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Abstract

A new analytical approximation for the Chapman mapping integral, Ch, for exponential atmospheres is proposed.
This formulation is based on the derived relation of the Chapman function to several classes of the incomplete Bes-
sel functions. Application of the uniform asymptotic expansion to the incomplete Bessel functions allowed us to
establish the precise analytical approximation to Ch, which outperforms established analytical results. In this way the
resource consuming numerical integration can be replaced by the derived approximation with higher accuracy. The
obtained results are useful for various branches of atmospheric physics such as the calculations of optical depths in
exponential atmospheres at large grazing angles, physical and chemical aeronomy, atmospheric optics, ionospheric
modeling, and radiative transfer theory.
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Introduction

In modeling of atmospheres their chemical constituents
are often assumed to be distributed according to the
hydrostatic equilibrium within the column extending
from a point of interest towards the sun. This columnar
content can be conveniently mapped to the reference
value via the Chapman grazing incidence function Chap-
man (1931). The reference value corresponds to the ver-
tical column, i.e., to the situation when the sun is at the
zenith of the point of interest. As an approximation to
the hydrostatic equation the distribution of atmospheric
constituents is assumed to follow the exponential dis-
tribution within the vertical column. Being originally
introduced for the description of energy deposition in
the ionosphere due to the absorption of solar radiation,
the Chapman function is now an important mathemati-
cal object in other branches of the atmospheric physics,
such as radiative transfer theory (Dahlback and Stamnes
1991), chemical and physical aeronomy (Brasseur and
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Solomon 2005; Schunk and Nagy 2009), description
of light scattering in planetary atmospheres (Wallach
and Hapke 1985). The function is also used in modeling
of ionospheric D-layer (Friedrich and Torkar 2001), in
calculations of atmospheric transparency (Green et al.
1964), optical air masses (Kocifaj 1996; Rapp-Arraras
and Domingo-Santos 2011), cosmic ray ionization rates
(Velinov 1974), or for air shower simulations (Extensive
and Showers 2010), to name just a few.

In general case the evaluation of the Chapman func-
tion requires numerical integration, which, in turn, might
require considerable computational resources in complex
physical models of exponential atmospheres. This is the
reason why many attempts have been made in order to
provide simple analytic approximative expressions for the
Chapman integral. The most notorious approximations
of the Chapman function have been collected in the D.
Huestis work (Huestis 2001). This work is also an excel-
lent source on numerical and asymptotical evaluation
of the various integral representations of this mapping
function.

The aim of the present article is to draw the reader
attention to the less known interrelation of the Chapman
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function and the incomplete cylindrical functions (Agrest
and Maximov 1971). Based on this observation we obtain
new asymptotic representations of the Chapman func-
tion, which approximate the exact integral expressions
with the high order of accuracy. One of the derived
approximations yields better approximation of the exact
Chapman integral than other analytic approximations
found in the literature. We hope that the obtained result
would be useful for physical models of ionospheres, theo-
ries of optical propagation in the atmospheres, radiative
transfer theories, and in remote sensing applications

The article is organized as follows. In section “Defini-
tions and current analytic approximations” we summa-
rize the basic definitions and properties of the Chapman
function and give an overview of its existing analytic
approximations. In section “Derivation of new analytic
approximations” we derive the relationship of the Chap-
man integral with several classes of the incomplete cylin-
drical functions. Based on these relationships and using
the uniform asymptotic expansions of the incomplete
Macdonald integrals we derive analytic approximations
of the Chapman mapping function. The methodologi-
cal aspects of comparison of different analytic approxi-
mations are discussed in “Methodology of comparison”
The performance of the obtained approximations is
discussed in section “Results of comparison and discus-
sion” and is compared with other approximations found
in the literature. The obtained results are summarized in
“Conclusions”

Definitions and current analytic approximations
The derivation of Chapman mapping function relies on
several simplifications concerning the properties and
geometry of atmospheric layers. Firstly, the spherical
symmetry of the atmospheric shells is assumed. Sec-
ondly, the hydrostatic equilibrium within the atmos-
pheric shells is expected, meaning that in a state of rest,
the atmospheric pressure at specified height must sup-
port the weight of the gas above it. Additionally to this
the temperature and the gravitational acceleration are
supposed not to vary with the altitude. This restric-
tion results in exponential distribution of an ideal gas in
hydrostatic equilibrium. Finally, the bending of solar rays
due to atmospheric refraction is neglected.

Under specified restrictions the classical representation
of the Chapman function as derived in Chapman (1931)
reads as

¢
Ch(X,¢) = Xsin¢ /exp [X(1 —sin¢ csct)] esc? ¢ dt, (1)
0

where ¢ is the solar zenith angle at the point of interest
and
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X== )
is the dimensionless ratio of the spatial coordinate L
measured from the center of the Earth to the scale height
H of particular atmospheric gas. The scale height char-
acterizes the exponential decay of the atmospheric con-
stituent density with the height. For an ideal gas this
quantity is expressed through the Boltzman’s constant &,
the temperature T, the mean constituent mass m, and the
acceleration due to gravity g as

H = kT /mg.

If the spherical earth model is under consideration, we
have L = Rg + z with Rg being the earth radius and z
being the hight of the point of interest. The derivation of
Eq. (1), based on geometrical considerations, is summa-
rized in Swider (1964).

To avoid numerical integration of Eq. (1) several analytic
approximations have been proposed in the literature. These
approximations are based either on asymptotic evaluation
of the integral or on semi-empirical considerations. Table 1
summarizes the most widely used approximative Chapman
mapping functions. Most of the expressions are given in
terms of the complimentary error function

2 o

2
erfc(x) = — [ e dt,
N /

which in contrast to Eq. (1) being a single argument
function is properly tabulated and approximated, cf.
Abramowitz and Stegun (1972). The formulas in Table 1
are given for the solar zenith angle 0 < ¢ < 7/2 and can
be extended to larger zenith angles via the relationship
(Chapman 1953; Titheridge 1988):

Ch(X,¢) =2exp [X(1 — sin¢)]Ch(X sin ¢, /2)
—ChX,m —=¢), ¢>m/2 (3)

Here
Ch(Xsin¢,7/2) = X sin £ S K7 (X sin ¢) (4)

and K is the modified Bessel function of the second kind
of the first order (Macdonald function), cf. Abramowitz
and Stegun (1972). At the limiting case of { = /2 we
obtain the Chapman function at the horizon for the point
of interest:

Ch(X,7/2) = XeXK1(X). (5)

Due to Eq. (3) we restrict our attention in the following to
zenith angles in the range ¢ € [0, /2]
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Table 1 Analytical approximations of the Chapman function (in chronological order). The solar zenith angle ¢ is given in radian units

Index Reference Approximation of the Chapman function
(@) Green et al. (1964); Green and Barnum (1963) N 1¢2
Ch(X.¢) ~ exp {1—0.1 15242—01(X);4]
aX) = ;—3{1 — (/2)?[0.115 + 1/ In(Xm/2)]}
(b) Fitzmaurice (1964) ChiX.c) ~ \/”Zzerfc<\/§cos{> exp (% o2 {)
Swider (1964
© wider (1964) ChX,£) & —X cos ¢ + /T T X(T T 5in g){JX(] —nD)
+¥Z erfc[XT —sin )] explX(1 — sin ;)]}
(d) Titheridge (1988, 2000) Ch(X,¢) = sec(¢ —d), d=3.88X"""1*3[sec (A¢) — 0.834]
A=10123 — 14541/
Kocifaj (1996); Schiler (2012
(e) ocifaj (1996); Schiler (2012) chix, o)~ % {cos; + %erfc(@cosg‘) exp (% cos? ;)
x (% + 1 4 sin? {)}
(f) Huestis (2001)

Ch(X,¢) ~ ,/%erfc[./)(ﬁ =sin)] exp X(1 —sin¢)]

Derivation of new analytic approximations

Relation to incomplete cylindrical functions

Here we show the relationship of the Chapman func-
tion to several families of the incomplete cylindrical
functions. To start with, we change the integration vari-
able ¢ in Eq. (1) according to s = csc(t). In this way we
arrive at the alternative integral representation of the
Chapman function

oo

Ch(X,¢) = Xsin g“ex / exp (—Xssin {)s(s2 —1)7124s,
cosh 8
(6)
where
B=1In w = In cot g = cosh™!(csc 2). (7)
sin¢ 2

Integrating Eq. (6) by parts we obtain

Ch(X,¢) = — X sin¢ sinh 8 + X% sin? ceX

e e]

/ exp (—sXsin¢)v/s2 — 1ds.

cosh B (8)

From this formula it is easy to derive the result (5)
for ¢ =mn/2, ie, coshp =1, by using the integral

representation of the Macdonald function (Abramowitz
and Stegun 1972, Eq. 9.6.23)

Ky(x) =

1,)" .
;/7(?”(1?) 1/exp (—sx) (52 - 1)n_7 ds,

where I'' (v) is the Gamma function.
In the view of Eq. (9) the Chapman function (8) can
be rewritten as

9)

Ch(X,¢) = — X sin¢ sinh 8 + XsinceX

[Ki(Xsin¢) — L1(Xsing,cosh B)]  (10)
with
N -
L,(x,y) = ﬁ /exp (—sx) (s2 — 1) *ds
F(n + %) 1
(11)

being the incomplete Macdonald function in the form
introduced in Agrest and Maximov (1971). The nomen-
clature “incomplete cylindrical function” or “incomplete
Bessel function” becomes clear from this definition as
only in the limit y — oo the function (11) becomes the
“complete” Macdonald function (9).
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In order to relate the Chapman function to other types
of incomplete cylindrical functions we perform the vari-
able change in (8) according to s = cosh 6 and obtain
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We also note that the limiting case (5) for ¢ = 7 /2 is
obtained from (15) by observing that Kj,(x,0) = K, (x)"
and with the use of the well-known recurrence relations

o]

Ch(X,¢) = —X sin ¢ sinh B + X2 sin® ¥ / exp (—X sin ¢ cosh 6) sinh? 6 d6.

B

(12)

This expression allows one to express the Chapman func-
tion through the incomplete Macdonald functions

o0

Ku(x,y) = /e"“os}‘e cosh(n6) df (13)
y
as defined by Jones (2007) or
00
K (x,y) = /ef(’“““y/t)t”*1 det (14)

1

as defined by Terras (1981). Namely, using the definition
for K, (x, y) the Chapman function can be represented as

for the Bessel functions.

The recently discovered relationship of the Chapman
function to the solution of an inhomogeneous modified
Bessel’s equation (Huestis 2001) yields the following rep-

resentation of this mapping function:
o0

Ch(X,7) =X sin ¢ cos ze* /e‘t
X
L (X sin¢)Ko(tsin¢) + K1 (X sin ¢)Ip(¢sin )| dt,
(19)
where I,(x) are the modified Bessel functions of nth

order. The advantage of this integral representation is
that the Champan function in this formulation is stable

cmxg)z-xsm;smhﬁ+%x2mﬂgafKﬂxmn;ﬂ)—KMXgngﬁ).

(15)

The corresponding relationship between the Chapman
function and the incomplete cylindrical function (14)
is easily obtained from (15) by observing the obvious
relation

1 ~ (X X _ - X X _
Ky (x,y) = 3 [e””(,,(iey, Ee y) +e MK_, <Eey, Ee y)]
(16)
The recurrence relations also allow to establish the rela-
tionship between the incomplete Bessel functions in form

of Agrest and Maximov, Jones, and Terras. For example,

we have in our case of interest the following relations
Lo(x, cosh y) = Ko(x) — Ko(x, ), (17)

and

0
Ly (x,coshy) = Ki(x) — K1(x,y) + tanh ya—yl(l (x,9).
(18)

for all values of X and ¢ as has been shown by Huestis
(2001). The integrals in Eq. (19)

T1(X,¢) = /e_’lo(tsin{)dt, (X, ¢) = /‘e_tKo(tsin{)dt
s .

(20)
cannot be analytically integrated in general case except
for X = 0. One can show that these integrals possess a
weak singularity for t — 0o, = /2 while Z; possesses
an integrable singularity fort — 0,{ — 0.

Equation (19) allows one to establish the relation of the
Chapman function and another class of the incomplete
cylindrical functions known as the incomplete Lipschitz—
Hankel integrals (Agrest and Maximov 1971). Namely,
the integrals (20) can be expressed through the incom-
plete Lipschitz—Hankel integrals (Agrest and Maximov
1971)

! Alternatively the property

Kn () = %[Rn(X/ZX/D + Konx/2,x/2)]

is applied if the Terras’ representation for incomplete Bessel functions is
used.
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y ¥y
leg(x,y) = /e_"tlo(t) dt, Kep(x,y) = /e_xtl(o(t) det
0 0

(21)
as
T1(X,¢) =sec¢ —csc¢ leg(esc ¢, Xsing), 0<¢ <m/2,
(22)
Ir(X,¢) =Bsect —csc¢ Keg(csc ¢, Xsing), 0<¢ <m/2.
(23)

Here the parameter § is given by Eq. (7). Substituting Eqs.
(22), (23) in Eq. (19) we obtain

Page 5 of 11

functions, namely the incomplete Weber integrals
(Agrest and Maximov 1971)

y
2
Qu(x,y) = (2x) " 1e* / "L (8) exp (-L) de.
0

(28)
These integrals appear in the theories of optical diffrac-
tion, pulsed radar theories, and mathematical statistics,
see e.g. Vasylyev et al. (2013). Reference (Agrest and
Maximov 1971) derives the relationship between the
incomplete Weber integral Qo(x,y) and the incomplete

Ch(X,¢) =X sin ¢eX {11()( sin¢)B + Ky (X sin ¢)

—cot¢ [Il(X sin ¢)Keg(csc ¢, X sin¢) + Ky (X sin ¢)leg(csc ¢, X sin g)} }

This representation reduces Ch(X,/2) directly to the
limiting case (5).

Using Eq. (19) we now derive the relationship of the
Chapman function to the incomplete Bessel functions
(13). We start with the result obtained in Ref. Agrest and
Maximov (1971):

Lipschitz—Hankel integral Ieg(x,y) as given in Eq. (21). In
our notations this relationship for 0 < ¢ < 7 /2 reads as:

X

Lo(x, cosh y) = ylp(x) + sinh y / [Ko(x)lo(t)e‘“%hy — Io(x)l(o(t)e_tcosm} de, (25)
0
where the function Ly is defined in Eq. (11). Differentiat-
ing both sides of Eq. (25) with respect to x and using the
relations d/y(x)/dx = I (x) and dKp(x)/dx = —Kj(x) we
obtain
d X
&LO (%, coshy) = yI1 (x) — sinhy/ {Kl ) o(H)e tOMY 4 [ (x)Ko (et oMY | de. (26)
0
This equation allows one to rewrite the Chapman func-
tion (19) as
1
Ch(X,¢) = 5 sin ceX[Ki(Xsing, B) + K_1(X sin¢, B)] = X sin ¢e* Ky (X sin ¢, B), (27)

where the property K_,(x,y) = K, (x,y) has been used.
This is alternative to Eq. (15) representation of the Chap-
man function in terms of the incomplete Macdonald
functions (13).

To conclude this section we relate the Chapman func-
tion with another class of the incomplete cylindrical
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Iep(csc ¢, Xsing) = tan§{2ezxsinz %60 (X sin® %,Xsin () - [1 — e XIp(X sin C)] }

(29)

The incomplete integral Keg(x,y) can be expressed in

terms of Ieg(x,y) as shown in Ref. Agrest and Maximov

values of the scale parameter X, which is not of interest
in atmospheric physics applications, is based on Eq. (31)
and is considered in the Appendix A.

(1971) as
Keol Xsi )_I(Q(Xsin§)1 ( Xsin¢)
ep(csc g, X sin¢ _710(Xsin§) ep(csc g, Xsin
1
N eing

) Blo(X sin¢) — Lo(X sin ¢, cosh ﬂ)},

where L, (x,y) is given by (11). Combining Eq. (29) with
(30) and substituting them in (24) we obtain

The choice of the incomplete Bessel function K, (x,y)
for the development of analytic approximations is

o . L(Xsin¢)
Ch(X,¢) =X sin ¢e <K1(X sin¢) + LXsing) Sin )
Ki(Xsi hXsing) o oxsi

— | Ki( smg)_lo(Xsing) o(X'sin¢)

[Ko(Xsin¢) — Ko(X sin ¢, B)]

X {23_2)(51"2 %60 (X sin? %,Xsin §> — [1 — e XIy(X sin {)} }),

where we have used Eq. (17) for the incomplete Bes-
sel function Lg(x,y). The obtained expression is rather
complex to be applied in practice. Its derivation serves
merely for sake of completeness of the relations between
the Chapman function and the incomplete cylindrical
functions of different kinds. However, it appears that
(31) becomes useful for the analytic approximation of the
Chapman function when the scale parameter is small.

Analytic approximations for the mapping function

In the previous section we have obtained several formu-
las that relate the Chapman mapping function (1) to the
incomplete cylindrical functions of various types. Specifi-
cally, Eq. (10) relates the Chapman integral to the incom-
plete Macdonald function Ly,(x,y) of the Agrest and
Maksimov type, whereas Eqs. (15) and (27) express the
former in terms of the incomplete Macdonald function
K, (x,y) of the Jones type or alternatively in terms of the
Terras incomplete Macdonald function I~<,, (%, v). Finally,
Eq. (24) is the representation in terms of the incomplete
Lipschitz—Hankel integrals e, (x, y), Ke,(x, y) and can be
also rewritten in terms of the incomplete Weber integral
Qu(x,) and the incomplete Macdonald function as given
in Eq. (31). Since there are relationships among these
various types of incomplete Bessel functions as discussed
in the previous section, we consider the analytic approxi-
mation of the Chapman function using Eqs. (15) and (27)
written in terms of K (x,y). The special case of small

dictated by suitability of its integral representation (13)
for uniform asymptotic expansions. We refer to the work
(Jones 2007) for details in derivation of the expansion
formula and give here the lowest terms in the asymptotic
expansion of K (x,y)

1/2 o
. 1
Ku(Xsing, ) ~ (
(n(Xsing, B) <2Xsin;) A0t Xsing

erfc (\ /2X sin ¢ sinh g)

) €7X sin ¢

Bo B i)'
+ <Xsin{ X2sin?¢ ¢
(32)
Here B is given in Eq. (7) and
L
ag =1, o= §(4n -1, (33)
_ coshnp 1
°” sinh B 2 sinh g ’
__ nsinhnp B cosh nB cosh 8
sinh? B sinh® g
1 4n? -1
+8 inh3£  16sinh £
sinh” 5 sinh 5 (34)
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This uniform asymptotic expansion of the incomplete
Bessel function allows us to obtain the new analytic
approximations of the Chapman integral, which are the
main results of the present article. Substituting (32) in
(15) yields

Ch(X,¢) ~, /%\/Xsin eX1=sin®)
erfc <\/ 2X sin ¢ sinh ';})

1

+cothfp — ——.

Inserting (32) in (27) we obtain

Ch(X,¢) \/7” (1 + 8X51n€> eX(l—sin{)
erfc<¢msmh ’;)

1 1
2 sinh g Xsing

+ coth 8 —

1 1 3
(sinh3 B 8sinh3 g * 16 sinh g ) ’
B =cosh™!(csc?).
(36)
We see that Eq. (32) is more suitable for deriving of
asymptotic expansion of the Chapman function since it
preserves the order of expansion of the incomplete Bessel
function (27) in contrast to the definition (15).

Inspection of Eq. (36) shows that the first term on the
r.h.s resembles the asymptotic expansion of the Macdon-
ald function Kj(X sin¢) with the complementary error
function. This observation shows the similarity of the
obtained asymptotic expansion formula (36) with the large-
¢ expansion of Chapman, cf. Eq.(38) in his original article
(Chapman 1931). If one performs the expansion of the
Macdonald function up to the second term in the first sum-
mand of the Chapman asymptotic expression, one obtains
exactly the first term of Eq. (36). With this respect it is
worth to note that Chapman considered the asymptotic of
small and large zenith angles separately. Moreover, Chap-
man’s original asymptotic expansions are complex polyno-
mial series with poor convergence, the issue corrected in
Ref. Huestis (2001). Equation (36) originates from uniform
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Fig. 1 Accuracy of analytical approximations of the Chapman
function as a function of solar zenith angle ¢ for scale parameter

X = 50.The dashed lines show the formulas found in the literature
and solid lines correspond to approximations introduced in the
present article (labeling in chronological order, see Table 1): a Green
& Barnum approximation (Green and Barnum 1963), b Fitzmaurice
approximation (Fitzmaurice 1964), ¢ Swider approximation (Swider
1964), d Titheridge empirical formula (Titheridge 1988), e Kocifaj
formula (Kocifaj 1996), f Huestis asymptotics, 1 term (Huestis 2001), g
present work, Eq. (35), h present work, Eq. (36)

A <y N, A

u--

log,o(relative error)

X =500

100 20° 300 40°  50°  60°  70°  80°  90°
Solar zenith angle ¢

Fig. 2 Accuracy of analytical approximations of the Chapman
function as a function of solar zenith angle ¢ for scale parameter
X = 500.The dashed lines show the formulas found in the literature
and solid lines correspond to approximations introduced in the
present article: a Green & Barnum approximation (Green and
Barnum 1963), b Fitzmaurice approximation (Fitzmaurice 1964),
c Swider approximation (Swider 1964), d Titheridge empirical
formula (Titheridge 1988), e Kocifaj formula (Kocifaj 1996), f Huestis
asymptotics, 1 term (Huestis 2001), g present work, Eq. (35), h
present work, Eq. (36)
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asymptotic expansions and is valid for all values of zenith
angle and is simpler to implement in practice.

To conclude this section we provide an explicit expres-
sion for approximation (36) in the form useful for
numeric calculations
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(1) and Ch@ (X, ¢) is the analytical approximation of this
function calculated with the double precision.
We use the relative error instead of the absolute error
= |Ch® — Ch®| due to the following reasoning.
For applications in atmospheric physics the values of

Ch(X, ) \/7\/Xsm <1+

8 Xsin¢
1

> XS0 e {m}

e
1—sin?¢ Xsing(1—

{sin?’ -3+ Zt(l — sin? ;)] }

t =y/sinz(1+sin¢)/2.

sin? )2

Here the zenith angle enters as an argument of sine func-
tion only and the expression sin ¢ is optimal to be evalu-
ated prior the substitution in (37). Finally we note that for
sufficiently large values of X as ¢ — 0 the formula (37)
approaches the expected limit sec ¢.

Methodology of comparison

Fortran code was written to evaluate Ch(X,¢) through
the analytical approximations (35), (36) and (43). These
equations has adopted in the form optimal for numerical
calculations, cf. Eq. (37). For evaluation of the numerical
integral (1) and some of the previous analytical approxi-
mations of Table 1 the code written by Huestis (2001) has
been adopted. We have chosen the double precision cal-
culations for both approximative formulas and numeri-
cal integral (1) to minimize the effect of rounding errors.
The code was compiled and tested using the Intel Fortran
Compiler under Windows operating system. Based on
the Fortran program the Python package has been cre-
ated using F2Py Fortran-Python interface generator and
has been implemented as the corresponding wrapper
program.

In order to show the precision of various analytical
approximations we plotted the logarithm of the relative
error as a function of the solar zenith angle in Figs. 1 and
2 for scale parameters X = 50 and X = 500, respectively.
The choice of the scale parameters is arbitrary and cho-
sen to satisfy X > 1and to represent the values different
in one order of magnitude. The relative error is defined as

_ 1Gh 0) — Ch (X, o))
Ch@(X,¢)

(38)

where Ch® (X, ¢) is the exact value of the Chapman func-
tion taken from the double precision numerical integral

the scale parameter that satisfy X > 1 are of interest.
For ¢ € [0,7/2] in this asymptotic one can show that

Ch® = O(v/X) and Ch” = O(v/X), where O(x) is the
order symbol (Erdélyi 2003). These relations follows from
Eq. (5) and from the asymptotic expansion of the Mac-
donald function. In order to remove the O(v/X) trend
in the error analysis the relative error has been chosen.
Similar approach has been chosen by D. L. Huestis in
his thorough analysis of Chapman function evaluation
(Huestis 2001). The current error analysis is thus fully in
agreement with those performed in Ref. Huestis (2001)
apart from the fact that D. L. Huestis chosen the scale
parameters X = 50 and X = 800 and we use X = 50 and
X =500 in the current study. We have also checked the
correspondence of several approximative formulas from
Table 1 with the error analysis of corresponding expres-
sions in Ref. Swider and Gardner (1967) for X = 50 and

—— (=10
— (=80

logy(relative error)

0 50 100 150 200 250 300
Scale parameter X

Fig. 3 Relative error as a function of the scale parameter for small
(dashed) and large (solid) solar zenith angles. Three analytical
formulas are compared: a is Eq. (36) obtained in this work, b is the
Kocifaj formula (Kocifaj 1996) that shows the best performance
among analytical approximations found in the literature, and cis the
empirical formula of Green and Barnum (1963); Green et al. (1964)
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X =500. A good agreement has been found despite of
difference in some computational aspects.

As has been already mentioned, the majority of analytic
approximations for the Chapman function involve the
complimentary error function. For all such expressions
we have used the specific rational approximations for this
function due to Smith and Smith (1972)

2
1.06069634-0.55643831x e , 0 <x< 8,

~ J T.0619896+1.7245609x 42
erfc(x) { 056498823 —x2

0.06651874+x ) 8 < x < 100.

(39)
In this way we reduced the approximation of Chap-
man function due to Smith & Smith to the Fitzmaurice
approximation (Fitzmaurice 1964). We note that the
approximative formula (39) originates from the tables
of approximations collected in Ref. Hart (1968) and
yields the absolute error in double precision calculations
of orders 10~° and 1073 for x € [0, 8] and x € (8,100],
respectively.

Results of comparison and discussion

The plotted in Figs. 1, 2 and 3 relative errors (38) for the
analytical approximations of Chapman function [see
Table 1 and Egs. (35), (36)] exhibit different performance.
For example, the Green & Barnum empirical formula
shows the pure performance for zenith angles ¢ — /2
as has also been noted in Huestis (2001), see Figs. 2(a)
and 3(c). The Fitmaurice formula reaches the discrep-
ancy of several percents from the numerically obtained
values at moderate vales of X, e.g. around 1% at X = 50,
see Fig. 1(b). Due to its analytical simplicity this function
gained the popularity in modeling of the atmosphere. For
example, the Thermosphere Ionosphere Electrodynam-
ics General Circulation Model (Dickinson et al. 1981) or
the Gauss-Seidel limb scattering radiative transfer model
(Loughman et al. 2015) use the Fitzmaurice formula and
hence it also incorporates these discrepancies from the
exact formula. With this respect it is worth to point that
the Kocifaj formula (curve (e) in 1, 2) has an attractive
property of being quite accurate and analytically simple.
As one can see this formula, remaining rather unknown
to atmospheric physics community, performs even better
than the highly-accurate formula of Swider [curve (c)] or
the approximation due to Huestis [curve (f)].

Another accurate analytic approximation of the Chap-
man integral is the semi-empirical formula of Tither-
idge introduced in Titheridge (1988) and corrected in
Titheridge (2000), see curve (d). The discrepancy of this
approximation from the Chapman function grows how-
ever for large values of X and when ¢ — 7/2 as can be
seen in Fig. 2.

Two solid curves shown in Figs. 1 and 2 were obtained
in the present work using the established relations (15)
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and (27). As has been shown in the previous section the
asymptotic expansion of Eq. (15), cf. curve (g), reduces to
the zeroth-order term in uniform asymptotic expansion
of Eq. (27), cf. curve (h). Still, being only the first term
given by (35), it outperforms the analytical approxima-
tions of Fitzmaurice [curve(b)] and the first-term of
asymptotic expansion of Huestis [curve (f)]. The analyti-
cal approximation (36), curve (h), shows the best perfor-
mance among the analytical approximations. Oscillatory
behavior of this curve arises from variation in accuracy of
polynomial approximations to the mathematical function
erfc(x) and of the expression /7 /2x(1 + 3/8x) exp(—x)
being the asymptotic expansion of Bessel function Kj (x).

In order to illustrate the dependence of the obtained
approximation formula (36) on the scale parameter, we
compare it with the analytical approximation of Koci-
faj and Green & Barnum in Fig. 3. The curve (a) cal-
culated with Eq. (36) performs better than the Kocifaj
formula [curve (b)] or Green & Barnum formula [curve
(c)] for all relevant scale parameters values in atmos-
pheric applications. It is worth to note that in some
applications (e.g., radiative transfer and radiometric
sounding), where the Chapman mapping function is
used as a core function inside multiple integrals, the
complexity of derived analytical approximations (35),
(36) will require additional computational resources
and analytically simpler and accurate Kocifaj’s approx-
imation is preferable. Finally, we remark that for small
values of the scale parameter the approximation (43)
of Appendix A performs better than other analytical
approximations, however this case is less interesting
for known application cases.

logy(relative error)

Scale parameter log,, X

Fig. 4 Relative error as a function of the scale parameter in the
asymptotic X < 1.The curve a corresponds to Eq. (36), the curve b
stems from the Kocifaj result (Kocifaj 1996), the curve cis due to
Green and Barnum (1963), and the curve d is obtained from Eq. (43).
The cases of small (dashed) and large (solid) solar zenith angles are
shown
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Conclusions

We have shown the relationship of the Chapman func-
tion, Ch(X,¢), to several families of the incomplete
Bessel functions. This allowed us to derive the accu-
rate analytical approximation of Ch(X,¢) for values
of the scale parameter X and the solar zenith angle ¢
relevant for calculations of atmospheric attenuation,
ionospheric production rates, optical masses, etc. for
a model exponential atmosphere. For all values of X
and ¢ the obtained analytical approximation provides
the best accuracy among other known approximations
found in the literature.

Despite the Chapman function has been derived
under certain idealized assumptions for the atmos-
phere to be exponential, non-refractive, and spheri-
cally symmetric, its introduction allowed one to depart
from the very simplified model of a plan-parallel
atmosphere. In many practical situations one can split
the real atmosphere into spherical layers, e.g., by stud-
ying the atmospheric refraction, or one can consider
the atmospheric constituents separately, e.g., by study-
ing the photoionization of the ionosphere. By doing
this it is possible to approximate the realistic atmos-
pheres with the set of idealized ones. In this respect
the Chapman mapping integral or its analytic approxi-
mations remain a useful tool in modeling. We thus
believe that the given overview of existing approxima-
tions of the Chapman function as well as the obtained
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serve merely for providing the complete picture on ana-
lytic approximations for the Chapman function.

The proposed approximation is based on Eq. (31)
which relates the Chapman function and the incomplete
Macdonald function (13) and the the incomplete Weber
integral (28). The former function can be approximated
as shown in Eq. (32), while for the incomplete Weber
integral we use the following approximation

(50 (X sin? %,Xsin §> ~

in2 & _ 2 &
eZXsm 2(1—6 X cos 2)

3

s ¢ /1(2Xcos2 %)
xexpy —|2pn| 2X cos ) tang

(40)
which derivation and discussion has been performed in
Ref. Vasylyev et al. (2013). Here

-1

— e *h(x) 1—e
Ax) = 4951 —e*Iy(x) {ln {21 — e_”fo(x)} }
(41)
and
| o312 1/2(x)
o = {m o]} -

are the shape and scale functions expressed in terms of
the modified Bessel functions [, (x). Substituting (40) in
(31) we obtain the Chapman function approximation

I (X sin
Ip(X sin¢)
(X sin¢)
Ip(X sin¢)

Ch(X,¢) ~X sin ¢eX {1(1 (Xsin¢) +

- {1(1 (Xsin¢) + Ko(Xsin¢ )}

22X cos? &)
X (2(1 —e‘X“’SZ%) eXp{—[2M(2XC052 i) tan %} : }

—[1-e X sin;)}> }

9 Ko (X sin ¢) — Ko(X sin ¢, B)]

new results would be of interest in the context of real-
istic atmospheres modeling.

Appendix A

In this appendix we provide the analytical approximation
of the Chapman function for the case X < 1. Such small
values of the scale parameter are not relevant for applica-
tions in atmospheric physics and the obtained formulas

Figure 4 shows the performance of the obtained approx-
imation as a function of the scale parameter for X < 1.
Despite the obtained approximation has a discrepancy of
several percent with the exact numerical integral, its per-
formance is still better for considered range of X param-
eter than other considered approximative formulas. We
also note that the accuracy of the approximation can be
improved with the procedure developed in Ref. Vasylyev
et al. (2013).
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