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Abstract 

This study deals with the analysis of Swarm vector magnetic data in order to create a circuit model of electric cur-
rents flowing in the Earth’s polar ionosphere and the inner magnetosphere. The model is composed of a system of 
two-dimensional electric currents representing the magnetic fields of three-dimensional ionospheric polar electro-
jets (PEJs), the field-aligned currents (FACs), magnetospheric ring currents (MRCs) and magnetospherically induced 
electric currents inside the Earth (MICs) for each Swarm track. The aim of this paper is to model PEJ and FAC magnetic 
fields in terms of electric currents on a track-by-track base, subtract those magnetic fields from along-track Swarm 
magnetic data and estimate the magnetospheric magnetic field (MMF) in discrete time bins. The proposed method is 
primarily intended to apply to Swarm signals recorded during magnetic storms. The electric circuit model is set up in 
three steps. After subtracting the main, lithospheric, Sq ionospheric and oceanic tidal magnetic fields from along-track 
Swarm magnetic signals, the residuals are grouped in 1-h time bins and adjusted by the magnetic field of a two-circu-
lar loop model of MRCs and MICs represented by 3× 2 parameters of the electric circular loops in the magnetosphere 
and the Earth. The adjustment is carried out for the X and Z magnetic field components only because the Y compo-
nent contains a large signal due to FACs. In the second step, the modelled MRC–MIC magnetic field is removed from 
the original residuals and the reduced residuals are adjusted by the magnetic field of a system of two-dimensional 
electric circuits in the polar ionosphere and FACs. The circuit model is set up according to known geometry of PEJs 
and FACs. In the final step, the modelled magnetic fields of PEJs and FACs are subtracted from the original residuals 
and all three magnetic field components are adjusted by the MRC–MIC model, named MMC, in a similar way as in the 
first step. Reliability of the approach is demonstrated by the scatter plots of model MMC showing a significantly better 
agreement with Swarm magnetic field residuals than the existing MMFs.
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Introduction
The extraction of the magnetospheric magnetic field 
(MMF) from along-track Swarm vector magnetic data 
and its separation into magnetospheric origin and its 
counterpart induced in the Earth is a demanding task 
when processing along-track Swarm vector magnetic 
data. There are, at least, two reasons which make data 
processing challenging.

First, degree-one spherical harmonics (SHs) of both 
the external (or primary, inducing) and internal (or sec-
ondary, induced) parts of MMF dominate the along-
track Swarm magnetic residual signals (e.g., Shore et al. 
2016), while the amplitudes of higher degree SHs of 
MMF decrease with increasing harmonic degree. If the 
ring current system in the inner magnetosphere consist-
ing of a band of charged particles at geocentric distance 
Rm from 2 to 8 of the Earth’s radius Re would flow around 
concentric circles, the radial component of the primary 
and secondary MMFs at the Swarm satellite altitude 

of radius r were attenuated with increasing harmonic 
degree j as (r/Rm)

j−1 and (Re/r)
j+2 , respectively. How-

ever, the inner magnetosphere is, in fact, asymmetric, 
compressed by the solar wind dynamic pressure on the 
dayside, and stretched by the tail current on the nightside 
(e.g., Ganushkina et al. 2018). Thus, the magnetospheric 
ring currents are almost never symmetric rings. It 
implies that the amplitudes of higher degree SHs of MMF 
do not decrease exactly according to the above rule. For 
instance, the amplitudes of degree-two and degree-three 
SHs of the external part of MMF reach about 5% of the 
amplitude of degree-one SH at magnetically disturbed 
times (Martinec et  al. 2018). As for the internal part of 
MMF, its degree-one SH is about one-third of the degree-
one SH of the external part (Banks 1969). Higher degree 
SHs of the internal part of MMF decrease also with 
increasing spherical degree but, as indicated by the above 
rule, less rapidly than those of the external part. For 
instance, the amplitudes of degree-two or degree-three 
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SHs may reach 20% of the amplitude of degree-one SH at 
magnetically disturbed times (Martinec et al. 2018).

Second, Grayver et al. (2017) showed that the squared 
coherences between the external and internal degree-
one SHs estimated from 3 years Swarm observations is 
larger than 0.98 for periods from 2 to 90 days. Likewise, 
Püthe et  al. (2015) showed that the degree-one squared 
coherences over approximately the same interval of peri-
ods and for more than 10 years of magnetic satellite and 
observatory data exceed the value of 0.9. These values 
mean that 98% or 90% variability in the degree-one inter-
nal SH can be explained by the variability in degree-one 
external SH. The rest expresses noise or biases in data, 
the difficulty in detecting MMF signals in polar regions 
due to disturbing magnetic effect of ionospheric polar 
electrojets and field-aligned currents, but also the cou-
pling between the external and internal magnetic field 
SHs of various degrees caused by lateral heterogeneities 
of the Earth’s mantle electrical conductivity.

All it means that if the three-dimensional electri-
cal conductivity structure of the Earth’s mantle is to 
be recovered, which is one of the primary goals of the 
Swarm mission (Friis-Christensen et  al. 2006), Swarm 
magnetic measurements need to be processed with 
maximum care such that higher degree SHs of MMF are 
estimated with high reliability. There are, at least, two 
approaches for estimating the MMF from Swarm meas-
urements: the comprehensive inversion (e.g., Sabaka et al. 
2020), followed by the non-comprehensive approach 
(Sabaka et  al. 2018), and the two-step along-track spec-
tral analysis by Martinec et  al. (2018). Similarities and 
differences between those approaches are summarised 
by Martinec et  al. (2018). Due to different processing 
schemes, the differences between the resulting models of 
MMF for degree-two and degree-three SHs are large.

Both data processing methods estimate MMF signals 
from mid-latitude Swarm data (Püthe et al. 2015; Marti-
nec et al. 2018) and both assume that the magnetic effect 
of ionospheric polar electrojets (PEJs) and field-aligned 
currents (FACs) on mid-latitude Swarm data can be 
neglected. This may be a reason for the discrepancies in 
estimated higher degree SHs of MMF because PEJ and 
FAC magnetic signals that are present in mid-latitude 
measurements (actually, they are present in all Swarm 
measurements) propagate to the results of the two meth-
ods in a different way. Hence, one aim of this paper is to 
create an electric circuit model of PEJs and FACs and 
correct along-track Swarm magnetic measurements for 
the modelled PEJ and FAC magnetic fields.

The solar wind, magnetosphere and ionosphere are 
extremely spatio-temporal variable objects, where a large 
number of physical scenarios can develop and inter-
connect at the same time or sequentially. Although a 

remarkable progress has been made in quantitative anal-
ysis of the solar wind–magnetosphere–ionosphere sys-
tem, it is hard to expect that a single universally accurate 
global model of this system will be created in near future. 
Further progress will, most likely, be to develop special-
ised or local models, e.g., valid in regional domains dur-
ing magnetically disturbed times (Tsyganenko 2013). An 
example, developed in this paper, is a model of the mag-
netic fields of polar electrojets and field-aligned currents 
with a fine spatial resolution along satellite tracks of the 
low Earth orbit (LEO) satellite missions, such as CHAMP, 
Oersted, and Swarm.

A number of methods have been used to estimate the 
intensity and spatial distribution of ionospheric currents 
over the polar regions from ground magnetic data (Popov 
et  al. 2001, and references therein). In fact, a ground 
magnetometer is mostly sensitive to the horizontal Hall 
currents while the ground magnetic perturbation due to 
the Pedersen current is almost exactly cancelled by the 
ground magnetic perturbation due to the field-aligned 
currents (Fukushima 1976; McHenry and Clauer 1987, 
and references therein). With the occurrence of satellite 
magnetic measurements, a model composed of a series 
of infinite line currents placed in the polar ionosphere 
has been applied to scalar satellite magnetic data to esti-
mate the current density of the horizontal polar electro-
jets (Olsen 1996; Olsen et  al. 2002; Moretto et  al. 2002; 
Ritter et al. 2003; Aakjær et al. 2016). By vector satellite 
magnetic data, the FACs entering or leaving the high-lat-
itude ionosphere can, in addition, be estimated. Juusola 
et al. (2006) used a 1D modification of the 2D Spherical 
Elementary Current System (SECS) method developed by 
Amm (1997) to estimate both the horizontal polar elec-
trojets and FACs from CHAMP satellite vector magnetic 
data.

Both the line current method and 1D-SECS method 
assume that the FACs flow along radial lines of a uni-
form magnetic field between the ionosphere and the 
inner magnetosphere and, hence, FACs do not contrib-
ute to the magnetic field component parallel to the main 
magnetic field. This assumption is approximately valid 
in polar regions at quiet magnetic times, but it is rather 
violated at magnetically disturbed times when the earth-
ward edge of the inner magnetosphere moves closer to 
the ionosphere up to geocentric distances of ∼ 3Re (e.g., 
Baumjohann and Treumann 1996; Daglis et  al. 1999; 
Tsyganenko 2013; Chen 2020) and the curvature of field 
lines of the main magnetic field becomes important (see 
“Estimation of the auroral oval locations” section). In 
this paper, we will abandon the assumption of a uniform 
main magnetic field and consider FACs flowing along the 
field lines of the Earth’s magnetic dipole, which is a more 
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realistic FAC geometry valid up to geocentric distances 
of ∼ 8Re (e.g., Daglis et al. 1999; Tsyganenko 2013).

The circuit model used to analyse of Swarm vector 
magnetic data in this paper is composed of a system of 
two-dimensional (2D) electric currents that represent 
the magnetic fields of three-dimensional (3D) iono-
spheric polar electrojets and field-aligned currents. Prok-
horov et  al. (2018) considered a 3D distribution of the 
ionospheric current density with latitudinal and verti-
cal structures. They compare magnetic field calculation 
using 2D (so-called equivalent currents) and 3D current 
distribution. They showed that the 2D approximation of 
the ionospheric current system improves significantly 
the computation performance in comparison with the 
method based on a 3D current system. Therefore, they 
recommend to use 2D currents as a fast and relatively 
accurate solution for magnetic field calculation.

The aim of this paper is to extract the magnetic signals 
of magnetospheric ring currents and their counterparts 
induced in the Earth from Swarm satellite vector mag-
netic data grouped in discrete time bins. The paper first 
presents a description of the data selection procedure fol-
lowed by the definition of the magnetic residuals used as 
the input data for the modelling performed in this paper. 
The following section presents the model of two electric 
circular loops placed in the inner magnetosphere and 
inside the Earth that is used to adjust the magnetic field 
of magnetospheric ring currents (MRCs) and the magne-
tospherically induced currents (MICs) inside the Earth. 
Then, the description of the topology of large-scale cur-
rent systems in the polar ionosphere are shortly summa-
rised followed by the approach of estimating the auroral 
oval locations. After finding the location of the auroral 
ovals and subtracting the modelled MRC–MIC magnetic 
field from the input residuals, the modified residuals are 
adjusted by the magnetic field of a model composed of 
2D electric circuits placed in the auroral ovals and the 
magnetic field of the currents flowing along the field lines 
of the Earth’s magnetic dipole connecting the polar iono-
sphere and magnetosphere. The adjustment is carried out 
over a complete Swarm track, that is, over mid-latitudes 
and both polar regions. Important is that the residuals to 
be adjusted by PEJ and FAC magnetic fields are reduced 
for the magnetospheric magnetic field estimated in the 
first step, so the PEJ–FAC model does not capture the 
field due to MRCs and MICs. In the final step, the mag-
netic field of the best-fitting PEJ–FAC electric circuit 
model is subtracted from the input residuals and the 
modified residuals are adjusted again by a two-circular 
loop model of MRCs and MICs, similar to that employed 
in the first step. The quality of the new MMF model, 
named model MMC, is assessed by the scatter plots 
between residuals and modelled fields, and compared 

with the scatter plots of existing MMA (Sabaka et  al. 
2020) and MME (Martinec et al. 2018) models of MMF.

Data selection
To extract the magnetic signals of MRCs and MICs from 
the along-track satellite vector magnetic measurements 
made by Swarm satellites, we use the magnetic field vec-
tor data sets (with 1 s resolution) of the Level-1B prod-
ucts of the Swarm mission (Olsen et al. 2013). In addition 
to time and position, the data file contains the magnetic 
scalar intensity and the three components of the mag-
netic vector in the North–East–Center (NEC) local Car-
tesian coordinate frame. The present study is based on 
version 0601 of Swarm Level-1b NEC product.

In the first step, the geomagnetic main field and the 
lithospheric magnetic field, as given by the CHAOS-7.9 
field model (Finlay et  al. 2020), denoted as BCHAOS , the 
ionospheric Sq and oceanic M2 tidal magnetic fields, as 
given by the models MIO_SHA_2C_0701 and MTI_
SHA_2C_0701 (Sabaka et  al. 2020), denoted as BMIO 
and BMTI , respectively, are calculated for Swarm satellite 
positions and subtracted from the vector magnetic meas-
urements BSwarm with a time step of 1 s. The resulting 
residual magnetic field

can be represented in terms of spherical components 
�X , �Y  and �Z as

where r and � are the geocentric spherical coordinates 
of the satellite’s location, � stands for the colatitude ϑ 
and longitude ϕ pair, t is time, and er , eϑ and eϕ are the 
spherical unit base vectors. Despite the magnetic field 
of ionospheric Sq currents being removed from residu-
als �B , we will use only nightside data in this study. We 
should emphasise that the residual magnetic field �B is 
the input data for the modelling carried out in this paper.

We will compare the results of two approaches for 
estimating MMF from Swarm vector magnetic data: the 
comprehensive inversion (e.g., Sabaka et  al. 2020), fol-
lowed by the non-comprehensive approach (Sabaka et al. 
2018), and the two-step along-track spectral analysis by 
Martinec et al. (2018). The time series resulting from the 
comprehensive inversion are provided as a Swarm mis-
sion Level 2 product by the European Space Agency. We 
will refer to the current version of this data model and 
the model of MMF estimated by the two-step along-track 
spectral analysis as model MMA_SHA_2C_0604 (shortly, 
model MMA) and model MME model, respectively. A 
possible way to compare the results of the two methods 

(1)�B = BSwarm − BCHAOS − BMIO − BMTI

(2)
�B(r,�, t) =−�Z(r,�, t)er −�X(r,�, t)eϑ

+�Y (r,�, t)eϕ ,
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is to calculate the coherences between models MMA and 
MME. Ideally, the coherence should equal to 1, which is 
the case where the two methods give the same results 
for the same input data. Martinec et  al. (2018) showed 
that only degree-one SHs, both external and internal, 
approach this case, while degree-two and degree-three 
SHs are out of coherence. The question arises as to what 
is the reason.

Another way to assess a model’s quality is to calculate 
the correlation coefficient between the observed and 
model field components. As an example, Fig.  1 shows 
the scatter plots and the linear fits between the Swarm 
magnetic residuals �X , �Y  and �Z and the compo-
nents of the MMA model of the magnetospheric mag-
netic field along Swarm satellite tracks for a moderate 
magnetic storm of 84,5-h duration. The plots corre-
spond to the Swarm satellite positions with colatitudes 
ϑ ’s from the mid-latitude interval I10◦

ML
 , ϑ ∈ I10

◦

ML
 , where 

I10
◦

ML
= (ϑRn

2
+ 10◦,ϑRs

2
− 10◦) , and ϑRn

2
 and ϑRs

2
 are colat-

itudes of equatorward Region 2 of the northern and 
southern auroral ovals, respectively. Their values are 
estimated further in “Estimation of the auroral oval loca-
tions” section. Here, all Swarm positions near, or in, polar 
regions, that is, for ϑ < ϑRn

2
+ 10◦ and ϑ > ϑRs

2
− 10◦ are 

excluded from the comparison due to the overwhelming 
dominance of PEJs and FACs. The choice of mid-latitude 
interval reflects a trade-off between minimising the effect 
of PEJs and FACs on mid-latitude residuals and maxim-
ising the reliability of degree-one and higher degree SH 
estimates, as discussed in “Electric two-circular loop 
model of MRCs and MICs” section. For example, making 
the mid-latitude interval shorter, the disturbing effect of 
PEJs and FACs will be reduced but the estimate of higher 
degree SHs of MMF will decrease in reliability.

Figure 1 shows that the correlation between the resid-
ual Swarm signals and the MMA signals is largest for the 
Z component ( R ≈ 0.96 , an average for three Swarm sat-
ellites), smaller for the X component ( R ≈ 0.85 ) and least 
for the Y component ( R ≈ 0.81 ). A slope of least-squares 
regression line for the Z, X and Y components has respec-
tive values S ≈ 0.84, 0.77 and 0.49. The spread of data, 
measured in terms of the root mean squares of the dif-
ferences between the MMA values and the predicted val-
ues from the regression line (RMSD) is smallest for the Z 
component (RMSD ≈ 4.1 nT) and largest for the X com-
ponent (RMSD ≈ 8.3 nT). A large value of mean M for 
the X component ( M ≈ −13.4 nT) indicates that there 
is a systematic bias in the X component of MMA model. 
Since PEJ and FAC magnetic effects are not consid-
ered in processing of Swarm data by the comprehensive 
approach (Sabaka et al. 2020), the single measures of cen-
tral tendency between data and model in Fig. 1 (that is, 
R, S, M and RMSD) indicate that PEJs and FACs mainly 

disturb the X and Y components, but less seriously the Z 
component of Swarm magnetic measurements. In addi-
tion, we can observe that the scatter plots for Swarm A 
and Swarm C tracks are similar, indicating a scatter plot 
is invariant to small change in satellite track position.

Similar to Figs.  1, 2 shows the scatter plots for the 
components of model MME (Martinec et  al. 2018). 
Comparing Figs.  1 and 2, we can see that model MME 
performs similarly to model MMA in the Z component 
( R ≈ 0.97 , S ≈ 1.06 ), significantly better in the X compo-
nent ( R ≈ 0.97 , S ≈ 0.91 ), and worse in the Y component 
( R ≈ 0.25 , S ≈ 0.10 ) than model MMA. The differences 
between these figures can be attributed to different ways 
of processing Swarm magnetic data (Martinec et al. 2018) 
such that the magnetic fields of PEJs and FACs contami-
nating the mid-latitude Swarm data propagate into the 
resulting estimates of MMF differently. In particular, 
a large spread of the azimuthal Y component of model 
MME can be explained by the way of how the two-step 
along-track spectral method by Martinec et  al. (2018) 
processes the data; it adjusts along-track Swarm residuals 
�X and �Z , but not �Y  . A less scatter of the Y compo-
nent of model MMA may be explained by the assumption 
made by the non-comprehensive approach (Sabaka et al. 
2018) that MMF in time bins of 1.5 h (for the estimation 
of degree-one SHs) and 6 h (for higher degree SHs) dura-
tion are static such that more than one satellite track data 
can be analysed within a discrete time bin; then, a certain 
azimuthal dependency of MMF may be revealed. How-
ever, a ’static’ assumption is questionable at magnetically 
disturbed times. We will return to this point in “A revised 
estimate of MMF” section.

Electric two‑circular loop model of MRCs and MICs
As Figs. 1 and 2 indicate, a way to improve the quality of 
MMF models is to take into account the magnetic effect 
of PEJs and FACs when processing mid-latitude Swarm 
magnetic data. In fact, both MRCs and MICs, and PEJs 
and FACs contribute to the long-wavelength part of mid-
latitude magnetic residuals �X , �Y  and �Z , but each 
of them in a different way. The long-wavelength part of 
�Z mainly originates in the large-scale MRCs and MICs, 
while the long-wavelength part of �X is mainly due to 
both MRCs and MICs, and PEJs. As far the long-wave-
length part of mid-latitude �Y  , it is mainly due to PEJs 
and FACs. All these contributions may reach hundreds of 
nT during magnetic storms. On the other hand, the con-
tribution due to PEJs and FACs to mid-latitude residual 
�Z is rather weak and often neglected when extracting 
the MMF from mid-latitude Swarm data (Sabaka et  al. 
2020; Martinec et  al. 2018). At the same time, however, 
the contribution due to PEJs and FACs to mid-latitude 
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Fig. 1  The scatter plots and linear fits between the Swarm magnetic residuals �X  (red), �Y (green) and �Z (blue) and the components XMMA , 
YMMA and ZMMA of the MMA model of the magnetospheric magnetic field (Sabaka et al. 2020) along Swarm A (top panels), Swarm B (middle panels) 
and Swarm C (bottom panels) satellite tracks. The results are shown for a moderate magnetic storm of 84,5-h duration from April 11 to April 15, 
2014. The Dst index equals −81 at the main phase of the storm. Swarm satellite track numbers are given in the headers of panels. Only data from 
the mid-latitude interval I10

◦

ML
 , I10

◦

ML
= (ϑRn2

+ 10◦ ,ϑRs2
− 10◦) , are included. A least-squares regression line is shown by black line. The corresponding 

correlation coefficient (R), regression slope (S) and mean (M in nT) are shown in each panel. In addition, RMSD (in nT) shows the root mean squares 
of the differences between the MMA and the predicted values from the regression line. For comparison, light-blue line stands for the exact linear 
relationship between Swarm residuals and a modelled field
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residual �X is also neglected, which is a rather rough 
approximation, as discussed below.

In addition, the spatial patterns of the mid-latitude 
magnetic fields due to MRCs and MICs, and due to PEJs 
and FACs are different. The Z magnetic field compo-
nent due to MRCs and MICs changes with colatitude ϑ 
predominantly as the cosine of colatitude, that is, as the 
Legendre function P10(cosϑ) , while the X component 

changes as the sine of colatitude, that is, as the deriva-
tive of P10(cosϑ) with respect to ϑ (Banks 1969; Shore 
et al. 2016). Hence, degree-one SH of the X component of 
MMF reaches maximum at the magnetic equator. As far 
the magnetic fields of PEJs and FACs, they monotonically 
decrease with increasing distance from the polar regions 
because the magnetic field decreases as the distance from 
the source increases. Hence, the magnetic fields of PEJs 

Fig. 2  The same as Fig. 1, but for model MME. The cut-off degree of the along-track spectral analysis is equal to 3 (Martinec et al. 2018)
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and FACs reach their minima near the magnetic equator 
depending on the spatial distribution of PEJs and FACs in 
polar regions. The different mid-latitude spatial patterns 
of the X component due to MRCs and MICs, and PEJs 
and FACs help to separate them in terms of degree-one 
SHs.

The situation with higher degree SHs is different. The 
X component of MMF for degree-two SHs changes with 
colatitude ϑ as function sin ϑ cosϑ , which reaches two 
extrema near the polar regions at ϑ = 45◦ and 135◦ . 
Hence, the degree-two magnetic field in mid-latitudes 
can be overlapped by a stronger magnetic field of PEJs 
(and slightly by FACs) at magnetically disturbed times. 
Similarly, the degree-three SH of the X component of 
MMF reaches three extrema, one at the equator and the 
other two near the polar regions at ϑ ∼ 30◦ and ∼ 150◦ . 
Hence, this magnetic field can again be easily overlapped 
by PEJ and FAC magnetic fields. In summary, the SH 
analysis of along-track residuals �X and �Z provides a 
good-quality estimate of degree-one SH of MMF, while 
the quality of degree-two or degree-three SHs is ques-
tionable due to the overlap of MMF signals by PEJ and 
FAC magnetic fields at magnetically disturbed times.

In view of these arguments, to estimate higher degree 
SHs of MMF with a good confidence, the use of SH 
analysis of the Swarm magnetic residuals is problematic. 
Instead, we will create a complex electric circuit model 
of the currents flowing in the polar ionosphere, the inner 
magnetosphere and along the field lines connecting the 
two domains, and will determine the magnetic field due 
to the electric circuit model along Swarm tracks. The 
model consists of 2D electric circuits that are set up 
according to a simplified geometry of the currents flow-
ing in and between the two regions.

As the magnetospheric ring currents in the inner mag-
netosphere, PEJs and FACs are strongly related to the 
Earth’s magnetic field, we will use the spherical solar 
magnetic coordinates (SM) r,ϑsm,ϕsm (Laundal and 
Richmond 2017) rather than spherical geographic coor-
dinates r,ϑ ,ϕ . We transform spherical magnetic field 
residuals �X , �Y  and �Z in geographic coordinates to 
spherical magnetic field residuals �Xsm , �Ysm and �Z in 
SM coordinates, and use the latter. Swarm vector mag-
netic residual field (2) transformed to SM coordinates 
takes the form

where �sm = (ϑsm,ϕsm) , and eϑsm and eϕsm are the hori-
zontal spherical unit base vectors in the SM coordinates. 
Note that residual �Z does not change by the rotation 

(3)
�Bsm(r,�sm, t) =−�Z(r,�sm, t)er

−�Xsm(r,�sm, t)eϑsm

+�Ysm(r,�sm, t)eϕsm ,

from the geographic to SM coordinates because the 
radial spherical base vector er does not change by this 
rotation.

Let us start with creating an electric circuit model of 
MRCs and MICs. The circuit model in SM coordinates 
consists of two electric circular loops lying on the dipole 
equatorial plane (i.e., the xsmysm plane) and are shifted 
along the xsm axis, see Fig.  3. The circles are described 
by the parametric equations (C.1). The magnetic field 
generated by a steady electric current flowing along a 
circular loop is given by the line integral (A.3) of infini-
tesimal magnetic field contributions expressed by the 
Biot–Savart law (B.9). The line integral is calculated by a 
numerical quadrature over the full planar angle.

The two-circular loop model is represented by 6 
parameters, that is, radii ae and ai of the external and 
internal circles, shifts x0e and x0i of the circles along the 
xsm axis and steady electric currents Ie and Ii flowing 
along the circles. The model is designed such that residu-
als �Xsm and �Z of three Swarm satellites are grouped in 
discrete bins of 1 hour duration, similar to Sabaka et al. 
(2020), and the multi-track residuals over mid-latitudes 
are optimally adjusted by the magnetic field of MRC–
MIC model.

It is important to emphasise that the duration of bins 
can be further increased at magnetically quiet times. 
For example, Sabaka et  al. (2018)’s non-comprehensive 
approach uses the bins of 1.5-h and 6-h duration for 
estimating degree-one and higher degree SHs of MMF, 
respectively. However, at magnetically disturbed times 
when PEJs, FACs and MMFs are quickly changing in 
time and space, the increase of bin duration may result 

Fig. 3  Circular model of a magnetospheric ring current and its 
counterpart induced in the Earth. The scale does not match the 
reality
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in larger differences between the residuals and mod-
elled MMF. To avoid this feature, it would be necessary 
to group the residuals in non-uniform time bins with a 
longer duration at magnetically quiet times and a shorter 
duration at magnetically disturbed times. A non-uniform 
time binning can be done, for instance, according to the 
proxy RC index (Onovughe 2018; Sabaka et  al. 2020), 
which will be treated in a separate publication. Note, at 
least, that a non-uniform time binning does not make a 
significant complication, for example, in modelling of 
electromagnetic induction (EMI) in the Earth’s mantle 
provided that the forward EMI modelling is carried out 
in the time domain (Martinec et al. 2003; Velímský and 
Martinec 2005).

Note that residuals �Ysm are not included in the adjust-
ment because they contain a large magnetic signal due to 
FACs during magnetically disturbed times. After mod-
elling magnetic field of FACs, this field will be removed 
from �Ysm and an enhanced estimate of MMF will be 
carried out in “A revised estimate of MMF” section.

The adjustment of the Swarm residuals �Xsm and 
�Z is non-linear with respect to geometric parameters 
ae, x0e, ai, x0i and linear with respect to current ampli-
tudes Ie and Ii . The non-linear geometric parameters are 
found by a grid search over a specified range of param-
eters, while the amplitudes of electric currents are esti-
mated by least squares.

The non-linear adjustment for estimating parameters 
ae, x0e, ai, x0i is, however, non-unique. That is, a large 
number of parameter combinations can adjust along-
track Swarm residuals within the accuracy of the data. 
Since many of these combinations are physically unac-
ceptable, we limit the range of parameter variability as 
follows:

The interval of ae approximates the interval of geocen-
tric distances where the ring currents in the inner mag-
netosphere encircles the Earth (e.g., Daglis et  al. 1999; 
Tsyganenko 2013), while the interval for x0e reflects a 
non-uniformity of the ring currents; magnetosphere is 
essentially asymmetric, compressed by the solar wind 
dynamic pressure on the dayside, and stretched by the 
tail current on the nightside (e.g., Ganushkina et  al. 
2018). The electric currents induced in the Earth by the 
MRCs are limited to flow within the geocentric distance 
intervals for ai and x0i.

We should emphasise that the six-parameter circuit 
model of two shifted circles lying on the dipole equatorial 

(4)

4 ≤ ae/Re ≤ 8,

0.4 ≤ ai/Re ≤ 0.7,

−2 ≤ x0e/Re ≤ 2,

−0.2 ≤ x0i/Re ≤ 0.2.

plane in the magnetosphere and the Earth significantly 
simplifies the currents flowing in the inner magneto-
sphere and the Earth at magnetically disturbed times. It 
would be possible to adopt more complex circuit mod-
els of these currents, e.g., more-than-two shifted cir-
cles. However, as Fig. 4 shows for six selected Swarm A 
tracks (see Table  1), the two-circle model adjusts mid-
latitude residuals �Xsm and �Z solidly well. The differ-
ences between the Swarm residuals and the best-fitting 
signals usually do not exceed ±5 nT at magnetically dis-
turbed times. Making a circuit model more complex, the 

Fig. 4  Left panels: The Swarm residuals �Xsm (thin black) and �Z 
(thin orange) along six Swarm A nightside full tracks (see Table 1) 
and best-fitting signals X (1)

sm,MMC
 (dashed red) and Z(1)

MMC
 (dashed 

blue) over the mid-latitude interval I10
◦

ML
 (vertical dashed violet lines) 

due the two-circular loop model of MRCs and MICs. Right panels: 
The differences �Xsm − X

(1)
sm,MMC

 (red) and �Z − Z
(1)
MMC

 (blue) over 
mid-latitude interval I10

◦

ML
 . Here, I10

◦

ML
= (ϑsm,Rn2

+ 10◦ ,ϑsm,Rs2
− 10◦) , 

and ϑsm,Rn2
 and ϑsm,Rs2

 are dipole colatitudes of equatorward Region 2 
of the northern and southern auroral ovals, respectively
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adjustment for estimating the model parameters would 
suffer from even more severe non-uniqueness than the 
applied six-parameter model.

Let the components of the magnetic field generated by 
the two-circular loop model of MRCs and MICs best fit-
ting the mid-latitude residuals �Xsm and �Z be denoted 
as X (1)

sm,MMC and Z(1)
MMC . The component Y (1)

sm,MMC is com-
puted a posteriori for the parameters of the best-fitting 
two-circles model. Label ’(1)’ indicates that X (1)

sm,MMC , 
Y
(1)
sm,MMC and Z(1)

MMC are the first-order estimates of MMF 
in the sense that no corrections due to PEJs and FACs 
have been applied. Furthermore, label ‘C’ in ’MMC’ indi-
cates that the MMF is modelled by electric current sys-
tems rather than by a SH model such as model MMA 
(Sabaka et  al. 2020) or model MME (Martinec et  al. 
2018).

Figure  5 shows the scatter plots between the Swarm 
magnetic residuals �Xsm , �Ysm and �Z and the best-fit-
ting magnetospheric magnetic fields X (1)

sm,MMC , Y (1)
sm,MMC 

and Z(1)
MMC for the same moderate magnetic storm as ana-

lysed in Figs.  1 and  2. Comparing these figures, we can 
see that the single measures of the quality of fit, that is, R, 
S, M and RMSD, are a bit more favourable for the Z com-
ponent of model MMC(1) than that of model MME. The 
same holds for the X component except for RMSD that is 
larger by about 1-3 nT for model MMC(1) , but smaller by 
about 3 nT than that of model MMA. Though the Y com-
ponent of model MMC(1) has been calculated a posteriori 
from the parameters of the model best-fitting �Xsm and 
�Z , the scatter plots of the Y component, shown in the 
middle panels of Fig.  5, have practically zero slope and 
insignificant correlation between residuals �Ysm and 
model field component Y (1)

sm,MMC because the two-circu-
lar loop model adjusts only residuals �Xsm and �Z , but 
not �Ysm (similarly as model MME). The adjustment 
of all three residuals will be done in “A revised estimate 
of MMF” section. At this moment, we may assume that 
�Ysm is predominantly generated by PEJs and FACs.

A new residual magnetic field �B(1)
sm can be defined by 

subtracting the best-fitting magnetospheric magnetic 
field B(1)

sm,MMF , that is, the field

from the Swarm residuals �Bsm , given by Eq. (3), as

A schematic topology of large‑scale current 
systems in the polar ionosphere
There is an extensive literature dealing with the physical 
processes in the Earth’s magnetosphere and ionosphere, 
their observations by the ground-based magnetic obser-
vatories and satellites, and the interaction between the 
magnetosphere and ionosphere (e.g., Kamide 1982; Milan 
et  al. 2017; Ganushkina et  al. 2018). Here, we present 
only a schematic view on the topology of large-scale cur-
rent systems in the polar ionosphere in order to be able 
to compile an approximate geometric model of those 
currents.

The auroral ovals (or zones) are regions in the high-
latitude ionosphere where the ionisation of neutral 
atoms and molecules by the precipitation of magneto-
spheric energetic electrons and ions enhances the elec-
trical conductivity. The auroral zones are approximately 
a bell whose centre is displaced about five degrees along 
the midnight meridian from the geomagnetic pole (e.g., 
Baumjohann and Treumann 1996). Since the conduc-
tivity of the auroral zone is much higher than the con-
ductivity of the polar cap, the high-latitude currents are 
concentrated inside the auroral zones, where they form 
large-scale electric horizontal currents, named the auro-
ral electrojets. Two strong auroral electrojets can be 
seen near to 70◦ latitude (e.g., Johnsen 2013; Liou et  al. 
2018). The dimensions of the polar cap and auroral oval 
are subject to strong temporal variations. Whereas both 
regions contract to a relatively narrow region around the 
magnetic pole during magnetically quiet conditions, the 
diameter of the polar cap and width of the auroral oval 
both expand during magnetically active conditions.

The magnetosphere and ionosphere are electromag-
netically coupled through the field-aligned currents. By 
definition, the field-aligned currents (FACs) flow along 
the Earth’s magnetic field lines represented, in this paper, 
by the dipole field lines. As shown in Fig.  6, the paired 
downward and upward FACs connect the magnetosphere 
with the high-latitude ionosphere via two regions, named 

(5)

B
(1)
sm,MMC

(r,�sm, t) =− Z
(1)
MMC

(r,�sm, t)er

− X
(1)
sm,MMC

(r,�sm, t)eϑsm

+ Y
(1)
sm,MMC

(r,�sm, t)eϕsm ,

(6)�B(1)
sm = �Bsm − B

(1)
sm,MMC.

Table 1  Swarm A satellite tracks selected to demonstrate the 
results for moderately disturbed times

The coordinated universal time (UTC) and the local time (LT) are the respective 
times when Swarm A satellite passes the magnetic equator

Track no. Date UTC​ LT Dst Kp

A4301 12.04.2014 08.42 02.04 − 86 4+

A4855 30.04.2014 10.72 00.42 − 65 3

A4975 04.05.2014 08.68 00.06 − 47 4

A5097 08.05.2014 08.23 23.72 − 39 3+

A8506 27.08.2014 13.03 01.74 − 58 4

A9012 13.09.2014 01.05 00.26 − 63 6+
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Region 1 and 2 (e.g., Iijima and Potemra 1976; Potemra 
1983). Region 1 is located at the poleward boundary 
between the high-conductivity auroral zone and the low-
conductivity polar cap, while Region 2 is located near 
the equatorward edge of the auroral oval. Region 1 field-
aligned currents flow into the ionosphere at dawn and 

out of the ionosphere at dusk while Region 2 field-aligned 
currents flow out of the ionosphere at dawn and into the 
ionosphere at dusk.

The auroral electrojets (AEJs) comprise the Hall and 
Pedersen currents. As shown in Fig.  6, the eastward 
and westward electrojets are primarily the Hall currents 

Fig. 5  The same as Figs. 1 and 2, but for the magnetic field components X (1)
sm,MMC

 , Y (1)
sm,MMC

 and Z(1)
MMC

 due to the two-circular loop model of MRCs 
and MICs, and spherical magnetic field residuals �Xsm , �Ysm and �Z . The magnetic fields of PEJs and FACs have not been removed from Swarm 
magnetic residuals
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which originate around noon and are supplied by down-
ward FACs. The eastward and westward electrojets flow 
in the afternoon sector, and the morning and midnight 
sectors, respectively, and terminate in the region of the 
Harang discontinuity. The Hall currents in the auroral 
ovals are enclosed by weaker currents that flow sunwards 
across the low conductivity polar cap. Here, we will called 
them the polar-cap Hall currents.

The Region 1 and Region 2 field-aligned currents pre-
dominantly close via the Pedersen currents across the 
auroral oval, but can also close via weaker currents across 
the polar cap (see Fig. 6); we will call them the polar-cap 
Pedersen currents. In addition, when ionospheric con-
ductivity is nonuniform, the Region 1 and Region 2 cur-
rents can close via the Hall currents (Forsyth et al. 2018). 
The auroral electrojets and polar-cap Hall and Pedersen 
currents are jointly called the polar electrojets (PEJs). 
Both the large-scale current systems, the PEJs and FACs, 
result in magnetic field disturbances of Swarm magnetic 
measurements.

The Region 1 and Region 2 FACs in Figure 6 are typical 
when the interplanetary magnetic field (IMF) is directed 
southward, i.e., when Bz < 0 nT. In the other case where 
the IMF Bz component is northward, an additional FAC 

current system, known as NBZ (or, Region 0) Birkeland 
currents, is developed. The NBZ currents are maximised 
close to local noon at latitudes between the cusp and the 
pole (e.g., Iijima et al. 1984; Milan et al. 2000). We do not 
consider these additional currents acting predominantly 
on daysides because the parameters of electric circuit 
model are estimated for nightside along-track Swarm 
data only.

Estimation of the auroral oval locations
The location of the auroral ovals plays an important role 
in computing the magnetic signature of FACs in the cur-
rent-free mid-latitude region. The positions of the auroral 
oval boundaries, that is, Region 1 and Region 2, will be 
estimated for a single Swarm satellite on track-by-track 
basis by analysing the Y component of the residuals in 
SM coordinates, that is, the magnetic field component 
�Ysm . To come to the way of how to do it, we take the fol-
lowing successive thought steps.

Let FACs be first modelled by two semi-infinite long 
parallel straight wires carrying electric currents I1 and I2 . 
Let the wires be placed on a meridional plane ϕsm = ϕ0 
at colatitudes ϑsm = ϑ1 and ϑsm = ϑ2 , respectively, and 
extend from the high-latitude ionosphere to infinity. 
Let also first assume that a satellite flies along the same 
meridional plane ϕsm = ϕ0 . The only magnetic field com-
ponent measured by a satellite onboard magnetometer 
will be the component perpendicular to the meridional 
plane, that is, component Ysm in our notation. To follow 
the FAC case, let the currents carried by the two wires 
have opposite directions. Then, Ysm between the wires, 
that is, at colatitudes ϑsm ∈ (ϑ1,ϑ2) , is equal to the sum 
of the individual contributions Y i

sm , i = 1, 2 , generated by 
the two wires, while Ysm outside the wires is given by the 
differences of Y i

sm . The same-sign extrema of magnetic 
field Ysm at satellite altitudes will be located at ϑsm = ϑ1 
and ϑsm = ϑ2 , respectively. This case is shown in panel A 
of Fig. 7.

Let us make the first assumption more realistic and 
consider that the down and up field-aligned currents 
flow along the field lines of the geomagnetic dipole. This 
approximation is well valid up to geocentric distances of 
∼ 8Re (e.g., Daglis et al. 1999; Tsyganenko 2013). The sat-
ellite magnetometer will still measure only component 
Ysm , but, in contrast to the previous case, the same-sign 
extrema of Ysm will be slightly shifted equatorwards due 
to the concave field lines of the magnetic dipole. For real-
istic configurations, the shift is at most 1 degree in colati-
tude. This case is shown in panel B of Fig. 7.

The second assumption slightly violated for Swarm sat-
ellites because they fly along near-polar orbits (the orbit 
inclinations are approximately 87.4◦ and 88.0◦ , respec-
tively). It means that the Swarm onboard magnetometer 

Fig. 6  A schematic view of large-scale current systems in the polar 
ionosphere of the northern hemisphere. The auroral oval (bounded 
by two eccentric circles) is the region with an enhanced electrical 
conductivity. FACs transport energy and momentum between the 
magnetosphere and ionosphere via Region 1 (the poleward edge of 
the auroral oval) and Region 2 (the equatorward edge of the auroral 
oval). Crossed and dotted circles represent the flow of FACs into and 
out of the ionosphere, respectively. Hall currents and polar-cap Hall 
currents (dashed lines) flow along the eastward and westward auroral 
electrojets, and sunwards across the polar cap, respectively. Pedersen 
currents and polar-cap Pedersen currents (solid lines) flow across the 
electrojets between Region 1 and Region 2, and across the polar cap 
to the opposite local-time sector, respectively
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measures not only the Ysm component but also Xsm and 
Z components of FAC magnetic field. Panel C of Fig.  7 
shows this case for the orbit inclination of 88.0◦ . Impor-
tant is that the same-sign extrema of component Ysm 
hardly change their locations; the changes are within 
0.3 degree in colatitude. While panel C of Fig.  7 dem-
onstrates the situation at magnetically disturbed times 

where the width of auroral ovals may reach 10-12 degree 
in colatitude, panel D of Fig. 7 shows the case at magneti-
cally quiet times where the width of auroral ovals is about 
1 degree in colatitude or less. The same-sign extrema of 
component Ysm are now merged into a single extremum.

The above considerations can be used to estimate the 
colatitudinal positions of Region 1 and Region 2 along a 
Swarm satellite track. Because PEJs contribute to Swarm 
magnetic residual �Ysm significantly less than FACs, 
the positions of the same-sign extrema of �Ysm along a 
Swarm track in polar regions provide an estimate of the 
colatitudinal positions of Region 1 and Region 2 for that 
track. These estimates are to be corrected for up to 1 
degree shift equatorward due to the concave field lines of 
geomagnetic dipole.

Region 1 and Region 2 locations are firstly estimated 
by a visual inspection of the high-latitude residual signal 
�Ysm . Our experience with analysing a large number of 
along-track Swarm measurements shows that the first 
visual estimate locates Region 1 and Region 2 within the 
uncertainty of ±1◦ in colatitude. The visual estimate may 
be checked and improved, if necessary, by minimising 
(with respect to the locations of Region 1 and Region 2) 
the squared mid-latitude differences between �B(1)

sm and 
the magnetic field best-fitting complete-track residuals 
�B(1)

sm by the electric circuit model of PEJs and FACs. This 
model is presented in the following section.

The example of the estimated locations of Region 1 
and Region 2 for the magnetic storm analysed in Fig. 1 is 
given in Fig. 8. As expected, the position and the width of 
auroral ovals change in dependence of solar activity. They 
contract in a narrow region during magnetically quiet 
conditions and expand into the region of width up to 10◦ 
in colatitude during magnetically disturbed times. The 
uncertainty of the estimated locations of Region 1 and 
Region 2 is on average about ±0.5◦ in colatitude.

An electric circuit model of PEJs and FACs
The correction of Swarm magnetic residuals �B

(1)

d
 due to 

the magnetic fields generated by PEJs and FACs will by 
computed for a single Swarm satellite on a track-by-track 
basis because PEJs and FACs quickly change in time and 
space at magnetically disturbed times. As introduced, 
all three Swarm satellites have near-polar orbits. Hence, 
when a Swarm satellite leaves mid-latitudes it enters the 
region of an auroral electrojet, say, for example, the west-
ward auroral electrojet, and later the western polar cap 
(see Fig. 6). We will model the magnetic field generated 
by the currents flowing only in these two polar regions 
because their magnetic field contributions to mid-lat-
itude magnetic field are dominant. In other words, the 
magnetic effect of the currents on the hemisphere oppo-
site to the satellite orbit is considered to be negligible. 

Fig. 7  The magnetic field components Xsm (red), Ysm (green) and 
�Z (blue) measured by a satellite vector magnetometer for four 
hypothetic cases. The vertical dashed violet lines show the position 
of Region 1 and Region 2. Panel A: A satellite flies in the meridional 
plane of two semi-infinite long line wires carrying currents of the 
opposite directions. Panel B: The same as panel A, but the meridional 
plane contains the down and up field-aligned currents flowing along 
the field lines of the geomagnetic dipole. Panel C: The same as panel 
B, but the meridional plane of a satellite orbit is rotated by 2 ◦ from 
the meridional plane of the currents. Panel D: The same as panel C, 
but the distance between Region 1 and Region 2 is reduced to 0.5◦
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Making this assumption is also required by the fact that 
the inverse problem for the estimation of PEJs and FACs 
is inherently unstable. Including currents on the hemi-
sphere opposite to the satellite orbit would make the 
instability even worse.

As shown in Fig. 6, the auroral oval is bounded by two 
eccentric circles shifted towards midnight by, say, xsm,0 . 
The shift xsm,0 may be viewed as the fixed input param-
eter (e.g., 4◦ towards midnight) for modelling of along-
track Swarm data. However, it would not be clear how 
xsm,0 changes from track to track, in particular, during 
geomagnetic disturbance periods. Alternatively, the shift 
xsm,0 can be included in the list of parameters searching 
by inversion. Since Swarm data are non-linearly related 
to xsm,0 , this parameter should be searched by a grid 

search, which would increase computational effort rather 
significantly.

In fact, the non-linear dependence of along-track 
Swarm data on xsm,0 is rather weak for small values of 
xsm,0 which may tend to choose xsm,0 ad hoc, e.g., 4◦ , for 
all Swarm tracks over a certain magnetic epoch. It would 
make the mathematical description of an electric circuit 
model more complex, but the fit of along-track mag-
netic data will be practically identical as for the choice 
xsm,0 = 0 . For the sake of simplicity, we therefore choose 
xsm,0 = 0 and assume that the auroral oval are bounded 
by two concentric circles centred at the geomagnetic 
pole.

In the following two subsections, we will parameter-
ise five systems of currents, that is, the Hall currents, 
the polar-cap Hall currents, Region 1 and Region 2 field-
aligned currents, the Pedersen currents and the polar-cap 
Pedersen currents, whose magnetic fields are assumed 
to make the largest contributions to mid-latitude Swarm 
magnetic residuals. The modelled electric currents will 
flow along two-dimensional curves and each individual 
current will have a constant amplitude. The detailed 
parameterisation of individual currents and the magnetic 
field generated by them are given in Appendices.

An electric circuit model of Hall currents
Let a satellite cross Region 1 and Region 2 of the auro-
ral oval at colatitudes ϑsm,R1

 and ϑsm,R2
 , respectively. The 

horizontal Hall currents in the auroral oval are modelled 
by a series of NHC steady currents of amplitudes I iHC 
flowing along circular arcs in the circle-of-latitude planes 
of SM colatitudes ϑ i

HC i = 1, . . . ,NHC , which are regu-
larly spaced by �ϑ over the colatitudinal interval of the 
auroral oval, that is, ϑsm,R1

< ϑ i
HC < ϑsm,R2

 at the north 
and ϑsm,R1

> ϑ i
HC > ϑsm,R2

 at the south, respectively. 
Each arc is placed in the horizontal circle-of-latitude 
plane zsm = riono cosϑ

i
HC , has radius aiHC = riono sin ϑ

i
HC 

and extends over longitude from −αi
HC to αi

HC . Here, 
riono = Re + hiono , where hiono = 115 km is a height of 
the approximate location of the E  ionospheric region. 
Because the Hall currents originate around noon and 
terminate near the Harang discontinuity, we choose 
αi
HC = 80◦ for all the currents. The geometry of an indi-

vidual Hall current is shown in Appendix D.
A circular arc of the Hall current is described by the 

parametric equations (D.1). The magnetic field generated 
by a steady electric current flowing along this arc is given 
by the line integral (A.3) of infinitesimal magnetic field 
contributions expressed by the Biot–Savart law (B.9). The 
line integral is calculated by a numerical quadrature over 
the longitudinal interval (−αi

HC,α
i
HC).

Fig. 8  The colatitudinal positions of Region 1 (red) and Region 2 
(blue) of the northern (top part of each panel) and southern (bottom 
part of each panel) polar ovals for the magnetic storm analysed in 
Fig. 1. The Region 1 and Region 2 colatitudes were estimated by 
analysing residual signal �Ysm along Swarm A (top panel), Swarm B 
(middle panel) and Swarm C (bottom panel) tracks, respectively
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The inverse problem for estimating the Hall current 
parameters from Swarm magnetic residuals is unstable 
(Aakjær et  al. 2016). One factor influencing its stability 
is the size of current spacing �ϑ . The smaller �ϑ , the 
greater the instability. To trade off stability with resolu-
tion, we choose �ϑ = 1◦ and kept it fixed. Then, the 
number of Hall currents lying inside the auroral oval 
is NHC = |ϑsm,R2

− ϑsm,R1
|/�ϑ + 1 . Since the dimen-

sions of auroral ovals contract or expand in dependence 
of solar activity, the number of Hall currents, NHC , will 
change from track to track, and will differ for the north-
ern and southern auroral ovals.

The polar-cap Hall currents flowing sunwards 
across the polar cap are modelled by a series of NHC 
steady currents I iPHC flowing in the ysm = yiPHC planes, 
yiPHC = aiHC cosαi

HC , i = 1, . . . ,NHC , along circular arcs 
of radius riono . The arcs extend from −β i

A to β i
A , where 

β i
A is given by (E.7), sin β i

A = sin ϑ i
A sin αi

A . The geom-
etry of an individual polar-cap Hall current is shown in 
Appendix 10.

Note that we have chosen the number of the polar-cap 
Hall currents equal to the number of the Hall currents 
such that they form closed electric circuits in the polar 
ionosphere. However, because the conductivity of auro-
ral ovals is larger than the conductivity of polar cap, the 
amplitudes I iHC and I iPHC generally differ and constitute 
two sets of model parameters to be estimated for each 
satellite track.

A circular arc of the polar-cap Hall current is described 
by the parametric equations (E.1). The magnetic field 
generated by a steady electric current flowing along this 
arc is given by the line integral (A.3) of infinitesimal mag-
netic field contributions expressed by the Biot–Savart 
law (E.2). The line integral is calculated numerically over 
angles from −β i

A to β i
A.

An electric circuit model of FACs and Pedersen currents
The field-aligned currents entering or leaving Region 
1 and Region 2 are modelled by a series of 2NFAC + 1 
steady currents of amplitudes I i

FAC
 flowing in the merid-

ian planes of SM longitudes ϕi
FAC

 , i = 1, . . . , 2NFAC + 1 , 
along the dipole field lines (I.3) between Region 1 or 
Region 2 and the dipole equatorial plane. The geom-
etry of an individual pair of Region 1 and Region 2 
field-aligned currents connecting the northern polar 
ionosphere and the inner magnetosphere is shown in 
Appendix  I. The meridian planes are regularly spaced 
around the satellite longitude ϕsat

sm by a constant angle 
�ϕ such that ϕi

FAC
= ϕsat

sm + (−NFAC + i − 1)�ϕ , 
i = 1, . . . , 2NFAC + 1 . We choose �ϕ = 1◦ due to the 
same reason as the choice �ϑ = 1◦ for the spacing of the 
Hall currents. To make the inverse problem for estimat-
ing FACs and PEJs better controlled, we choose the same 

number of FACs entering or leaving Region 1 or Region 
2 for both the northern and the southern polar iono-
spheres. The magnetic field generated by a steady electric 
current flowing along a dipole field line is given by the 
line integral (A.3) of infinitesimal magnetic field contri-
butions expressed by the Biot–Savart law (G.6) after sub-
stituting eqs (I.4) and (I.5). The line integral is calculated 
by a numerical quadrature over the colatitudinal interval 
(ϑsm,R1

, 90◦) or (ϑsm,R2
, 90◦).

The horizontal Pedersen currents inside the auroral 
oval are modelled by a series of 2NPC + 1 steady cur-
rents I iPC flowing in the meridian planes of SM longitudes 
ϕi
PC , i = 1, . . . , 2NPC + 1 , along circular arcs of radius 

riono between the upward and downward FACs, that is, 
between Region 1 and Region 2. The geometry of an indi-
vidual Pedersen current is shown in Appendix H.

The meridian planes are again regularly spaced 
around the satellite longitude by a constant angle 
�ϕ = 1◦ such that ϕi

PC = ϕsat
sm + (−NPC + i − 1)�ϕ , 

i = 1, . . . , 2NPC + 1.
We have chosen the number of Pedersen currents 

smaller than the number of FACs ( NPC < NFAC ) because 
the design matrix G (see the next section) is quickly get-
ting ill-posed with increasing NPC while the condition-
ality of G with increasing NFAC does not degrade so 
quickly. A circular meridian arc of the Pedersen current 
is described by the parametric equations (H.1). The mag-
netic field generated by a steady electric current flowing 
along this circular arc is given by the line integral (A.3) 
of infinitesimal magnetic field contributions expressed by 
the Biot–Savart law (G.6) after substituting eqs (H.2) and 
(H.3). The line integral is calculated by a numerical quad-
rature over the colatitudinal interval (ϑsm,R1

,ϑsm,R2
).

Finally, the polar-cap Pedersen currents flowing across 
the polar cap are modelled by a series of 2NPC + 1 
steady currents I iPPC flowing along circular arcs lying 
in the xsm = xiPPC planes, xiPPC = riono sin ϑR1

sin ϕi
PC , 

i = 1, . . . , 2NPC + 1 ; each arc has radius riono . The arcs 
extend over angles from −γ i

C to γ i
C , where γ i

C is given 
by (F.7), sin γ i

C = sin ϑR1
cosϕi

PC . The geometry of 
an individual polar-cap Pedersen current is shown in 
Appendix F.

To make the inverse problem for the estimation of 
FACs and PEJs easier to control, we choose the number 
of the polar-cap Pedersen currents equal to the number 
of the Pedersen currents. The polar-cap Pedersen cur-
rents should close via the field-aligned currents in the 
opposite local-time sector. As we assume, however, we 
consider the magnetic effect of those ’opposite’ currents 
on the mid-latitude magnetic data negligible with respect 
to the magnetic effects of the PEJs and FACs flowing in 
the vicinity of the satellite orbit.
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A circular arc of the polar-cap Pedersen current is 
described by the parametric equations (F.1). The mag-
netic field generated by a steady electric current flowing 
along this circular arc is given by the line integral (A.3) 
of infinitesimal magnetic field contributions expressed by 
the Biot–Savart law (F.2). The line integral is calculated by 
a numerical quadrature over angles from −γ i

C to γ i
C.

Estimation of PEJ and FAC current amplitudes
Denoting nFAC = 2NFAC + 1 and nPC = 2NPC + 1 , 
the total number of the amplitudes of PEJs and FACs 
at the northern and southern polar ionospheres 
are, respectively, Nn

= 2Nn
HC + 2nFAC + 2nPC and 

N s
= 2N s

HC + 2nFAC + 2nPC , where the superscripts ‘n’ 
and ‘s’ stand for ‘north’ and ‘south’, respectively. These 
numbers correspond to our choice of circuit model 
parameterisation. The numbers of Hall currents differ 
for the northern and southern polar ionospheres because 
they are determined by the widths of the northern and 
southern auroral ovals which may differ in dimensions. 
On the other hand, we choose the same number of FACs 
and Pedersen currents at the northern and southern polar 
regions. In total, the number of the amplitudes of PEJs 
and FACs for both polar ionospheres is N = Nn

+ N s.
The amplitudes of PEJs and FACs will be estimated 

from the D samples of magnetic residuals �X
(1)
sm , �Y

(1)
sm  

and �Z(1) at locations rs = (rs,ϑsm,s,ϕsm,s) along a com-
plete Swarm track. They satisfy the observation equation 
of the form

where d is the column vector of 3D data samples,

‘T’ stands for transposition, m = (mn,ms)T is the col-
umn vector of Nn

+ N s amplitudes of PEJs and FACs,

the subscripts ‘R1’ and ‘R2’ stand for ‘Region 1’ and 
‘Region 2’, respectively. The design matrix G is composed 
of three block matrices each of which is associated with 
one component of the magnetic residuals d,

The elements of block matrices are

(7)d = Gm+ e,

(8)
d = {

(

�X
(1)
sm (rs),�Y

(1)
sm (rs),�Z

(1)(rs)
)T

, s = 1, 2, . . . ,D},

(9)

m
n
= {

(

I i,n
HC

, I i,n
PHC

, I
j,n
FAC,R1

, I
j,n
FAC,R2

, Ik ,n
PC

, Ik ,n
PPC

)

,

i = 1, . . . ,Nn
HC, j = 1, . . . ,NFAC, k = 1, . . . ,NPC},

(10)

m
s
= {

(

I i,s
HC

, I i,s
PHC

, I
j,s
FAC,R1

, I
j,s
FAC,R2

, Ik ,s
PC

, Ik ,s
PPC

)

,

i = 1, . . . ,N s
HC, j = 1, . . . ,NFAC, k = 1, . . . ,NPC},

(11)G = {GX ,GY ,GZ}
T .

where s = 1, 2, . . . ,D , and ℓ runs over all indices i, j and 
k as in eqs (9) and (10). The infinitesimal magnetic field 
contributions dBX ,Y ,Z are given by the Biot–Savart law 
specified for an individual PEJ or FAC in Appendices. 
Each current is described by a set of parameters pℓ and 
the bounds α′

ℓ of line integral (12). For example, dBX ,Y ,Z 
for the Hall current is given by Eq. (B.9) that is trans-
formed from Cartesian coordinates to spherical coor-
dinates by Eq. (B.10). Besides the radius of ionosphere, 
riono , and the colatitudes of Region 1 and Region 2, ϑsm,R1

 
and ϑsm,R2

 , each Hall current is specified by colatitude 
ϑℓ
HC ; the line integral  12 is carried out over longitudes 

from −αℓ
HC to αℓ

HC . The parameters pℓ and bounds α′

ℓ of 
the other PEJs and FACs have been given in the previous 
two sections.

Because of data errors and other possible contributions 
to Swarm magnetic residuals, both expressed by e , Eq. 
(7) is mathematically inconsistent and an exact solution 
to this system does not exist. The estimate m̂ of model 
parameters m by the least-squares is given by the normal 
equations (e.g., Koch 1999)

Though the normal equations are consistent, there are 
still two problems related to them. In fact, given along-
track magnetic residual values can be generated by more 
than one current distributions. We have reduced this 
non-uniqueness by a priori choice of the geometry of 
large-scale current systems in the polar ionospheres, but 
the number of the currents in each system is still to be 
chosen to specify estimate m̂ uniquely. Hence, the choice 
of size N of the N × N  matrix GTG makes the problem 
non-unique. However, there is no unique prescription on 
the number N of model parameters m . We will follow a 
rule of thumb recommending that a linear regression 
should be carried out for, at least, 10-20 observations for 
each independent parameter (e.g., Austin and Steyerberg 
2015). We use the Swarm vector magnetic measurements 
with a time step of 1 s such that each track contains 
approximately 2800 observations. According to the rule 
of thumb, the recommended number of parameter m̂ for 
the least-squares applied to the observations along each 
track is about 140–280.

The second problem arises due to the instability of a 
least-squares solution. This inherent property reflects 
the fact that the magnetic field decreases with increasing 
distance from a source current. It is therefore an unsta-
ble problem to look for a source current from the mag-
netic field observations in regions farther from the source 

(12)(GX ,Y ,Z)s,ℓ =

∫

α′ℓ

dBX ,Y ,Z(rs,pℓ)dα
′,

(13)GTG m̂ = GTd.
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because a small error in magnetic observations may be 
interpreted by large source currents.

There is a number of ways to regularise ill-conditioned 
matrix GTG (e.g., Menke 2012). Here, we choose a sim-
ple (or zeroth-order) Tikhonov regularisation (Tikhonov 
1963) by adding positive elements to its diagonals. The 
regularised least-squares estimate m̂ of model param-
eters m is then

where I is the identity matrix and α2 is the regularisation 
parameter controlling the strength of the regularisation. 
Again, there is no unique prescription on the size of α2 . 
In general, α2 should be chosen such that a desired trade-
off between data misfit and model resolution (or com-
plexity) is achieved.

Figure 9 plots the norm of vector m̂ (individually nor-
malised by the number of parameters N for better com-
parison between different tracks) as a function of the 
norm of the data-misfit vector d − Gm̂ in the so-called 
L-curve (Hansen 1992) for six selected Swarm  A tracks 
(see Table  1). According to Hansen (1992), the opti-
mal regularisation parameter α2 is chosen visually in, or 

(14)m̂ = (GTG + α2I)−1GTd,

near, the corner of the L-curve. The corner value of α2 
between 1× 10−11 nT2A−2 and 3× 10−11 nT2A−2 seems 
to balance the data misfit and model resolution. Choos-
ing α2

= 2× 10−11 nT2A−2 , Fig.  10 shows the magnetic 
residuals �X

(1)

d
 , �Y

(1)

d
 and �Z(1) and their fits by the 

regularised linear least squares for the six selected Swarm 
A tracks during magnetically stormy conditions. A visual 
inspection reveals rather large differences between the 
data and their fits. This is, in particular, unwanted feature 
at mid-latitudes because the mid-latitude residuals after 
their fitting by the magnetic fields of PEJs and FACs will 
be used, in the next step, for the estimation of MMF.

A rather poor fit is caused by a too large value of the 
regularisation parameter α2 . To get a better fit of data, 
the value of α2 needs to be decreased. Because the mid-
latitude residuals are interpreted in the next processing 
step, we will decrease a value of α2 such that the data 
misfit over mid-latitudes is decreased. Figure  11 plots 
the L-curves between the mid-latitude data-misfit vector 
(d − Gm̂)ML and the norm of vector m̂ for six selected 
Swarm A tracks. The corner value of L-curves for α2 
between 1× 10−14 nT2A−2 and 1× 10−15 nT2A−2 bal-
ance the mid-latitude data misfit and the model resolu-
tion. Figure 12 plots the magnetic residuals �X

(1)

d
 , �Y

(1)

d
 

and �Z(1) and their fits by the regularised linear least 
squares for a common choice of α2

= 3× 10−15 nT2A−2 
and for the six Swarm A tracks analysed in Fig. 10. The 
comparison of the two figures shows that the regularised 
linear least squares for α2

= 3× 10−15 nT2A−2 adjusts, 
as expected, the data much closer (not only those over 
mid-latitudes). The price paid for decreasing a value of 
α2 to 3× 10−15 nT2A−2 , that is, making the least squares 
less stable but having a better resolution, is manifested in 
Fig. 12 by small-scale oscillations of a fit in polar regions. 
Because only mid-latitude data and their fit are used in 
the next processing step, we do not need to deal with this 
unphysical noise.

The model scheme of AEJs and FACs idealises the real 
situation. For example, the amplitudes of individual cur-
rents are considered space and time independent such 
that the model satisfies the local current continuity con-
straint div I = 0 . However, the current continuity at the 
points of conjunction between various currents is not 
required. For example, at the conjunction between FAC 
and ionospheric currents in Fig.  20, it would probably 
demand that the downward FAC at point C feeds both 
IPC and IPPC , and the strength of the FAC is determined 
as

A reason to abandon such a current continuity con-
straint is due to the fact the Swarm data used to estimate 
the current amplitudes are considered along a complete 

(15)IFAC = IPC + IPPC.

Fig. 9  Trade-off curves between data misfit and model resolution 
(the L-curves) for six selected Swarm A tracks (see Table 1). Red, 
blue, green, yellow, violet and light blue stand for tracks A4301, 
A4855, A4975, A5097, A8506 and A9012, respectively. The dotes 
denote chosen values of the regularisation parameter α2 in the 
range between 1× 10−19 nT2A−2 and 1× 10−8 nT2A−2 . The corner 
values of the L-curves occur for α2 between 1× 10−11 nT2A−2 and 
3× 10−11 nT2A−2 . The common value of α2 used for the analysis of 
the along-track data in Fig. 10 was chosen equal to α2

= 2× 10−11 
nT2A−2 (large circles). The norm of vector m is normalised by the 
number of model parameters N for better comparison between 
different tracks
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Fig. 10  The Swarm residuals �X
(1)
sm  (solid red), �Y

(1)
sm (solid green) and �Z(1) (solid blue) along six Swarm A nightside full tracks (see Table 1) and 

their best fits by the regularised linear least squares (dashed lines) for α2
= 2× 10−10 nT2A−2 . The left, middle and right columns stand for the 

northern polar region, mid-latitudes and southern polar region, respectively. The vertical red lines in the left-hand and right-hand panels denote the 
estimated positions of the northern and southern auroral ovals, respectively; see Fig. 8. The mid-latitudes ranges between colatitudes ϑsm,Rn2

+ 10◦ 
and ϑsm,Rs2

− 10◦ (vertical dashed violet lines)
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Swarm track of 45 min duration. It is not clear to the 
authors how the current continuity constraint should be 
modified over a non-zero time interval, in particular, over 
geomagnetic disturbance periods when 15 holds at a par-
ticular time instant but could be significantly violated for 
45 min interval. However, if a time-average current con-
tinuity constraint is specified, it can be implemented in 
a future version of the model. A helpful note on current 
closure for the Biot–Savart law is given by Vasyliũnas 
(1999).

A revised estimate of MMF
In “Electric two-circular loop model of MRCs and MICs” 
section, the MMF was estimated directly from ‘raw’ mid-
latitude residuals �Xsm and �Z without removing the 
magnetic fields of PEJs and FACs. Because those fields 
were estimated in the previous sections, we will now 
remove them from residuals �Xsm and �Z (and also 
�Ysm ) and estimate the MMF once again in terms of 
the same model as in “Electric two-circular loop model 
of MRCs and MICs” section, that is, a two-circular loop 
model of MRCs and MICs. In contrast to the previous 
case, we adjust not only �Xsm and �Z , but also �Ysm , all 
reduced for the magnetic fields of PEJs and FACs.

Let the magnetic field generated by the electric circuit 
model of PEJs and FACs best fitting the full-track residu-
als B(1)

sm be denoted as Bsm,PF . In component form, Bsm,PF 
can be expressed as

A new residual magnetic field �B(2)
sm is defined by sub-

tracting Bsm,PF from the original residuals �Bsm,

where �Bsm is given by Eq. (3).
We again group magnetic residuals �X

(2)
sm , �Y

(2)
sm  and 

�Z(2) in discrete time bins of 1 hour duration and use the 
electric circuit model of MRCs and MICs to adjust the 
grouped residuals in each time bin. The electric circuit 
model of MRCs and MICs, presented in “Electric two-
circular loop model of MRCs and MICs” section, is com-
posed of two circular loops lying on the dipole equatorial 
plane (i.e., xsmysm plane). The circles are again shifted 
along the xsm axis. The model is represented by 6 param-
eters, that is, radii ae and ai of the external and inter-
nal circles, shifts x0e and x0i of the circles along the xsm 
axis and steady electric currents Ie and Ii flowing along 
the circles. The 6 parameters representing the MMF in a 
time bin are searched in the same way as in “Electric two-
circular loop model of MRCs and MICs” section, that is, 
the non-linear inversion of residuals �X

(2)
sm , �Y

(2)
sm  and 

�Z(2) for estimating geometric parameters ae, x0e, ai, x0i 
is solved by a grid search over a specified range of param-
eters given by Eq. (4), while the amplitudes of electric 
currents, Ie and Ii , are estimated by least squares.

Figure 13 shows the time evolution of external param-
eters Ie , ae and x0e , and internal parameters Ii , ai and x0i 
of magnetospheric magnetic field model MMC best fit-
ting residuals �X

(2)
sm , �Y

(2)
sm  and �Z(2) in each time bin for 

the magnetic storm analysed in Fig.  1. We can see that 
the geometric parameters are quickly changing in time 
within the the ranges specified a priori by constraints 
(4). Since electric current amplitudes Ie and Ii have been 
estimated by least squares, we test their statistical sig-
nificance by Student’s t-test (e.g., Martinec et  al. 2018). 
Under the assumption that errors contaminating residu-
als �X

(2)
sm , �Y

(2)
sm  and �Z(2) are random and normally dis-

tributed, Student’s t-test, performed for each time bin, 
has showed (not presented here) that all amplitudes Ie 
and Ii are statistically significant. The test results should 
be considered with caution because the assumptions of 
testing may be compromised for the residuals adjusted.

Having found the 6 parameters in each time bin, the 
MMF is calculated along all Swarm tracks belonging to 
the time bin. The functionality of MRC–MIC model 
is evaluated by inspecting the differences between 
residuals �X

(2)
sm , �Y

(2)
sm  and �Z(2) and the best-fitting 

(16)
Bsm,PF(r,�sm, t) =− ZPF(r,�sm, t)er

− Xsm,PF(r,�sm, t)eϑsm ,

+ Ysm,PF(r,�sm, t)eϕsm .

(17)�B(2)
sm = �Bsm − Bsm,PF,

Fig. 11  The same as Fig. 9, but for the mid-latitude residuals 
(d − Gm̂)ML . The common value of α2 used for the analysis all Swarm 
data was chosen equal to α2

= 3× 10−15 nT2A−2 (large circles)
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magnetospheric magnetic fields X (2)
sm,MMC , Y (2)

sm,MMC and 
Z
(2)
MMC . In contrast to model X (1)

sm,MMC and Z(1)
MMC , label 

’(2)’ indicates that X (2)
sm,MMC , Y (2)

sm,MMC and Z(2)
MMC are the 

estimates of MMF based on the mid-latitude residu-
als that are corrected for the magnetic fields of PEJs and 
FACs, and subsequently grouped in discrete time bins of 
1 hour duration.

Fig. 12  The same as Fig. 10, but for α2
= 3× 10−15 nT2A−2
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Figure 14 demonstrates for six selected Swarm A tracks 
(see Table 1) that the two-circle model captures mid-lati-
tude residuals �X

(2)
sm , �Y

(2)
sm  and �Z(2) again solidly well as 

it does, for different values of parameters ae, x0e, ai, x0i, Ie 
and Ii , for mid-latitude residuals �Xsm and �Z in Fig. 4. 
However, the comparison of the right panels of Figs.  4 
and 14 reveals that the differences between the data and 
their fits are smaller in the latter, which means that the 
revised model MMC(2) provides a more reliable estimate 
of MMF than model MMC(1) . This is also confirmed by 
the comparison of the scatter diagrams plotted in Figs. 5 
and 15 (see below).

Figure  15 shows the scatter plots between residuals 
�X

(2)
sm , �Y

(2)
sm  and �Z(2) and the best-fitting magneto-

spheric magnetic fields X (2)
sm,MMC , Y (2)

sm,MMC and Z(2)
MMC for 

the moderate magnetic storm analysed in Fig.  5. Com-
paring Figs.  5 and  15, we can see that model MMC(2) 
performs significantly better than model MMC(1) in 
all three magnetic field components. For example, 
R ≈ 0.962 , S ≈ 0.940 , M ≈ −0.92 nT and RMSD ≈ 4.06 
nT for the Z component of MMC(1) , while R ≈ 0.992 , 
S ≈ 0.983 , M ≈ −0.10 nT and RMSD ≈ 1.98 nT for the 
Z component of MMC(2) . Similarly, R ≈ 0.947 , S ≈ 0.873 , 
M ≈ −4.46 nT and RMSD ≈ 5.60 nT for the X compo-
nent of MMC(1) , while R ≈ 0.992 , S ≈ 0.976 , M ≈ −0.99 
nT and RMSD ≈ 2.14 nT for the X component of 
MMC(2) . All three sets of scatter plots in Fig. 15 show that 
long-wavelength signals are well modelled by the com-
plex circuit model of electric currents in the polar iono-
sphere, magnetosphere and between the two regions. In 
other words, removing the magnetic disturbing effect of 
PEJs and FACs from Swarm residuals improves signifi-
cantly the estimate of MMF.

In addition, comparing scatter plots in Figs. 1 and 15, 
we can see that model MMC(2) provides the estimate of 
MMF with a significantly better linear fit and a smaller 
scatter of Swarm residuals than model MMA (Sabaka 
et al. 2020). Hence, removing the magnetic fields of PEJs 
and FACs before estimating the MMF is a crucial step 
for improving the quality of the existing models of MMF 
(Sabaka et al. 2020; Martinec et al. 2018).

Spherical harmonic coefficients of MMF
Having determined 3× 2 electric current parameters 
representing a new magnetospheric magnetic field model 
MMC(2) in each time bin, the final step is to express this 

Fig. 13  The time evolution of external parameters Ie , ae and x0e (red) 
and internal parameters Ii  , ai and x0i (blue) of model MMC best-fitting 
residuals �X

(2)
sm  , �Y

(2)
sm and �Z(2) in each time bin. Time span covers 

the magnetic storm analysed in Fig. 1

▸
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representation in terms of spherical harmonics. The fol-
lowing procedure is applied on a bin-by-bin base.

In a current-free region, representing the Earth’s 
atmosphere in the near-space environment, the mag-
netic field components Z and X of model MMC(2) can be 
expanded in series of complex scalar spherical harmonics 
in the spherical SM coordinates Yjm(�sm) (e.g., Varshal-
ovich et  al. 1989,  Chapter  5) and their derivatives (e.g., 
Martinec 1999),

where G(e)
jm and G(i)

jm are complex spherical harmonic coef-
ficients of the external and internal magnetic fields of 
model MMC(2) , respectively; the expansions (18) are cut 
at degree jmax.

In real arithmetic, the external part of Eq. (18) for fixed 
radius r = Re takes the form

where C(e)
jm  and S(e)jm are real spherical harmonic coeffi-

cients of the external magnetic field of model MMC(2) , 
and Pjm(cosϑsm) is the Legendre function of degree j 
and order m. Analogous expressions hold for the inter-
nal magnetic field components of model MMC(2) , except 
the multiplicative factor j occurring in the expression 
for Z(e) is to be replaced by factor −(j + 1) in compo-
nent Z(i) . Cosine and sine coefficients C(e,i)

jm  and S(e,i)jm  are 
functions of the parameters of model MMC(2) . Because 
the external and internal magnetic fields of MMC(2) are 

(18)

Z(r,�sm) =

jmax
∑

j=1

j
∑

m=−j

[

j
( r

Re

)j−1

G
(e)
jm − (j + 1)

(Re

r

)j+2

G
(i)
jm

]

Yjm(�sm),

X(r,�sm) =

jmax
∑

j=1

j
∑

m=−j

[( r

Re

)j−1

G
(e)
jm +

(Re

r

)j+2

G
(i)
jm

]∂Yjm(cosϑsm)

∂ϑsm
,

(19)

Z(e)(�sm) =

jmax
∑

j=1

[

j C
(e)
j0 Pj0(cosϑsm)+ j

j
∑

m=1

(

C
(e)
jm cos(mϕsm)+ S

(e)
jm cos(mϕsm)

)

Pjm(cosϑsm)
]

,

X (e)(�sm) =

jmax
∑

j=1

[

C
(e)
j0

∂Pj0(cosϑsm)

∂ϑsm

+

j
∑

m=1

(

C
(e)
jm cos(mϕsm)+ S

(e)
jm cos(mϕsm)

)∂Pjm(cosϑsm)

∂ϑsm

]

,

represented separately by the external and internal elec-
tric currents, the corresponding SH coefficients can also 
be represented separately by either external or internal 
electric current parameters. For instance, the representa-
tion of the external magnetic field of model MMC(2) by 
either electric current parameters ae , Ie and x0e , or coeffi-
cients C(e)

jm  and S(e)jm means that the two sets of parameters 
are mutually related,

(See figure on next page.)

Fig. 14  The same as Fig. 4, but for the Swarm residuals �X
(2)
sm  (thin black), �Y

(2)
sm (thin green) and �Z(2) (thin orange) that are corrected for the 

magnetic fields of PEJs and FACs and grouped in discrete time bins of 1-h duration before the adjustment by the two-circular loop model of 
MRCs and MICs. The resulting MMF, denoted as MMC(2) , revises the first-order estimate of MMF, denoted as MMC(1) , for which determination no 
corrections due to PEJs and FACs have been applied. Vertical dashed violet lines denote the mid-latitude interval I10

◦

ML

Similarly,

(20)
C
(e)
jm = Ĉ

(e)
jm (ae, Ie, x0e),

S
(e)
jm = Ŝ

(e)
jm (ae, Ie, x0e).

However, there is no analytical expression of functions 
Ĉ
(e)
jm  and Ŝ(e)jm because they are non-linear with respect 

to parameters ae and x0e . The functional dependencies 
are thus set up numerically. We first sample the exter-
nal magnetic field of MMC(2) in an equiangular grid on 
a sphere of radius Re from the values of parameters ae , Ie 
and x0e , and then perform the SH analysis of the samples 

(21)
C
(i)
jm = Ĉ

(i)
jm(ai, Ii, x0i),

S
(i)
jm = Ŝ

(i)
jm(ai, Ii, x0i).
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Fig. 14  (See legend on previous page.)
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Fig. 15  The same as Fig. 5, but for the magnetic field components X (2)
sm,MMC

 , Y (2)
sm,MMC

 and Z(2)
MMC

 due to the two-circular loop model of MRCs and 
MICs. The analysis of residuals is carried out in bins of 1-h duration
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to determine C(e)
jm  and S(e)jm coefficients (e.g., Martinec 

1991; Martinec and Einšpigel 2018). An analogous proce-
dure results in the determination of the internal magnetic 
field coefficients C(i)

jm and S(i)jm.
Figure  16 shows the time evolution of coefficients C(e,i)

jm  
and S(e,i)jm  during the magnetic storm analysed in Fig. 1. Only 
those coefficients whose magnitudes are larger than 1 nT are 
plotted. We can see that there are 5 external coefficients C(e)

10  , 
S
(e)
21  , C(e)

30  , C(e)
32  and S(e)41  satisfying this selection criterion. As 

far the internal coefficients, beside those of the same degrees 
and orders as the external coefficients, there are also others, 
higher degree coefficients C(i)

50 , C
(i)
52 , S

(i)
61 , C

(i)
70 , C

(i)
72 , S

(i)
81 , and 

C
(i)
90 , whose magnitudes are larger than 1 nT (not shown). 

A more rich spectrum of internal coefficients corresponds 
to the expectation (Olsen et al. 2006) because the distance 
between Swarm satellite orbits and the induced currents in 
the Earth is significantly smaller than the distance between 
Swarm orbits and the magnetospheric ring currents. Hence, 
a Swarm onboard magnetometer is more sensitive to small-
scale features of the magnetic field due to induced currents 
in the Earth than those generated by the magnetospheric 
ring currents. As also expected, both degree-one and order-
zero coefficients are largest in magnitudes. The external and 
internal order-one coefficients reflect the shift of magneto-
spheric ring currents and their induced counterparts in the 
Earth along the SM axis ysm on the nightsides.

Conclusions
A way to estimate the electrical conductivity of the 
Earth’s mantle below depths of 300–400 km is to analyse 
and interpret magnetic signals recorded by satellite and 
ground-based observatory magnetometers. We should 
mainly focus on large magnetic storms because the 
associated eddy currents induced in the Earth penetrate 
deep in the mantle and thus illuminate deeper parts of 
the Earth. The method proposed in this paper is meant 
to apply mainly to magnetic signals recorded by Swarm 
satellites during magnetic storms. The method also per-
forms well for Swarm magnetic signals recorded at mag-
netically quiet times, however, those signals are not of 
primary interest of this paper.

There are two principal difficulties when process-
ing Swarm magnetic signals during magnetic storms. 
The first concerns the magnetic fields of PEJs and 
FACs which are significantly enlarged during magnetic 
storms. They contribute by the largest signals to Swarm 

Fig. 16  The time evolution of external coefficients C(e)
jm  and S(e)jm  (red), 

and internal coefficients C(i)
jm and S(i)jm (blue) up to degree j = 5 whose 

magnitudes are larger than 1 nT. Time span covers the magnetic 
storm analysed in Fig. 1

▸
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magnetic residuals in polar regions, but they also have 
a rather significant contribution to Swarm measure-
ments in mid-latitudes. It causes a problem because the 
mid-latitude Swarm data are used to estimate the MMF 
and its induced counterpart in the Earth by the spectral 
methods (Sabaka et al. 2020; Martinec et al. 2018). Both 
spectral methods assume that the magnetic disturbing 
effect of PEJs and FACs on mid-latitude measurements 
is negligible. We have abandoned this assumption in this 
paper because it is violated for the X and Y (and slightly 
for Z) components of Swarm measurements. Instead, 
we have designed a complex model of electric currents 
in the polar ionosphere and along field lines of the main 
magnetic field, and used it to model the magnetic fields 
of PEJs and FACs along complete Swarm tracks. The 
model parameters of PEJ and FAC electric currents are 
estimated by solving a non-linear inverse problem, which 
is non-unique and unstable. Despite ill conditioned, the 

regularisation by a simple Tikhonov approach results in 
well-behaving magnetic fields of PEJs and FACs.

By subtracting these fields from Swarm magnetic residu-
als, we are in a more favourable position to search for the 
magnetic fields of the magnetospheric ring currents and 
their counterparts induced in the Earth. Here, we are faced 
the second difficulty of how to separate Swarm residuals into 
the magnetic fields of external and internal origins. In this 
paper, we design a complex electric current model composed 
of electric currents in the inner magnetosphere and the 
Earth that naturally separates Swarm magnetic residuals into 
the external and internal origins. The design of the model is 
simple due to two reasons. First, the MMF is quickly chang-
ing in time and space during magnetic storms while only 
three satellite measurements are available in discrete time 
bins for which a MMF may be assumed to be constant in 
time (but varying spatially). This restricts the complexity of 
MMF model. Second, the inverse problem for estimating the 
model parameters is non-unique. However, the combination 
of a grid search technique with a priori restrictions on model 
parameters and least-squares overcome this difficulty.

We have assessed the newly derived magnetospheric 
magnetic field model MMC by the scatter plots between 
the model and data used to construct the model. By this 
criterion, the new model performs significantly better 
than the existing magnetospheric magnetic field model 
MMA at magnetically disturbed times. A better perfor-
mance of model MMC is explained by the fact that highly 
spatially and temporarily varying magnetic fields of PEJs 
and FACs have been modelled and subtracted from 
Swarm residuals prior to searching for a MMF.

The electric current parameterisation of model MMC 
has been transformed to a spherical harmonic param-
eterisation. This shows that the internal part of MMC is 
more rich on larger-in-amplitude spherical harmonics 
than the external part of model MMC, which was the 
expectation before launching Swarm mission.

Appendix A: Magnetic field generated by a steady 
current
Consider a wire carrying a steady current I along a curve 
(or path) C. The Biot–Savart law gives the magnetic field 
contribution, dB , from the current source, Ids , at the 
field point r as

where ds is an infinitesimal tangent vector to C, d is the 
displacement vector in the direction pointing from the 
wire element ds at point r ′ towards the point r at which 
the magnetic field is being calculated,

(A.1)dB(r) =
µ0

4π

Ids × d

d3
,

Fig. 17  The geometry considered to derive the magnetic field 
generated by a wire lying in the westward auroral electrojet and 
carrying the Hall current IHC along a circular arc. The arc has the 
geocentric colatitude ϑHC , radius aHC = riono sinϑHC and is shifted 
along the z axis by z0 = riono cosϑHC . The arc extends from −αHC to 
αHC , where αHC is the angle counted counterclockwise from the y 
axis in the horizontal plain. The Hall currents IHC are enclosed by the 
polar-cap Hall current IPHC that flow sunwards across the polar cap 
along the circular arc A− A′
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d = |
�d| and µ0 is the vacuum permeability. The total 

magnetic field at r can then be obtained by integrating 
infinitesimal magnetic field contributions along the curve 
C,

In this paper, we only consider electric wires represented 
by two-dimensional parametric curves, that is, the curves 
that can be placed in a plane. To parameterise PEJs and 
FACs, we will consider the curves lying in Cartesian 
coordinate surfaces and the curves lying in meridional 
planes.

Appendix B: A curve lying in z = z0 plane
A curve lying in z = z0 plane can be represented by three 
parametric equations:

where the parameter ϕ′ is an angle, e.g., longitude or azi-
muth, 0 ≤ ϕ′ < 2π . Hereafter, variables with a ‘prime’ are 
used for the source point. The vector form of Eq. (B.1) is

where ex , ey and ez are the Cartesian base vectors. Under 
the assumption that functions R(ϕ′) and G(ϕ′) are differ-
entiable, an infinitesimal tangent vector to C is

where

(A.2)d = r − r ′,

(A.3)B(r) =

∫

C
dB(r).

(B.1)
x′ = R(ϕ′),

y′ = G(ϕ′),

z′ = z0,

(B.2)r ′ = R(ϕ′)ex + G(ϕ′)ey + z0ez ,

(B.3)ds =
[

S(ϕ′)ex +H(ϕ′)ey
]

dϕ′,

and dϕ′ is an infinitesimal increment in ϕ′.
Representing the field point in spherical coordinates,

where r, ϑ and ϕ are radius, colatitude and longitude, 
respectively, the relative position vector between the 
source point and the field point is

Its magnitude is

The cross product ds × d , occurring in Eq. (A.1), is

The infinitesimal contribution to the magnetic field due 
to Ids is given by the Biot–Savart law (A.1); its Cartesian 
components are:

where d is given by Eq. (B.7). Finally, substituting Eq. 
(B.9) into the line integral in Eq. (A.3) and integrating 
the result along curve C gives the total magnetic field B . 
However, the integral is an elliptic integral that, in gen-
eral, cannot be expressed in terms of elementary func-
tions. We evaluate it by numerical quadrature.

Having computed the Cartesian component of B , its 
spherical components are

(B.4)S(ϕ′) =
dR(ϕ′)

dϕ′
,H(ϕ′) =

dG(ϕ′)

dϕ′
,

(B.5)
r = r sin ϑ cosϕ ex + r sin ϑ sin ϕ ey + r cosϑ ez ,

(B.6)

d = r − r
′
= [r sin ϑ cosϕ − R(ϕ′)]ex

+ [r sin ϑ sin ϕ − G(ϕ′)]ey + (r cosϑ − z0)ez .

(B.7)d =

√

r2 + R2(ϕ′)+ G2(ϕ′)− 2rR(ϕ′) sin ϑ cosϕ − 2rG(ϕ′) sin ϑ sin ϕ − 2rz0 cosϑ + z20.

(B.8)

ds × d =

{

H(ϕ′)(r cosϑ − z0)ex − S(ϕ′)(r cosϑ − z0)ey

+ S(ϕ′)[r sin ϑ sin ϕ − G(ϕ′)]ez

−H(ϕ′)[r sin ϑ cosϕ − R(ϕ′)]ez
}

dϕ′
.

(B.9)

dBx =
µ0I

4π

H(ϕ′)(r cosϑ − z0)

d3
dϕ′

,

dBy = −

µ0I

4π

S(ϕ′)(r cosϑ − z0)

d3
dϕ′

,

dBz =
µ0I

4π

S(ϕ′)[r sin ϑ sin ϕ − G(ϕ′)] −H(ϕ′)[r sin ϑ cosϕ − R(ϕ′)]

d3
dϕ′

,

(B.10)





Br

Bϑ

Bϕ



 =





sin ϑ cosϕ sin ϑ sin ϕ cosϑ

cosϑ cosϕ cosϑ sin ϕ − sin ϑ

− sin ϕ cosϕ 0









Bx

By

Bz



.
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Appendix C: A circle lying in z = 0 plane 
and shifted along the x‑axis
In “Electric two-circular loop model of MRCs and MICs” 
section, the magnetospheric magnetic field is represented 
by the field of a steady current flowing along a circular 
loop of radius a lying on the dipole equatorial plane and 
shifted along the x-axis by x0 . In this case, the curve C is 
described by simple parametric equations

The parametric function in Eq. (B.1) are 
R(ϕ′) = a cosϕ′

+ x0 and G(ϕ′) = a sin ϕ′ ; their deriva-
tives are S(ϕ′) = −a sin ϕ′ and H(ϕ′) = a cosϕ′ . The 
infinitesimal contribution to the magnetic field at point 
r due to an infinitesimal current element Ids is given by 
(B.9). The total magnetic field at point r is given by (A.3), 
where the line integral is carried out for 0 ≤ ϕ′ < 2π.

Appendix D: A circular arc lying in z = z0 plane
In Subsection “An electric circuit model of FACs and 
Pedersen currents”, the Hall currents inside the auroral 
electrojets are represented by the steady currents flowing 
along circular arcs lying in the plane z = z0 . A circular 

arc of radius a lying in z = z0 plane is described by the 
parametric equations:

In this case, R(ϕ′) = a cosϕ′ and G(ϕ′) = a sin ϕ′ . The 
derivatives of functions R and G are S(ϕ′) = −a sin ϕ′ 
and H(ϕ′) = a cosϕ′ . The infinitesimal contribution to 

(C.1)
x′ = a cosϕ′

+ x0,

y′ = a sin ϕ′
,

z′ = 0.

(D.1)
x′ = a cosϕ′

,

y′ = a sin ϕ′
,

z′ = z0.

the magnetic field at point r due to an infinitesimal cur-
rent element Ids is again given by (B.9. The total magnetic 
field at point r is given by (A.3), where the line integral is 
now carried out for ϕ′

∈ (−αHC,αHC).

Figure  17 shows the geometric variables describing 
a circular arc along which the Hall current flows in the 
westward auroral electrojet.

Appendix E: A circular arc lying in y = y0 plane
The polar-cap Hall currents flowing sunwards across the 
polar cap will be represented by the steady currents flow-
ing along circular arcs lying in the y = y0 plane. A circu-
lar arc of radius a lying in the y = y0 plane is represented 
by the parametric equations:

where R(ϕ′) = a sin ϕ′ and G(ϕ′) = a cosϕ′ ; their 
derivatives are S(ϕ′) = dR(ϕ′)/dϕ′

= a cosϕ′ and 
H(ϕ′) = dG(ϕ′)/dϕ′

= −a sin ϕ′ . In a similar way to 
Subsection A1, it can be shown that the Biot–Savart law 
for an infinitesimal contribution to the magnetic field due 
to Ids is

where d is

The total magnetic field at point r is given by (A.3), where 
the line integral is now carried out for ϕ′

∈ (−βA,βA).

To derive an expression for βA , Fig. 18 shows a circu-
lar arc extending between point A and A′ along which the 
polar-cap Hall current flows in the northern polar iono-
sphere. Figure 17 shows that the radius of point A in the 
horizontal xy plane is

(E.1)
x′ = R(ϕ′),

y′ = y0,

z′ = G(ϕ′),

(E.2)

dBx = −

µ0I

4π

H(ϕ′)(r sin ϑ sin ϕ − y0)

d3
dϕ′

,

dBy = −

µ0I

4π

S(ϕ′)[r cosϑ − G(ϕ′)] −H(ϕ′)[r sin ϑ cosϕ − R(ϕ′)]

d3
dϕ′

,

dBz =
µ0I

4π

S(ϕ′)(r sin ϑ sin ϕ − y0)

d3
dϕ′

,

(E.3)d =

√

r2 + R2(ϕ′)+ G2(ϕ′)− 2rR(ϕ′) sin ϑ cosϕ − 2rG(ϕ′) cosϑ − 2ry0 sin ϑ sin ϕ + y20.

(E.4)aA = riono sin ϑA,



Page 29 of 34Martinec and Velímský ﻿Earth, Planets and Space          (2022) 74:157 	

where ϑA is the colatitude of point A. Its projections onto 
the x and y axes are

respectively, where the azimuth αA of point A is meas-
ured counterclockwise from the y axis. The circular arc 
A–A′ with the polar-cap Hall current lies in the y = y0 
plane and has radius riono ; it extends from −βA to βA . The 
right panel of Fig. 18 shows that

or,

(E.5)
x0 = aA sin αA,

y0 = aA cosαA,

(E.6)sin βA =

x0

riono
,

(E.7)sin βA = sin ϑA sin αA.

Appendix F: A circular arc lying in x = x0 plane
The polar-cap Pedersen currents flowing eastwards or 
westwards across the polar cap will be represented by the 
steady currents flowing along circular arcs lying in the 
x = x0 plane. A circular arc of radius a lying in the x = x0 
plane is represented by the parametric equations:

where R(ϕ′) = a cosϕ′ and G(ϕ′) = a sin ϕ′ ; their 
derivatives are S(ϕ′) = dR(ϕ′)/dϕ′

= −a sin ϕ′ and 
H(ϕ′) = dG(ϕ′)/dϕ′

= a cosϕ′ . In a similar way to Sub-
section A1, it can be shown that the Biot–Savart law for 
an infinitesimal contribution to the magnetic field due to 
Ids is

(F.1)
x′ = x0,

y′ = R(ϕ′),

z′ = G(ϕ′),

Fig. 18  The geometry considered to derive the magnetic field generated by a wire lying in y = y0 plane and carrying the polar-cap Hall current 
IPHC along a circular arc between points A and A′ . The left and right panels show the projections onto the z = z0 and y = y0 planes, respectively, 
where z0 = riono cosϑA , aA = riono sinϑA (see Fig. 17) and y0 = aA cosαA



Page 30 of 34Martinec and Velímský ﻿Earth, Planets and Space          (2022) 74:157 

where d is

(F.2)

dBx =
µ0I

4π

S(ϕ′)[r cosϑ − G(ϕ′)] −H(ϕ′)[r sin ϑ sin ϕ − R(ϕ′)]

d3
dϕ′

,

dBy =
µ0I

4π

H(ϕ′)(r sin ϑ cosϕ − x0)

d3
dϕ′

,

dBz = −

µ0I

4π

S(ϕ′)(r sin ϑ cosϕ − x0)

d3
dϕ′

,

(F.3)d =

√

r2 + R2(ϕ′)+ G2(ϕ′)− 2rR(ϕ′) sin ϑ sin ϕ − 2rG(ϕ′) cosϑ − 2rx0 sin ϑ cosϕ + x20.

The total magnetic field at point r is given by (A.3), where 
the line integral is now carried out for ϕ′

∈ (−γC , γC).

To derive an expression for γC , the left panel of Fig. 20 
shows a circular arc extending between point C and C ′ 
along which the polar-cap Pedersen current crosses the 
polar-cap ionosphere. Figure 19 shows that the radius of 
point C in the horizontal xy plane is

Its projections onto the x and y axes are

respectively, where αC is the azimuth of point C. The arc 
C–C ′ with the polar-cap Pedersen current lies in x = x0 
plane and has radius riono ; it extends from −γC to γC . The 
second panel of Fig. 20 shows that

or,

Appendix G: A curve in a meridional plane
In Subsection “An electric circuit model of Hall currents”, 
the Pedersen currents in the auroral ovals and the field-
aligned currents are represented by the steady currents 
flowing along curves lying in the xz plane that is rotated 
along the z axis by angle α , that is, in the meridional plane 
ϕ = α.

To find the form of the Biot–Savart law in this case, let 
us first rotate the xz plane (i.e., the y = 0 plane, or the 
zero-degree meridian plane) around the z axis by angle α 

(F.4)aC = riono sin ϑR1 .

(F.5)
x0 = aC sin αC ,

y0 = aC cosαC ,

(F.6)sin γC =

y0

riono
,

(F.7)sin γC = sin ϑR1 cosαC .

Fig. 19  The geometry considered to derive the magnetic field 
generated by a wire lying in the meridional plane ϕ = αC and 
carrying the Pedersen current IPC in the auroral oval along a circular 
arc between points C and D at Region 1 and Region 2, respectively. 
The arc has radius riono and extends between the geocentric 
colatitudes ϑR1 and ϑR2 . The polar-cap Pedersen current IPPC flows 
across the polar cap to the opposite local-time sector. Crossed 
and dotted circles represent the flow of FACs into and out of the 
ionosphere, respectively
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and place curve C in the rotated xrotz plane (label ‘rot’ at 
x stands for ‘rotated’). The parametric equations of C in 
the rotated xrotz plane are

We choose the colatitude for the parameter ϑ ′ of curve C. 
The position vector of a (source) point lying on the curve 
C in the rotated xrotz plane is

(G.1)
x
′

rot = R(ϑ ′),

y
′

rot = 0,

z
′
= G(ϑ ′).

(G.2)r ′rot = R(ϑ ′)ex,rot + G(ϑ ′)ez ,

where the Cartesian base vector ex,rot in the rotated xrotz 
plane can be expressed in terms of the Cartesian base 
vector in the (non-rotated) xz plane as

Hence, the position vector of a point on curve C 
expressed in terms of the (non-rotated) Cartesian base 
vectors is

An infinitesimal tangent vector to C is

Substituting the last two equations and Eq. (B.5) into Eq. 
(A.1), the Biot–Savart law for an infinitesimal contribu-
tion to the magnetic field due to Ids is

where d is

(G.3)ex,rot = cosα ex + sin α ey.

(G.4)r ′ = R(ϑ ′)(cosα ex + sin α ey)+ G(ϑ ′)ez .

(G.5)
ds =

[

S(ϑ ′)(cosα ex + sin α ey)+H(ϑ ′)ez
]

dϑ ′.

(G.6)

dBx =
µ0I

4π

sin α S(ϑ ′)[r cosϑ − G(ϑ ′)] −H(ϑ ′)[r sin ϑ cosϕ − sin α R(ϑ ′)]

d3
dϑ ′

,

dBy = −

µ0I

4π

cosα S(ϑ ′)[r cosϑ − G(ϑ ′)] −H(ϑ ′)[r sin ϑ cosϕ − cosα R(ϑ ′)]

d3
dϑ ′

,

dBz =
µ0I

4π

cosα S(ϑ ′)r sin ϑ sin ϕ − sin α S(ϑ ′)r sin ϑ cosϕ

d3
dϑ ′

,

(G.7)d =

√

r2 + R2(ϑ ′)+ G2(ϑ ′)− 2rR(ϑ ′) sin ϑ cosϕ cosα − 2rR(ϑ ′) sin ϑ sin ϕ sin α − 2rG(ϑ ′) cosϑ .

Fig. 20  The geometry considered to derive the magnetic field generated by a wire lying in x = x0 plane and carrying the polar-cap Pedersen 
current IPPC along a circular arc between points C and C ′ . The left and right panels show the projections onto the z = z0 and x = x0 planes, 
respectively, where z0 = riono cosϑR1 , aC = riono sinϑR1 (see Fig. 19) and x0 = aC sinαC . Large crossed and dotted circles represent the flow of FACs 
into and out of the ionosphere, respectively
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Appendix H: Magnetic field generated 
by the Pedersen current
In Subsection “An electric circuit model of FACs and 
Pedersen currents”, the Pedersen currents inside the 
auroral electrojets are represented by the steady currents 
flowing in the meridional plane ϕ = α along a circular arc 
of radius riono between the upward and downward FACs, 
that is, between Region 1 and Region 2. The parametric 
equations of a circular arc of radius a lying in the xrotz 
plane that is rotated around the z axis by α are

To follow the notation introduced in Eq. (E.1), we denote

The derivatives of functions R and G with respect to ϑ ′ 
are

Substituting eqs (H.2) and (H.3) into Eq. (G.6) gives the 
infinitesimal contribution to the magnetic field due to 
current I flowing along a circular arc. The total magnetic 
field at point r is given by (A.3), where the line integral is 
now carried out for ϑ ′

∈ (ϑR1 ,ϑR2).
Figure  19 shows the geometric variables describ-

ing a circular arc between Region 1 and Region 2 along 

(H.1)
xrot = a sin ϑ ′

,

z = a cosϑ ′
.

(H.2)
R(ϑ ′) : = a sin ϑ ′

,

G(ϑ ′) : = a cosϑ ′
.

(H.3)
S(ϑ ′) = a cosϑ ′

,

H(ϑ ′) = −a sin ϑ ′
.

which the Pedersen current flows in the westward auroral 
electrojet.

Appendix I: Magnetic field generated by a FAC
Up to geocentric distances of approximately 8Re , we may 
assume that the electric currents between the polar iono-
spheres and magnetosphere flow along the Earth’s mag-
netic dipole field lines (e.g., Tsyganenko 2013).

A field line of a magnetic dipole is given by a nonpara-
metric equation (e.g., Baumjohann and Treumann 1996):

where (r,ϑ) are geocentric coordinates of a point lying on 
a dipole field line and LR is the distance at which the field 
line passing through a particular point (rR,ϑR) crosses the 
equator (label ‘R’ stands for ’Region’, e.g., Region 1 and 
Region 2 in the polar ionosphere). Consider a dipole field 
line lying in the meridional plane ϕ = α and rotate this 
plane around the z axis by angle α . The Cartesian compo-
nents of a point lying in the xrotz rotated plane are

Substituting for r from Eq. (I.1) yields the parametric 
equations of a dipole field line in the rotated xrotz plane,

(I.1)r = LR sin
2 ϑ ,

(I.2)
xrot = r sin ϑ ,

z = r cosϑ .

(I.3)
xrot = LR sin

3 ϑ ,

z = LR sin
2 ϑ cosϑ .

Fig. 21  The geometry considered to derive the magnetic field generated by Region 1 and Region 2 field-aligned currents connecting the northern 
polar ionosphere and the inner magnetosphere. The currents flow in the meridional plane ϕ = α . The poleward Region 1 and equatorward Region 
2 have colatitudes ϑR1 and ϑR2 , respectively. The electric circuit model designed in this paper considers also the second pair of Region 1 and Region 
2 field-aligned currents connecting the southern polar ionosphere and the inner magnetosphere (not shown in the figure)
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To follow the notation introduced in Eq. (E.1), we denote

where variables with a ‘prime’ are again used for source 
points. The derivatives of functions R and G with respect 
to ϑ ′ are

Substituting eqs (I.4) and (I.5) into Eq. (G.6) gives the 
infinitesimal contribution to the magnetic field due to 
current I flowing along a field line of the Earth’s magnetic 
dipole.

Figure 21 shows the paired down and up field-aligned 
currents connecting the magnetosphere with the high-
latitude northern ionosphere via two regions, the so-
called Region 1 and 2. Let the colatitude of these regions 
be ϑR1 and ϑR2 , respectively. Knowing ϑRi , the parameter 
LRi in Eq. (I.1) for the FAC leaving or entering Region i, 
i = 1, 2 , may be defined in terms of ϑRi as:

The total magnetic field at point r is given by (A.3), where 
the line integral is now carried out for ϑ ′

∈ (ϑRi , 90
◦).
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(I.4)
R(ϑ ′) : = LR sin

3 ϑ ′
,

G(ϑ ′) : = LR sin
2 ϑ ′

cosϑ ′
,

(I.5)
S(ϑ ′) = 3LR sin

2 ϑ ′
cosϑ ′

,

H(ϑ ′) = LR sin ϑ
′(2 cos2 ϑ ′

− sin
2 ϑ ′).

(I.6)LRi =
riono

sin2 ϑRi
.
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