Btheo. values is due to variation in the focal mechanism,
the location and size of the earthquakes, and elastic pa-
rameters of the medium. The fluctuation of the Bobs.

values could not be accounted for only by the changes
in those parameters. Consequently, variation in a is a
major cause for the fluctuation in the Bobs. values. The
four lines account for the wide distribution of the Bobs.

values well.
At each K-NET and KiK-net station in Fig. 2, we took

the average of log(Bobs./Btheo.) over all analyzed earth-
quakes detectable at the station, changing a to 150, 200,
600, and 1000 m. Then, the value of a which gives the
minimum value of the average of log(Bobs./Btheo.) was de-
termined for each station (Fig. 4). Figure 5a, b show the
average of log(Bobs./Btheo.) before and after the value of a
is optimized. Value of a at each station is fixed to 200 m
in Fig. 5a, and the value of a is selected to minimize the
average of log(Bobs./Btheo.) in Fig. 5b. The average of log(-
Bobs./Btheo.) in Fig. 5b is nearer to 0.0 than that in Fig. 5a.
The value of a controls heterogeneities, e.g., conditions
Fig. 3 Bobs. and Btheo. values against epicentral distance. Bobs. values
are shown by small dots ( ). Btheo. values are calculated using the
parameters (fault parameters and medium parameters) of target
earthquakes. The red circles are results of a = 1000 m, black 600 m,
green 200 m, and blue 150 m
of seismic scattering, absorption, etc. So, it changes the
shape of the seismic wave envelopes. When a is fixed to
200 m over whole of Japan, the average of log(Bobs./
Btheo.) is a proxy of the difference between the given con-
dition of heterogeneities (a = 200 m) and the real one.
At that time, the spatial distribution of the average of
log(Bobs./Btheo.) (Fig. 5a) shows a negative correlation
with that of coda-Q−1 (Qc

−1) value (8–16 Hz) calculated
in the preceding studies (e.g., Carcole and Haruo 2010;
Jin and Aki, 2005) especially near the Kanto and Tohoku
regions. The side of the Pacific Ocean of those regions,
the average of log(Bobs./Btheo.) in Fig. 5a, is relatively high
while Qc

−1 from Carcole and Sata (2010) relatively low.
Qc
−1 indicates the energy loss of seismic waves due to

heterogeneities and reflects the heterogeneous condi-
tions of the medium. For example, Okamoto et al.
(2013) pointed out that Qc

−1 has a relationship with the
density of cracks in medium. When the Qc

−1 is high, seis-
mic attenuation is also high. The correlation between
the average of log(Bobs./Btheo.) and the value of Qc

−1 also
supports our hypothesis that the Bobs. values vary due to
local variation in the condition of heterogeneities.

Locality of observed B value
The K-NET and KiK-net stations are divided into the
four groups (Fig. 4) in terms of the station’s a value
(150, 200, 600, or 1500 m). The value of a at a station
was chosen to minimize the average of log(Bobs./Btheo.)
over all the seismograms recorded by the station in the
former chapter. To evaluate the respective Bobs. values of
all the analyzed earthquakes, the Bobs. values are plotted,
with colors indicating the four groups (Fig. 6). The Bobs.

values are clearly divided into four clusters. Higher Bobs.

values are obtained at the stations characterized by lon-
ger a. The Bobs. value has locality, which is derived from
the locality of the a value. The lines in Fig. 6 are ap-
proximate curves for each cluster of the Bobs. values. The
approximate curves are obtained from the analogy of the
distance decay equation of seismic wave amplitude. The
equation of the approximate curves is Eq. (3). Hereafter,
we call this equation as B-Δ equation.

logB ¼ α logΔþ βþ γ⋅Δ ð3Þ

where Δ is epicentral distance, α, β, and γ are con-
stants. α relates mainly to geometrical spreading, β to
static effect especially around source and receiver be-
cause it is not multiplied by Δ, and γ to intrinsic and
scattering attenuations along path. At first, we deter-
mined values of α, β, and γ for the Bobs. cluster of a =
1000 m by grid search. α, β, and γ are −4.40 × 10−1, 3.50
and−2.23 × 10−2. Then, we determine those values for
the Bobs. clusters of a = 600, 200, and 150 m. At that
time, α and β are fixed to the values of the Bobs. cluster



Fig. 4 Correlation distance at the seismic stations. Stations colored blue have a = 150 m, green a = 200 m, black a = 600 m, and red a = 1000 m
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of a = 1000 m; that is, α =−4.40 × 10−1 and β = 3.50. Only
γ, which controls intrinsic and scattering attenuations, is
changed, since we focus on those effects. The value of γ
is determined by a grid search. In this procedure, the dif-
ferences among the Bobs. clusters are attributed to local
changes in the intrinsic and scattering attenuations, γ.
Table 1 shows γ values for each a value.
The shorter the correlation distance is, the higher the

observed attenuation is due to heterogeneities. Here,
higher attenuation corresponds to higher absolute value
of γ. In the areas where correlation distance is short, the
initial P-wave amplitude grows more gradually because
the energy in the incident wave scatters into the subse-
quent wave trains and is absorbed. From the gradually
growing initial P-waves, smaller B values are observed.
On the other hand, higher B values are observed at the
area where the correlation distance is longer. It is be-
cause the incident wave is not scattered so much and
has more energy in its initial part. So, the initial P-wave
amplitude grows rapidly.
In the conventional EEW method, especially for rail-
ways, the B-Δ equation has the term of α only, which is
related to geometrical spreading mainly. Moreover, the
coefficient α is calculated using all the Bobs. values. The
Bobs. values at a given epicentral distance have a consid-
erable extent of variance (sometimes 104 times) due to
difference in heterogeneous conditions as we showed.
So, the epicentral distances estimated by the B-Δ equa-
tion also have errors. The errors in the estimated epicen-
tral distances can be on the order of 102 km. The errors
decrease the accuracy of the EEW system. When the B-
Δ equation is defined considering local heterogeneities
properly, the errors in the estimated epicentral distances
will decrease.
We propose a method to consider the local heteroge-

neities, that is, changing the γ value in Eq. (3) according
to the station’s a value. The γ value of the target a value
was calculated using the Bobs. values obtained at the sta-
tion characterized by the target a value. Other choices
to consider the local heterogeneities are changing the β



Fig. 5 The average of log(Bobs./Btheo.). a a is fixed to 200 m when the Btheo. values are calculated. In this condition, locality of heterogeneities is
not taken into consideration. b a is chosen from 150, 200, 600, or 1000 m to minimize the average of log(Bobs./Btheo.) all over the observed
earthquakes at each station
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value or both the β and γ values in Eq. (3). The β value
represents effects around source and receiver, and the γ
value represents effects along path. In this study, al-
though we determined the γ values according to the sta-
tion’s a value, the determination of the γ values
according to the geological conditions (e.g., kind of
Fig. 6 Bobs. values 11classified by the station’s a values and its
approximate curves (B-Δ equations). The blue circles are Bobs.
values at the stations characterized by a = 150 m, the green
circles are by a = 200 m, the black circles are by a = 600 m, and
the red circles are by a = 1000 m
plates, tectonic line) could be a more simple choice in
practical use.
Summary and discussion
In this study, we hypothesized that B values for a given
epicentral distance fluctuate strongly due to differences
in local heterogeneous conditions. Firstly, we theoretic-
ally calculated B values for earthquakes occurring in
March 1996 to April 2011. In this calculation, we chose
parameters controlling the conditions of heterogeneities,
that is, the correlation distance a and fractional fluctu-
ation ε, to account for the observed B values. As a result,
we found that differences in the a value are one of the
major causes that make the B values fluctuate. The
spatial distribution of the a value has a similar tendency
with that of Qc

-1, which is said to have a correlation with
heterogeneities in the subsurface. This means that the
Table 1 Relation between a and γ values
a value γ value

150 m −6.71 × 10−1

200 m −4.42 × 10−1

600 m −2.94 × 10−1

1000 m −2.23 × 10−1
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observed B values have locality according to the local
heterogeneities.
Currently in the EEW system, epicentral distances are

estimated from the empirical relationship with B values
(B-Δ equation), which contains errors due to heteroge-
neities in the subsurface. Although the B values for a
given epicentral distance fluctuate very much, the empir-
ical relationship is based on the assumption that the B
values decrease against epicentral distances monotonic-
ally. Thus, the epicentral distance estimated by the em-
pirical relationship has a considerable error, sometimes
on the order of 102 km. As a result of our study, we
found that the distribution of B values shows tendencies
according to the regional heterogeneities. So that, by
considering local conditions of heterogeneities, the ac-
curacy of epicentral distance estimation will be im-
proved. In this study, we proposed that the B-Δ equation
optimized by the station’s a value could improve the es-
timation accuracy.
The estimation is done by a single station. An advan-

tage of the single-station method is that information on
earthquakes is quickly obtained. This advantage is espe-
cially effective for warning high-speed railways, like the
Shinkanse, which need longer lead time, to decrease its
speed as much as possible before strong motions hit
trains. Recently, an approach for improving the accuracy
of back-azimuth estimation to estimate epicentral direc-
tion was studied (Noda et al., 2012). So, both epicentral
distances and directions can be obtained more accur-
ately. The accuracy of the EEW system will be improved
using those new techniques.
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