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Abstract 

This paper proposes a new technique, namely Phase bias-based Small Grid Model (PSGM), to derive absolute iono-
spheric vertical total electron content (VTEC) with observations of Global Navigation Satellite System Earth Observa-
tion Network of Japan (GEONET). The proposed technique deals with the phase observations alone without handling 
the pseudoranges, which reduces the noise in VTEC estimation. A new parameter, the arc bias (Barc), is introduced 
to combine the phase ambiguities and differential phase biases. To solve Barc, equations are constructed under the 
assumption that the VTEC is identical in the same 0.1° × 0.1° grid. The performance of PSGM is evaluated with the 
observations in solar maximum year 2014. The root mean square error (RMSE) of PSGM is 0.40 TECU in average, 
the maximum RMSE is 0.73 TECU and the minimum RMSE is 0.26 TECU. The fitting accuracy of the VTEC results is 
improved compared with most of the existing methods.
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Introduction
In the past 30  years, dual-frequency Global Positioning 
System (GPS) has become the most important approach 
for absolute vertical total electron content (VTEC) meas-
urement. The differential code bias (DCB) of GPS hard-
ware device is an important factor affecting the VTEC 
estimation. To get absolute VTEC, scientists have pro-
posed many methods to remove DCB (e.g., Mannucci 
et  al. 1998; Sarma et  al. 2008; Zhang et  al. 2009). These 
methods are usually based on the assumption that the 
DCBs of each satellite/receiver remain unchanged for 
a period of time. The DCBs were assumed to remain 
unchanged over several hours (Li et  al. 2015), over an 
entire day (e.g., Arikan et  al. 2008; Ma and Maruyama 
2003; Li et al. 2018), over several days (Otsuka et al. 2002) 
or even over several months (Han et al. 2018).

Another basic assumption of the existing VTEC 
and DCB fitting models is that VTEC is smooth over a 
short period and a small region. The polynomial model 
was proposed in early times, which is suitable for local 

region of single station (Lanyi and Roth 1988; Coco et al. 
1991). The VTEC was assumed to conform to a polyno-
mial function of longitude and latitude. Later under the 
assumption that VTEC is smooth over time, a Kalman 
filter model was proposed (Sardon et  al. 1994). To fit 
the global ionosphere model, the VTEC was mapped to 
a spherical surface harmonic function of longitude and 
latitude with global GPS network (Wilson et al. 1995). A 
well trained multilayer neural network, which is equiva-
lent to a nonlinear, smooth and interpolated function, 
was applied to VTEC and DCB estimation (Ma et  al. 
2005; Perez 2019). Assuming that VTEC is smoothed in 
a small area, DCBs were estimated by constructing con-
volution equation set with over 1300 Global Navigation 
Satellite System Earth Observation Network of Japan 
(GEONET) stations (Li et al. 2018).

The precision of absolute VTEC estimating is not only 
very important for scientific research, but also affects the 
accuracy of space applications such as satellite navigation 
and communications, and remote sensing. The efforts to 
obtain absolute VTEC with higher precision, smaller spa-
tial-scale and shorter temporal-scale have never ceased. 
Using around 300 GPS stations from GEONET, and assum-
ing that the VTEC is identical at any point within a 2° × 2° 
grid, the VTEC and DCBs were determined by grid method 
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(Ma and Maruyama 2003) with the standard deviation 
of satellite DCBs from 0.22 TECU to 1.89 TECU and the 
standard deviation of receiver DCBs smaller than 5.7 TECU. 
Zhang et  al. (2010) estimated GPS DCBs with 0.5° × 0.1 h 
grids (0.1 h is equivalent to 1.5° in longitude as earth rota-
tion), and found the RMS of estimated DCBs from the 
data observed in the low latitude region is larger than mid-
dle latitude, the RMS value varies from approximately 1 to 
3 TECU, but all RMS values are less than 4 TECU. DCBs 
obtained by single-station method and multi-station meth-
ods were compared by Choi et al. (2013), it is found that the 
accuracy of DCB fitted by multi-station method is better 
than that of single-station method. Receiver DCB was usu-
ally believed to be affected by temperature, but even after 
the temperature dependence is removed, a noise level of 
1–3 TECU still remains in the DCB estimation (Coster et al. 
2013). With Multi-GNSS Observations and Global Iono-
sphere Maps, DCB’s day-to-day variation was estimated for 
satellites and receivers: DCB’s  day-to-day variation in sat-
ellite was usually smaller than 0.86 TECU and in receiver 
smaller than 5.7 TECU (Montenbruck et al. 2014).

In this paper, in order to obtain more accurate absolute 
VTEC, a phase bias-based Small Grid Model (PSGM) 
is proposed for VTEC derivation with GEONET, which 
is the world’s densest GNSS observation network. New 
assumptions are introduced as the basis of the model. 
Pseudorange measurements will not be used at all, but 
only GPS phase measurements are used for calculation as 
carrier phase measurement has higher precision. A new 
parameter Barc is introduced to represent hardware delay 
biases and integer ambiguities. Finally, the accuracy of 
PSGM are validated with the observation in solar maxi-
mum year 2014, and the estimated VTEC result is com-
pared with the International Reference Ionosphere 2016 
(IRI) model (Bilitza et al. 2017) and the VTEC products 
of University of Bern (UNIBE) (Schaer et al. 1996).

Algorithms of PSGM
Assuming that all the electrons in the ionosphere are 
concentrated on an infinitely thin spherical shell, then 
for a pair of receiver and satellite, the basic formulas for 
VTEC estimation with GPS phase observations are:

where χ is the zenith of the optical path (Ma and Maruy-
ama 2003). λ1, λ2 and L1, L2 represent wave lengths (unit: 
m) and phases (unit: cycle) observations of the corre-
sponding carriers. n0 =

2(f1f2)
2
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f 2
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) = 9.517 ∗ 1016m−3 is a 
constant, indicates phase delay difference of 1  m corre-
sponding to the TEC of 9.517 TECU, where 

(1)VTEC = STEC ∗ cosχ ,

(2)STEC = n0(L1�1 − L2�2)+ Barc,

f1 = 1.57542 GHz and f2 = 1.22760 GHz are the frequen-
cies of the two GPS carriers and k = 80.62 m3/s2 is a con-
stant related to the charge and mass of electron (Ma and 
Maruyama 2003). STEC represents the optical path inte-
gration of electron density. In Formula (2), Barc contains 
contribution from integer ambiguities and differential 
phase biases of both carriers based on the hypothesis that 
all these parameters are invariant within the same phase 
connected arc (Blewitt 1990; Hernández-Pajares et  al. 
1999).

The ionospheric shell concerned is divided into small 
grids according to 0.1° by 0.1° in latitude and longi-
tude, and the VTEC in the same grid at the same time is 
assumed identical. If the ionospheric piercing points  IPPi 
and  IPPj of two arcs i, j are located in the same grid at 
time t, then there is:

By taking Formulas (1) and (2) into (3), an equation 
containing two unknowns, Barci and Barcj, can be obtained:

Using all eligible pairs of IPPs in a day to build equa-
tions, these equations can form an overdetermined equa-
tion set:

where

B is solved by least square method:

Then, the fitting residuals are:
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The root mean square error (RMSE) of the fitting resid-
uals is used to measure the accuracy of the model:

where L represents the number of equations and Δn rep-
resents the residual of the nth equation.

The observation data are from over 1300 GEONET 
stations with 1/30  Hz sampling frequency of 364  days 
in 2014. With 30° cutoff angle of satellite elevation, and 
after the arcs with cycle slip are removed, more than 
40,000 arcs a day are generated. The number of equa-
tions per day is about 3 × 106. So A is a sparse matrix 
of about 3,000,000 × 40,000; the giant matrix Eq.  (5) is 
solved by the high performance computing cluster of the 
Information and Computing Center of National Astro-
nomical Observatories of China (NAOC). The cluster 
has one management node, one login node and 60 com-
puting nodes; each node has 1.28 TB DDR4-2133/2400 
Ecc memory and two E5-2600v3/v4 series processors; 
software is Matlab R2012a glnxa64; hundreds of tasks 
can be processed in parallel. It takes about 16 h to pro-
cess the observation data for a whole day with single 
task, from reading the GPS data to calculating Formula 
(8).

Compared with the DCB based grid method, the Barc-
based PSGM depends on a prerequisite of intensive 
observation data. Only if an arc has at least one neigh-
bor IPP to form Eq. (3), its Barc can appear in the matrix 
Eq.  (5), otherwise its Barc may not be able to be solved 
out. In the GEONET observation data of 2014, the num-
ber of Barcs that cannot be solved accounts for about 8% 
of total available arcs.

As long as Barc is solved, the VTEC of the whole arc can 
be obtained by Formulas (1) and (2). If there is only one 
IPP in a 0.1° × 0.1° grid, the VTEC of the IPP is consid-
ered as the VTEC of the grid. If there are multiple IPPs, 
the median VTEC of these IPPs is taken as the VTEC of 
the grid.

The observation data cannot guarantee to cover all 
the grids all the time as the grids are quite small. Tak-
ing the grid centered at 135°E 35°N (near Kobe) as an 
example, the VTEC available ratio is about 60%, that 
is to say, around 1700 (60% of 2880) epochs in a day 
have VTEC measurements. The available ratio of grids 
135°E 40°N and 135°E 30°N (above the ocean) decrease 
rapidly to around 15%. This shows that the available 
ratio decreases rapidly due to observation density 
reduction.

(7)D = A ∗ B̂− C .

(8)RMSE =

√∑L
n=1�

2
n

L
,

VTEC result
In order to simplify the problem, the ionospheric shell 
height parameter is assumed to be a constant h = 400 km 
(Ma and Maruyama 2003). The GEONET observations of 
2014 were fitted with PSGM. For comparison and anal-
ysis, we also calculated the VTEC based on the 1° × 1° 
grid size, which is referred as Phase bias-based Big Grid 
Model (PBGM) VTEC. The algorithms of PBGM and 
PSGM are exactly the same except for the grid size. The 
IRI-VTEC and UNIBE-VTEC were introduced in some 
figures. Need to note that IRI-VTEC and UNIBE-VTEC 
can be considered as external reference and validation 
here rather than the object of criticism and evaluation 
because they are based on different backgrounds and 
environments.

Figure  1 displays the VTEC variation on 16 magneti-
cally quiet (Kp < 4) days of four seasons of 2014. The diur-
nal variation in PSGM-VTEC is consistent with UNIBE 
and IRI in general. The smoothness and continuity of 
PSGM are very good. The difference between PSGM 
and PBGM will not exceed 2 TECU in most cases, which 
shows the self-consistency and stability of the algorithm. 
The most obvious difference between the two is in Fig. 1b. 
The diurnal peaks of the PBGM result around noon are 
slightly higher than those of PSGM, and the fluctuation is 
more intense as well. This may indicate that PSGM is bet-
ter than PBGM in accuracy.

Figure  2 displays the VTEC variation at different lati-
tudes on 15–17 March 2014. By comparing PSGM-VTEC 
at 30°N in Fig.  2c for the three consecutive days, the 
PSGM-VTEC peaks of 15–17 March are 67.59 TECU, 
98.37 TECU and 57.44 TECU. The PSGM-VTEC of 16 
March is more than 30 TECU higher than that of 15 
March and 17 March. This TEC enhancement gradu-
ally weakened with increasing latitude. The peak VTEC 
decreased rapidly from about 100 TECU at 30°N to about 
65 TECU at 35°N, that is to say, VTEC had a spatial gra-
dient of up to 7 TECU/°. So in this case, the assumption 
of constant VTEC in a 1° × 1° grid will undoubtedly lead 
to larger errors. Reflected in Fig. 2c, the VTEC curve of 
PBSM contains some burrs.

Figure  3 displays the VTEC seasonal variation at the 
grid point of [135°E, 35°N] for daytime (04:00 UT, 13:00 
JST) and nighttime (16:00 UT, 01:00 JST) of 364 days in 
2014. In daytime, VTEC is the largest in spring, followed 
by autumn and winter, and smallest in summer. At night-
time, VTEC is the largest in summer, followed by spring, 
and then in autumn and winter. The trends of PSGM-
VTEC, PBGM-VTEC, IRI-VTEC and UNIBE-VTEC are 
similar.

The average difference between PSGM and PBGM is 
5.04% (1.7 TECU) in daytime and 7.76% (0.88 TECU) 
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Fig. 1 VTEC diurnal variation of 2014 at 135°E 35°N. a 21–24 March; b 21–24 June; c 3–6 October; d 17–20 December

Fig. 2 VTEC variation of 15–17 June 2014 at different latitudes: a 130°E 30°N; b 135°E 35°N; c 140°E 40°N
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in nighttime. In Fig.  3b, the nighttime UNIBE-VTEC 
is generally larger than PSGM-VTEC, which may be 
caused by these reasons: (1) the shell height parameter 
is 450  km in UNIBE, VTEC may be slightly overesti-
mated than 400  km (Wang et  al. 2016); (2) the UNIBE-
VTEC is provided every 2.5° of latitudes, lower latitude 
coverage (33.75°N to 35°N) may enlarge the VTEC esti-
mation at 35°N; (3) the assumption that DCB in one 
day is unchanged may overestimate nighttime VTEC 

compared with the assumption that phase bias of an arc 
is unchanged.

The curve of PSGM-VTEC is quite consistent with that 
of F10.7 from April to August from Fig. 3. The correlation 
coefficient of the PSGM-VTEC and the F10.7 is 0.63 in 
nighttime during April to August while it is only − 0.22 
for the whole year 2014. In daytime, the correlation coef-
ficient is 0.52 during April to August and 0.30 for the 
whole year. It shows that solar radiation is an important 

Fig. 3 VTEC seasonal variation of 2014 at 135°E 35°N. a 04:00 UT; b 16:00 UT; c F10.7 Index
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factor affecting absolute VTEC especially in summer 
night.

Figure  4 displays the two-dimensional VTEC maps 
at each hour from 10:00 UT to 19:00 UT of 11 July 
2014. The map coverage is between 125°E–150°E and 
25°N–50°N. Every 2 TECU is displayed as a color level. 
VTEC contours are clearly exhibited in Fig.  4a. VTEC 
decreased gradually with the increase of latitude. From 
12:00 UT to 15:00 UT, a series of northwest–southeast 
(NW–SE) wave stripes were formed. These structures 
had wavelengths of several hundred kilometers, propa-
gated to southwest at ~ 150 m/s and recovered gradually 
after 16:00 UT, which is believed to be a typical night-
time medium-scale traveling ionospheric disturbances 
(MSTID) (Tsugawa et  al. 2007). The example in Fig.  4 
shows that PSGM can obtain VTEC measurements for 
the whole Japan region, and PSGM can at least reflect the 
structure and evolution of ionospheric disturbances that 
greater than 2.0 TECU level.

Cross‑validation
Though there are some comparisons between PSGM 
and PBGM in “VTEC result” section, they cannot be 
used as the exact evidence to explain the accuracy of 
the method as they all derived from the same observa-
tion data. To further illustrate the accuracy of PSGM, all 
GEONET stations are randomly divided into two groups 
for cross-validation. The stations of the two groups are 
completely different. The PSGM-VTEC results of these 
two groups are named GROUPA-VTEC and GROUPB-
VTEC, respectively. Figure  5 shows the comparison of 
fitting results on 4 example days, the average difference 
at 135°E 35°N between GROUPA-VTEC and GROUPB-
VTEC is only 0.36 TECU. If all the grids with both sets 
of VTEC results are counted in, the average VTEC dif-
ference between the two groups is 0.46 TECU and only 
1.92% grid VTEC differences are higher than 2.0 TECU. 
Cross-validation further proves the accuracy of PSGM 
algorithm. It should be noted that since the number of 

Fig. 4 VTEC maps from 10:00 UT (19:00 JST) to 17:00 UT (03:00 JST) of 11 July 2014. Unit of the legend is TECU. Note that the VTEC legends have 
been reduced by 6 TECU after 14:00 UT as the background VTEC decreased
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stations of each group is reduced by half, the number of 
available IPP neighbor pairs is also greatly reduced, so the 
fitting accuracy of total stations should be higher than 
that of any group.

RMSE result
Parameter RMSE in Formula (8) can reflect how well 
the data is fitted. The RMSE level is the possible differ-
ence between the two measurements in the same grid. 
Figure 6 shows the RMSE result in 2014. On the whole, 
PSGM-RMSE is the largest in summer and smallest in 
winter. The average PSGM-RMSE of 364  days is 0.40 
TECU. The maximum PSGM-RMSE is 0.73 TECU on 13 
May and the minimum RMSE is 0.26 TECU on 21 Febru-
ary. This means that PSGM is appropriate to be applied 
to the study of ionospheric disturbances at 1.0 TECU 
level theoretically.

As a contrast, the average PBGM RMSE of 364 days is 
0.64 TECU. The maximum PBGM RMSE is 1.12 TECU 
on 16 March and the minimum RMSE is 0.39 TECU on 
18 January. PSGM-RMSE is about 37% less than PBGM 
RMSE. On the other hand, the biggest season of PBGM 
RMSE has changed to spring, which is caused by the 
larger TEC spatial gradient in spring. The mean value 
of the rate of TEC index (ROTI) (Pi et  al. 1997) of all 
observation in a day is introduced as the measurement 
of ionospheric disturbing level. Figure  6b examined the 
relationship between PSGM-RMSE and mean ROTI. 
It can be seen that PSGM-RMSE increases with the 
increase of mean ROTI. The correlation between ROTI 
and PSGM-RMSE is a clue that the accuracy of PSGM 
can be affected by ionospheric disturbances.

PSGM can also be applied to a short period rather than 
an entire day. Figure 7 shows the PSGM-RMSE obtained 

Fig. 5 PSGM-VTEC cross-validation. a 21 March; b 21 June; c 23 September; d 22 December
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by fitting the observation data of 4 h in the daytime and 
the nighttime, respectively. In summer, the daytime 
PSGM-RMSE is smallest, but the nighttime PSGM-
RMSE is largest. And in winter, PSGM-RMSE increased 
in daytime and decreased at night. It is interesting that 

the relationship between the daytime RMSE and night-
time RMSE is opposite in winter and summer. On the 
whole, though the daytime VTEC is much larger, the 
average RMSE at night (0.33 TECU) is slightly larger than 
that during the day (0.29 TECU), which is also consistent 
with the objective reality that more ionospheric distur-
bances happened at night.

Shell height parameter optimization
At the beginning of “VTEC result” section, we assume 
that the height of ionospheric shell is fixed at 400 km to 
simplify the calculation. But actually, the height of the 
ionospheric shell always changes with time and place 
(Wang et al. 2016; Lu et al. 2017). For PSGM, the change 
of shell height parameter is easier to map IPPs to differ-
ent grids under different satellite elevation than PBGM. 
In turn, this feature can also be used to optimize the ion-
ospheric shell height parameter.

When the shell height parameter changes, not only 
the grid mapping of the IPP will change, but also the 
zenith angle χ, so PSGM-RMSE usually does not change 
smoothly with the shell height parameter. In addition, 
due to the narrow station distribution of GEONET, when 
the shell height parameter is too large, the number of 

Fig. 6 RMSE of PSGM and PBGM. a RMSE for 364 days in 2014; b a scatter plot for comparison of the PSGM-RMSE to mean ROTI for 364 days in 2014. 
Slope of the fitted straight line is 9.3

Fig. 7 PSGM-RMSE in daytime and nighttime



Page 9 of 11Li et al. Earth, Planets and Space           (2020) 72:14  

neighbor IPP pairs composed of different satellites will be 
greatly reduced, and the PSGM-RMSE will always tend 
to decrease as shell height parameter increases. Even 
though, at most of the time, we can still find a shell height 
parameter between 250 and 600  km which can make 
PSGM-RMSE minimum. Figure  8 shows the relation-
ship between RMSE and shell height parameter of the 6 
example days 01:00–05:00 UT in 2014. We performed 
calculation every 10  km of 250–600  km according to 
the shell height parameter and keep all other conditions 
unchanged. The shell height parameter of minimum 
PSGM-RMSE in these 6 days is 340 km, 390 km, 390 km, 
450 km, 440 km and 360 km. The reason why we choose 
the observation data of 4 h at noon rather than the entire 
day is that the ionosphere height changes the least and 
the TEC value is the highest during this period.

Figure  9 shows the variation of the optimum height 
(OH) parameters estimated by the minimum RMSE 
method during 01:00–05:00 in 2014. The overall trend is 

the lowest in winter and the highest in summer, which is 
consistent with the result estimated by Zhao and Zhou 
(2018) using single station DCB method. The OH in sum-
mer is often over 500 km; while in winter it is often as low 
as 300 km but never less than 250 km. The parabola in the 
figure is the trend of the shell height parameter variation 
fitted by polynomial, which is consistent with the trend 
of hmF2 in IRI. PSGM-RMSE under the OH parameter 
is about 4.4% less than that of 400 km. It shows that there 
is a potential to further improve the fitting accuracy if the 
variable shell height parameter is used instead of the con-
stant shell height parameter.

Summary
The accuracy of VTEC estimation using dual-frequency 
GNSS system is a very meaningful research topic. In this 
paper, the RMSE of VTEC fitting residuals is analyzed 
by using the GEONET observation and the PSGM. The 
PSGM is based on two assumptions. The first assumption 

Fig. 8 6 example days PSGM-RMSE vs shell height parameter during daytime. a 2 January; b 21 January; c 25 February; d 19 March; e 14 June; f 13 
December
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that the integer ambiguities and hardware delay biases 
of dual-frequency GPS phase observation are invari-
ant within the same phase connected arc can help to get 
rid of the dependence on low-precision pseudorange 
measurements. The second assumption that the VTEC 
is identical in the same 0.1° × 0.1° grid can minimize the 
prerequisite for spatio-temporal smoothing.

The trends of PSGM, PBGM, UNIBE and IRI are con-
sistent in both diurnal and seasonal variations. PSGM 
can reduce the impact of large TEC spatial gradient. 
The PSGM-VTEC can be used to detect some iono-
sphere phenomena such as VTEC enhancement and 
MSTID.

The cross-validation error is about 0.46 TECU in aver-
age. The PSGM-RMSE in summer is larger than that in 
winter and increases with the increase of mean ROTI. It 
is found that under the simple isotropic fixed height ion-
ospheric shell model, the PSGM-RMSE is as low as 0.40 
TECU in average in the year of 2014. This progress will 
refresh the understanding of the upper limit of the fitting 
accuracy for thin shell model. The trend of PSGM-RMSE 
is different in daytime and nighttime. In daytime, PSGM-
RMSE is the largest in winter and the smallest in summer, 
and it is the opposite at night.

PSGM excludes most error sources and minimizes the 
impact of spatial variation, so that the difference between 
the assumed shell height and the actual shell height can 
be reflected in the change of RMSE. By comparing the 
PSGM-RMSE corresponding to different shell height 
parameters, the OH parameter that can minimize the 
RMSE can be found. In 2014, the OH in the daytime is 
the lowest in winter and the highest in summer.
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total electron content; UNIBE: University of Bern; UT: Universal time.
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