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Abstract 

The elastodynamic half‑space Green’s function has been the subject of research for more than a century since the 
Lamb’s classical solution. Here, we revisit the problem and present a new closed analytical solution, in frequency 
domain, based upon the Principle of Equipartition (EQP) of Energy. This principle asserts that the imaginary parts of 
the Green’s tensor components equal the average cross‑correlations of the fields generated by the uniform incidence 
of P and S body waves and by Rayleigh surface waves with amplitudes weighted by partition factors. The real part 
of the Green’s function is the Hilbert transform of the imaginary part. We validate our results by comparing synthetic 
seismograms of well‑known solutions for surface and buried forces and discuss the implications of this new solution. 
Constructing synthetic diffuse fields is a first step for identifying them in nature.

Keywords Elastic half‑space, Elastodynamic Green’s function, Equipartition, Cross‑correlations, Synthetic diffuse fields

Graphical Abstract

*Correspondence:
Francisco J. Sánchez‑Sesma
Sesma@Unam.Mx
Full list of author information is available at the end of the article

http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1186/s40623-023-01780-0&domain=pdf
http://orcid.org/0000-0002-3098-5723


Page 2 of 14Sánchez‑Sesma et al. Earth, Planets and Space           (2023) 75:29 

Introduction
The impulsive normal load at the surface of an elastic 
half-space was studied in a classical work by Lamb (1904). 
This solution is based on integral representations and the 
explicit passage to the time domain became premoni-
tory of methods developed some decades later. An excel-
lent account of Lamb’s problem can be found in Kausel 
(2013) who pointed out that the first truly complete solu-
tions to Lamb’s problem were obtained by Pekeris (1955) 
and Chao (1960). Significant improvements are due to 
Johnson (1974), Mooney (1974) and Richards (1979). 
Moreover, sundry numerical computations of the Green’s 
function associated to Lamb’s problem, are due to John-
son (1974). Explicit formulae have been recently given for 
the displacement at the surface of an elastic half-space for 
a buried point force in what can be called the 3D Lamb’s 
problem (see Liu et al. 2016; Feng and Zhang 2018). Even 
if their results are given in terms of elementary algebraic 
expressions and elliptic integrals as well, the complexity 
of computation is considerable.

The calculations of Green’s function in the frequency 
domain start with the integral representation in cylin-
drical coordinates in terms of integrals along the radial 
wavenumber. Practical solutions like the asymptotic 
behavior of Rayleigh waves could be obtained from the 
residues at the Rayleigh simple pole in the complex plane 
(Lapwood 1949; Miller and Pursey 1954). The discrete 
wave number (DWN) method (Bouchon and Aki 1977) 
takes advantage of practical discretization in wavenum-
ber domain which allowed solving a variety of related 
problems (see e.g., Bouchon 2003).

The pioneering work by Aki (1957) on ambient seis-
mic noise is at the core of significant developments. It 
has been found that the imaginary part of the elastody-
namic Green’s function is proportional to the average 
of the field correlations within a diffuse field (for recent 
reviews, see Weaver 2010 and Perton and Sánchez-
Sesma 2016). A diffuse field develops within a system 
if there is illumination of elastic plane waves that fulfill 
the Principle of Equipartition (EQP) of Energy (Weaver 
1982, 2010; Sánchez-Sesma and Campillo 2006; 
Sánchez-Sesma et al. 2006; Perton et al. 2009; Margerin 
et  al. 2009). On the other hand, even simple illumina-
tion of isolated sources may give rise to diffuse fields 
after multiple scattering takes place (see Hennino et al. 
2001; Campillo and Paul 2003; Paul et  al. 2005). Plane 
waves illumination may be constructed to represent the 
contributions of a diffuse field, and the use of correla-
tions to compute Green’s function is well established 
(see Weaver 1984, 1985; Weaver and Lobkis 2001; Wap-
enaar 2004; van Manen et al. 2005; Sánchez-Sesma and 
Campillo 2006; Sánchez-Sesma et  al. 2006; Pérez-Ruiz 
et al. 2008; Perton et al. 2009). The connection between 

this deterministic problem, namely, the computation of 
elastic Green’s function and the diffuse field theory has 
been pointed out by Sánchez-Sesma et al. (2011) in the 
framework of the partition of the energy injected into a 
half-space by surface loads (see Miller and Pursey 1955 
and Weaver 1985). The Green’s functions retrieval for 
layered systems was formulated by Margerin (2009) 
invoking a cocktail of equipartitioned body (P, SV, SH) 
and surface waves (Rayleigh and Love). Sánchez-Sesma 
et  al. (2016) considered the exact solution for a 3D 
acoustic layer. On the other hand, Perton and Sánchez-
Sesma (2016) studied the 2D case of a layered medium, 
while Baena-Rivera et  al. (2016) considered a 2D allu-
vial basin. These are examples of synthetic diffuse fields.

In this work, we present a novel representation of the 
imaginary part of Green’s tensor in an elastic half-space 
in terms of a set of incident homogeneous plane P, SV 
and SH waves, with incident angles uniformly distributed 
in the associated half sphere, including their reflected 
consequences, and azimuthally distributed plane Ray-
leigh waves. These wave packages are called here states 
and form a set of wave solutions of dynamic elasticity 
that together fulfill the Principle of Equipartition (EQP). 
This approach allows for direct summations of spatial 
contributions from the illumination fields, that exhibit 
the intrinsic orthogonality of all the states that compose a 
diffuse field and they come out to be deterministic ingre-
dients of the Green’s function. In this case, the synthetic 
diffuse field is in fact a homogeneous and inhomogene-
ous plane wave expansion.

What we present is not a new method; we just apply 
formally the used approach in the retrieval of Green’s 
function by averaging cross-correlations of ambient 
noise wavefields which is assumed to be a diffuse field. 
After revising all the conditions, we consider the simplest 
problem in which we may construct a synthetic diffuse 
field using plane waves for both body and surface Ray-
leigh waves as well. We do not know if such a construct 
is unique. This is an open question. Theory asserts that 
point sources of mono-polar or multi-polar types can be 
used instead, but the advantage of plane waves in the half 
space is that the free-surface boundary conditions can be 
analytically enforced from the beginning. For horizon-
tally layered media the approach requires including all 
the modal structures of Love and Rayleigh waves. This 
has been explored in 2D by Perton and Sánchez-Sesma 
(2016). The generation of a synthetic diffuse field may be 
possible for heterogeneous media using numerical meth-
ods like spectral-finite elements or finite differences and 
the issue was explored by van Manen et al. (2006).

The elastodynamic Green’s function of the half-
space has elicited fundamental research for more than 
a century. It is, no doubt, a classical problem and we do 
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consider it a great accomplishment to have a new solu-
tion. Beyond the beauty of this discovery, which includes 
the classical Lamb (1904) or Chao (1960) problems 
as particular cases, the interest of this research lies in 
the possibility of finding robust indicators of the dif-
fuse nature of a given field from actual records of noise, 
microtremors or coda waves. Certainly, both EQP and 
DWN approaches become demanding for high frequen-
cies or large distances in terms of wavelengths. Here, we 
present all the necessary steps to have a novel representa-
tion of Green’s function. A subject that may emerge is the 
optimal illumination for a given source-receiver configu-
ration. The new closed solution has still to be studied to 
clarify its advantages and limitations. It could be useful to 
generate adequate solutions for near source elastic field 
in layered medium. On the other hand, having indicators 
of the diffusive nature of a given field may be quite use-
ful to assess the reliability of estimates of Green’s func-
tions. Having trustworthy diagnostics requires carefully 
planned experiments (see Hennino et al. 2001; Margerin 
et al. 2009 and Piña-Flores et al. 2021) and having a syn-
thetic diffuse field may be valuable to devise a set of tests. 
Studying irregular wave guides, we found that the energy 
densities may be highly localized in space. This suggests 
it is better to use point sources instead of plane waves. 
Finally, this work clarifies the theoretical considerations 
for constructing synthetic diffuse fields as a preliminary 
step for studying their properties and identifying them in 
nature (see e.g., Piña-Flores et  al. 2021). These subjects 
are part of our current research.

Green’s function retrieval in full space
One of the simplest synthetic diffuse field can be con-
structed in the 3D full space. Such a field is given by iso-
tropic illumination of elastic body P, SV and SH plane 
waves whose amplitudes fulfill the Principle of Equiparti-
tion (see Sánchez-Sesma and Campillo 2006). In general, 
one can retrieve the elastodynamic Green’s function in 
frequency domain from averaging cross-correlations of a 
diffuse field (Sánchez-Sesma et al. 2008):

where ui(x,ω) = Fourier transform of displacement 
in direction i at point x, ω = angular frequency, the 
star means complex conjugate, ξS = shear waves aver-
age energy density of the isotropic background field 
(includes SH and SV waves because ξSH = ξSV = ξS/2 ), 
k = ω/β shear wavenumber, β = shear wave speed and 
Gij(xA, xB,ω) = Green’s function which is defined as the 
displacement at xA in direction i produced by a unit har-
monic point force at xB in direction j. In this equation, 

(1)

〈

ui(xA,ω)u
∗
j (xB,ω)

〉

= −2πξSk
−3Im

[

Gij(xA, xB,ω)
]

,

angle brackets denote ensemble average which in 3D 
full-space means uniform angular averaging over the 
sphere. The derivation of Eq. 1 and some remarks on the 
orthogonality of wave states is given in Appendix 1. Con-
sider that source and receiver coincide, xA = xB = x , the 
left-hand side of Eq. 1 is the average of spectral density 
or auto-correlation. Assuming i = j = 1, we can define 
from Eq.  1 the directional energy density in direction 1 
by means of

Here, µ = ρβ2 = Lamé’s shear modulus, and ρ = mass 
density. In the far right-hand expression, we see the imag-
inary part of Green’s function at the source. It is not sin-
gular and represents the radiated energy into the medium 
by a unit harmonic load. From Stokes’ (1849) solution, 
the imaginary part of Green’s function G11(x, x,ω) for a 
homogeneous, unbounded medium is

In Eq.  3, α = dilatational wave velocity. While the real 
part diverges, the imaginary part is smooth in space and 
has a linear dependence on frequency ω. It accounts for 
the energy injected into the medium by the unit har-
monic load (see Weaver 1985; Sánchez-Sesma et  al. 
2008).From Eqs. 2 and 3, we can identify that the direc-
tional energy density is one-third of total energy, that is 
to say, ξ1 = ξP/3+ ξS/3 . In a full space the average cross-
correlation of P and S waves is null. Moreover, using 
a mode counting approach Weaver (1982) found that 
ξS/ξP = 2α3/β3, which is connected with the propor-
tions that stem from the single load result of Eq. 3. As the 
energy of shear waves splits equally into the two polari-
zations, it is possible to write that ξP + ξSV + ξSH = ξ = 
total energy density. If R = α/β , this can be written as:

Equations  1, 2, 3 and 4 have been deduced from rela-
tionships valid for an unbounded homogeneous and 
elastic domain. They relate the average cross-correla-
tions with elastodynamic Green’s function and allow 
for a clear understanding of the nature of equipartition. 
These energy densities are associated to the illumination. 
We assume that this is a uniform background radiation. 
Within an inhomogeneous region (with layers, inclu-
sions and voids, for instance) connected with the space 
in which the uncorrelated sources of illumination are 
established, the engendered field are related with the 
Green’s function with the same equations. Equipartition 

(2)
ξ1(x,ω) = ρω2

〈

u1(x,ω)u
∗
1(x,ω)

〉

= −2πµξSk
−1Im[G11(x, x,ω)].

(3)Im[G11(x, x,ω)] = −
ω

12πρ

(

1

α3
+

2

β3

)

.

(4)
ξP = (1+ 2R3)

−1
ξ , ξSV = R3(1+ 2R3)

−1
ξ , ξSH = R3(1+ 2R3)

−1
ξ .
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is needed for the illumination, enriched by the scattered 
consequences (see e.g., Sánchez-Sesma et al. 2006; 2008).

Green’s function retrieval in half‑space
The 3D elastic half-space also allows for the analyti-
cal construction of the required equipartitioned states. 
In this case, the free surface guides the propagation of 
non-dispersive, Rayleigh waves. Thus, the EQP cocktail 
of states of the plane P and S waves with their reflected 
consequences is enlarged with the uniform illumination 
of the Rayleigh waves. For a half-space only one Ray-
leigh plane wave exists. Given a region in the flat free-
surface, the various directions imply states that can be 
easily counted thanks to the fact that vertical motion for 

non-dispersive Rayleigh waves satisfies in any horizon-
tal plane the scalar 2D wave equation. Once the density 
of states is established, the proportionality constant for 
the energy is the same as the one for deep space. Follow-
ing Weaver (1982), the energy density per unit area is 
ξR = πβ2(2c2Rk)

−1
ξS , where cR = wave speed of Rayleigh 

waves. Using Eq.  4, the Rayleigh energy density can be 
given in terms of the total energy density in deep space:

Equation  5 is specific for the homogeneous half-space 
where only one plane wave Rayleigh mode exists. It 
allowed Perton et al. (2009) to compute the energy den-
sities within an elastic half-space. They considered inci-
dence of an equipartitioned set of elastic waves and 
displayed energy densities against depth, for both wave 
states and degrees of freedom. Naturally, the corre-
sponding sums of energies came out to be the same. That 
showed the two faces of equipartition.The energy density 

(5)ξR =
πβ

ω

(

β

cR

)2 R3

1+ 2R3
ξ .

for shear waves at the illumination level (deep half-space) 
is ξS = ρω2S2(ω), where S2(ω) = spectral density of 
shear waves, here it is assumed unit. From Eq. 1 we have:

The ensemble average of the cross-correlation is taken 
here as an interior or scalar product and is consistent 
with the notion of states that form a continuous orthogo-
nal basis with the same statistics of normal modes (see 
Margerin 2009). This notable property implies that the 
only contributions to Green’s function come from the 
cross-correlations of each state alone. For the half-space, 
Eq. 6 is written as:

where uPi (x, θ ,ϕ,ω) = full displacement field associated to 
an incoming plane P wave with azimuth ϕ and incidence 
angle θ with respect to the vertical axisx3 = z , including 
its reflections. Figure  1 shows the systems of reference 
and the incidence of a homogeneous plane wave with for-
ward azimuth φ measured from the x-axis as well as the 
polarization of P, SV and SH waves. In these integrals the 
common factor A =

{

−k(2πµ)−1
}(

1+ 2R3
)−1

ξ/ρω2 , 
δ = β/cR , cR = velocity of Rayleigh waves and I0 = inte-
gral for normalization purposes that will be defined later. 
The brackets in the first part of A include the factor in 
Eq. 7 while the second factor gives the normalized energy 
density of P waves. In what follows, the normalized 
energy of the illumination ξ/ρω2 is assumed unity.

The contribution of P waves
Here, we express the complete displace-
ment field generated by the incidence of a plane 
P wave from deep space, which is given by 
uP0i (x, θ ,φ,ω) = P(ω)ni exp(−iωnqxq/α) exp(iω t)  , 
wheren1 = sinθcosϕ , n2 = sinθsinϕ and n3 = −cosθ , 

(6)

Im
[

Gij(xA, xB,ω)
]

= −
ω

2πρβ3

〈

ui(xA,ω)u
∗
j (xB,ω)

〉

.

(7)

Im
[

Gij(xA, xB,ω)
]

=
A

2π

2π
∫

0

π/2
∫

0

uPi (xA, θ ,φ,ω)u
P∗
j (xB, θ ,φ,ω) sin θ dθdφ+

+
AR3

2π

2π
∫

0

π/2
∫

0

uSVi (xA, θ ,φ,ω)u
SV ∗
j (xB, θ ,φ,ω) sin θ dθdφ+

+
AR3

2π

2π
∫

0

π/2
∫

0

uSHi (xA, θ ,φ,ω)u
SH∗
j (xB, θ ,φ,ω) sin θ dθdφ+

+
AR3

2π
×

2πδ2

I0

2π
∫

0

uRi (xA,φ,ω)u
R∗
j (xB,φ,ω)dφ,
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P(ω) = particle motion of incident P wave. Note 
that vector n gives both the wave polarization and 
the propagation direction. Also, the expression 
nqxq = n1x1 + n2x2 + n3x3 is the internal product n · x 
which defines the propagation coordinate. It implies the 
summation convention (see e.g., Aki et  al. 2002). With 
the free surface at x3 = z = 0 there will be reflected P 
and SV waves. Assuming P(ω) = 1, because energy parti-
tions are already considered, we have

Here and hereafter the factor eiωt is omitted. Also 
nPP1 = sin θ cosφ , nPP2 = sin θ sin φ  and nPP3 = cos θ . For 
reflected S wave the Snell’s law implies sinθ ′ = β/αsinθ 
and nPS1 = sinθ

′
cosϕ , nPS2 = sinθ

′
sinϕ , and nPS3 = cosθ

′ . 
The polarization vector for reflected S waves is given by 
mPS

1 = cosθ
′
cosϕ , mPS

2 = cosθ
′
sinϕ , and mPS

3 = −sinθ
′ . 

The corresponding reflection coefficients PP, PS are 
given in Appendix 2 in terms of incidence and reflection 
angles.

(8)

uPi (x,ω) = ni exp(−iωnqxq/α)

+ nPPi PP exp(−iωnPPq xq/α)

+mPS
i PS exp(−iωnPSq xq/β).

The contribution of SV waves
Similarly, as in the previous case, for the SV state we have

where n1 = sinθcosϕ , n2 = sinθsinϕ , n3 = −cosθ , 
m1 = cosθcosϕ , m2 = cosθsinϕ , and m3 = sinθ . Vec-
tors n and m give the propagation direction and the wave 
polarization, respectively. They are orthogonal. Reflected 
S waves keep their horizontal slowness; therefore, 
nSS1 = sinθcosϕ , nSS2 = sinθsinϕ , and nSS3 = cosθ and the 
polarization is given by mSS

1 = cosθcosϕ , mSS
2 = cosθsinϕ , 

and mSS
3 = −sinθ . For reflected P wave Snell’s law implies 

sinθ
′ = α/βsinθ and therefore the propagation is given by 

nSP1 = sinθ
′
cosϕ , nSP2 = sinθ

′
sinϕ , and nSP3 = cosθ

′ . Here 

cosθ
′ = +

√

1− (α/β)2sin2θ   may become imaginary for 
incidence angles beyond the critical angle. In that case, it 
suffices that cosθ ′ = −i

√

(α/β)2sin2θ − 1 which implies 
exponential attenuation with depth. The corresponding 
reflection coefficients SP and SS are given in Appendix 2.

The contribution of SH waves
The SH case is much simpler as there is no mode conver-
sion and the reflection coefficient is unit. Therefore, we can 
write:

whereh1 = −sinϕ,h2 = cosϕ , h3 = 0,n1 = sinθcosϕ

,n2 = sinθsinϕ , andn3 = −cosθ.

The contribution of Rayleigh waves
For Rayleigh waves, the energy density per unit area is given 
by Eq.  5. Considering that the energy of these incoming 
surface waves per unit volume varies with depth, we follow 
Weaver (1985) and Perton et al. (2009), using a somewhat 
modified notation, and write:

(9)

uSVi (x,ω) = mi exp(−iωnqxq/β)

+ nSPi SP exp(−iωnSPq xq/α)

+mSS
i SS exp(−iωnSSq xq/β),

(10)
uSHi (x,ω) = hi exp(−iω nqxq/β)+ hi exp(−iω nSSq xq/β),

(11)

ξR =
1

2π

2π
∫

0

∞
∫

0

ρω2

{

∣

∣

∣
uRx

∣

∣

∣

2
cos2 φ +

∣

∣

∣
uRy

∣

∣

∣

2
sin2 φ +

∣

∣

∣
uRz

∣

∣

∣

2
}

dzdφ

=
∞
∫

0

ρω2

{

∣

∣

∣
uRx (0, z,ω)

∣

∣

∣

2
+

∣

∣

∣
uRz (0, z,ω)

∣

∣

∣

2
}

dz.

Fig. 1 Systems of reference. The 3D reference system is the Cartesian 
one x, y and z for the horizontal axis and the downward vertical one, 
respectively. The half‑space corresponds to z ≥ 0. It is common use 
in the text and elsewhere that x = x1, y = x2 and z = x3. This sketch 
shows the incidence of a generic homogeneous plane wave with 
incidence angle θ with respect to the vertical and forward azimuth φ 
measured from the x‑axis. The angle θ is measured from z‑axis within 
the plane (x’, z’). Only to illustrate the polarization, the thick arrows 
show positive particle motion of the incoming P, SV and SH waves. 
Particle motion polarization vectors for incident and reflected waves 
are given in the text



Page 6 of 14Sánchez‑Sesma et al. Earth, Planets and Space           (2023) 75:29 

The displacements of a Rayleigh wave are given by

where B = amplitude of horizontal displacement, 
δ = β/cR , cR = velocity of Rayleigh waves, kR = ω/cR =  
horizontal wavenumber, γ = (ω/α)

√

(α/cR)2 − 1 , 
ν = (ω/β)

√
δ2 − 1 are the vertical wavenumbers of P and 

S waves and ζ = (2δ2 − 1)/2δ
√
δ2 − 1 = ellipticity. After 

performing the integrals in Eq. 11 and considering Eq. 6 we 
can write

(12)
uRx (x, z,ω) = B

[

2δ2 exp(−γ z)+ (1− 2δ2) exp(−νz)
]

exp(−ikRx), and

uRz (x, z,ω) = iζ B
[

(1− 2δ2) exp(−γ z)+ 2δ2 exp(−νz)
]

exp(−ikRx),

(13)B2 =
2π

I0
δ2

R3

1+ 2R3

ξ

ρω2
,

where I0 = (4δ4 + ζ 2b2)/2r + (b2 + 4ζ 2δ4)/2s + (4bδ2d)/(r + s) , 

b = 1− 2δ2 , d = 1+ ζ 2 , r =
√

δ2 − β2/α2 and 
s =

√
δ2 − 1.

Discretization
The angular integrals of Eq. 7 are discretized to cover the 
illumination from the half-space. In Eq. 14 the displace-
ments of incoming P, SV and SH waves should be repre-
sented with the expressions given in Eqs. 8–10. Rayleigh 
waves, which are described in Eq. 12, are included here 
with B = 1 because Eq.  14 already accounts for the nor-
malization of Eq. 13:

(14)

Im
[

Gij(xA, xB,ω)
]

≈
A

2π

Nφ
∑

m=1

Nθ
∑

n=1

uPi (xA, θn,φm,ω)u
P∗
j (xB, θn,φm,ω) sin θn�θ�φ+

+
AR3

2π

Nφ
∑

m=1

Nθ
∑

n=1

uSVi (xA, θn,φm,ω)u
SV ∗
j (xB, θn,φm,ω) sin θn�θ�φ+

+
AR3

2π

Nφ
∑

m=1

Nθ
∑

n=1

uSHi (xA, θn,φm,ω)u
SH∗
j (xB, θn,φm,ω) sin θn�θ�φ+

+
AR3

2π
×

2πδ2

I0

Nφ
∑

m=1

uRi (xA,φm,ω)u
R∗
j (xB,φm,ω)�φ.

Fig. 2 Comparison of imaginary part of the Green functions for the case of source and receivers at the surface of an elastic Poissonian half‑space. 
The source is at the origin (0, 0, 0)T and the receivers are located along x‑axis at (r, 0, 0)T, where r = horizontal distance. Results computed using 
EQP are depicted with discontinuous lines while the continuous lines correspond to DWN. Results display the non‑dimensional Green’s function 
components µrIm[Gij]  against the normalized distance r/�β , where �β = β/f  = shear wavelength. The first two plots correspond Chao’s problem 
while the third one to Gi3 Lamb’s. Gray, yellow and blue lines represent motion in x, y and z directions, respectively
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Numerical results
In order to establish the goodness of this approach, we 
compare the EQP results for point loads at the surface of 
half-space with those obtained with direct computation 
of wavenumber integrals. For harmonic forcing, Lamb’s 
(1904) and Chao’s (1960) problems have integral rep-
resentations, in the frequency-horizontal wavenumber 
domain, in terms of exponentials and Bessel functions 
for depth and radial dependence. Moreover, sines and 
cosines appear for azimuthal dependence in the tangen-
tial load case. For a vertical load the Green function of 
Lamb’s problem for radial component can be written as:

while the vertical component is

where the vertical wavenumbers are γ =
√

ω2/α2 − k2 
and ν =

√

ω2/β2 − k2 , with their imaginary parts being 
null or negative, Jm(kr) is Bessel function of the first 
kind and orderm , r = radial coordinate and k = radial 
horizontal wavenumber.For the horizontal load along x1 , 
the Chao (1960) solution can be written as (omitting the 
argument kr in the Bessel functions):

and

(15)

Gr3(r, z,ω)

=
1

2πµ

∞
∫

0

(

k
2 − ν

2

)

exp(−iγ z)+ 2γ νexp(−iνz)

(

k
2 − ν2

)2

+ 2γ νk
2

k
2
J 1(kr)dk ,

(16)Gz3(r, z,ω) =
i

2πµ

∞
∫

0

(

k2 − ν
2
)

exp(−iγ z)− 2k2exp(−iνz)

(

k2 − ν2
)2

+ 2γ νk2
γ kJ 0(kr)dk ,

(17)Gr1(r, z,ω) =
−i

2πµ
cosϕ

∞
∫

0

2k
2
exp(−iγ z)−

(

k
2 − ν

2

)

exp(−iνz)

(

k
2 − ν2

)2

+ 2γ νk
2

kν(J 0−J 1/kr)dk+
−i

2πµ
cosϕ

∞
∫

0

exp(−iνz)

ν
k(J 1/kr)dk ,

(18)Gϕ1(r, z,ω) =
i

2πµ
sinϕ

∞
∫

0

2k
2
exp(−iγ z)−

(

k
2 − ν

2

)

exp(−iνz)

(

k
2 − ν2

)2

+ 2γ νk
2

kν(J 1/kr)dk+
i

2πµ
sinϕ

∞
∫

0

exp(−iνz)

ν
k(J 0−J 1/kr)dk ,

(19)Gz1(r, z,ω) =
−1

2πµ
cosϕ

∞
∫

0

2γ νexp(−iγ z)+
(

k2 − ν
2
)

exp(−iνz)

(

k2 − ν2
)2

+ 2γ νk2
k2J 1dk ,

for radial, transverse and vertical components, respec-
tively. The first two components display the contributions 
of P-SV and SH waves in the corresponding wavenumber 
integrals. As it should be, the vertical component is due 
only to P-SV waves.

Equations  15–19 were used to validate our solution. 

They can be evaluated analytically using the Cauchy’s 
residue theorem. The representations would be valid 
asymptotically for large distances. The issue is discussed 
in detail in several textbooks (e.g., Aki et al. 2002; Kausel 
2006). For buried sources, equivalent expressions can be 
obtained. In this work, we used the DWN method to do 
the validations.

Fig. 3 Half‑space loaded on the surface. Receivers covering a square 
with side of 20 shear wavelengths
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Fig. 4 Relative errors of surface results within a square for a horizontal and vertical unit harmonic forces, respectively. Illumination is given by 
Nө = 16 and Nφ = 32. The square side has 20 wavelengths

Fig. 5 Relative errors of surface results within a square for a horizontal and vertical unit harmonic forces, respectively. Illumination is given by 
Nө = 32 and Nφ = 64. The square side has 20 wavelengths
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The solution with EQP is simply obtained by comput-
ing Eq. 14 for the given positions of points xA and xB for a 
desired frequency ω. The density of angular discretization 

of the associated half sphere is controlled by Nφ and Nθ 
(as a rule of thumb, the sum of angular discretizations 
should give 2π for both the double sum and the single 
one, Δφ = 2π/Nφ and Δθ = π/2Nθ). In Fig. 2a, b the results 
for the imaginary parts of the components Gi1(x, 0, ω), 
and Gi2(x, 0, ω) are presented for α/β =

√
3 (Poisson’s 

solid), where i = 1, 2 or 3. Figure 2c presents the results 
for a vertical load, with same configuration and material 
properties.

To gauge the influence of the angular discretization of 
the component plane waves, we compute the percent rel-
ative error of Im[Gij] on the surface of the half-space. We 
study dynamic loads at the origin and receivers located 
within a square with side of 20 shear wavelengths as 
shown in Fig. 3. For instance, the error of vertical compo-
nent is defined as:

where NORM = (Im[G
EQP
11

]
2

+ Im[G
EQP
22

]
2

+ Im[G
EQP
33

]
2

)
1/2

 and 
similarly for the horizontal one. This normalization was 
chosen because the tensor trace is stable, although it 
may lead to some slight underestimation of error. Fig-
ure  4 displays the errors for Nө = 16 and Nφ = 32, and 
relative errors are below 5 percent within a radius of five 
wavelengths. For Nө = 32 and Nφ = 64, we display simi-
lar results in Fig. 5. For a denser illumination the relative 
error decreases significantly. The zone with errors less 
than 4 percent has a radius of about ten wavelengths. We 
computed the percent relative error of Im[Gij] to gauge 
the influence of angular discretization on the average of 
the cross-correlations of the diffuse field constituents. 
The illumination is better in the neighborhood of the ori-
gin and explains why a finer angle coverage is better. This 
shows that the synthetic diffuse field properties degrade 
away from the origin. It would be interesting to evaluate 
the relative contributions of the various parts, but this is 
beyond the scope of this research. The derivations pre-
sented here have been performed in frequency domain. 
In what follows, some examples are given in time dom
ain.

(20)(

∣

∣

∣
Im

[

G
EQP
33

]

− Im
[

GDWN
33

]∣

∣

∣
/NORM)× 100,

Fig. 6 Synthetic seismograms are given in the panels a, b and c for 
the three forces in directions x, y and z, respectively, at the origin and 
the receiver at x1 = 5 km both on the surface of a half‑space with 
Poisson ratio of 1/3. The P and S wave velocities are 2 and 1 km/s, 
respectively. Mass density is 2× 10

3 kg/m3. The chosen source was 
a Ricker pulse with “characteristic” period of 1 s and centered at 5 s. 
The maximum load value in absolute value is R0 in GN ( 109Newtons) . 
Results from DWN are given with continuous lines as indicated in 
the legends. The synthetics using EQP are superimposed with dotted 
thick lines. The ordinates’ unit is meters after the common factor 
2π104R−1

0
 is applied

▸
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Time domain results
In order to show the performance of the new represen-
tation of the Green’s Function using EQP, we show some 
results in which the real part of Green’s function is com-
puted as the Hilbert transform of the imaginary part, 

i.e., both the real and the imaginary parts form a Hilbert 
pair (Aki et  al. 2002). Therefore, synthetic seismograms 
have been computed from EQP and DWN formulations. 
Two examples are displayed: (1) both source and receiver 
are at the free surface; (2) the source is at the free sur-
face and the receiver is below it; and (3) both source 
and receiver are inside the half-space. We assume the 
P and S wave velocities to be α = 2 and β = 1, respec-
tively (in km/s), moreover mass density is assumed to 
be ρ = 2× 103kg/m3 . A Ricker pulse is assumed for 
the time variations of the forces. This widely used wave-
form is defined as 2R0

(

a2 − 0.5
)

exp(−a2) , where the 
normalized time is a = π(t − ts)/tp with ts = central 
time, tp = “characteristic” period of pulse and R0 = 
maximum of the applied loads (in absolute value) in GN 
(Giga Newtons). Therefore, the units of seismograms are 
(2π)−110−4R0 in meters.

For the first example, we choose the source point at the 
origin of coordinates at the half-space surface and value 
at x1 = 5 km the displacement field (i.e., the Green’s ten-
sor components). Figure 6 shows the comparison of syn-
thetic seismograms obtained with DWN and EQP of the 
Green’s tensor convolved with a Ricker pulse. The three 
forces at the origin and the receiver at x1 = 5 km, x2 = 0 , 
both on the surface of a half-space with Poisson ratio of 
1/3. The S wave velocity is 1 km/s and the P wave velocity 
is 2 km/s. The Ricker pulse has a “characteristic” period 
of 1  s and centered at 5  s. For the plane wave illumina-
tion, the values Nө = 45 and Nφ = 193 were considered. 
Seismograms show a very good agreement. The three 
components are shifted with baselines of 0, 0.5 and 1.0 
(in the same units of displacements) for the components 
in x, y and z, respectively.

Consider now the receiver is at x1 = 4 km, x2 = 0 
and depth x3 = 3 km. A value of tp = 1 s was selected. 
Again, Poisson ratio of 1/3. As in the previous example 
the P pulse arrives at 5/2 = 2.5 s after the central time ts . 
Figure 7 shows the comparison of synthetic seismograms 
obtained with DWN and EQP. Again the Green’s func-
tion was convolved with a Ricker pulse. Here the S wave 
dominates as it arrives at 5/1 = 5.0  s after the central 
time. At this depth, the small effect of Rayleigh waves is 

Fig. 7 Synthetic seismograms for the three forces at the origin 
and the receiver at x1 = 4 km, x2 = 0 and depth x3 = 3 km. Both 
on the surface of a half‑space with Poisson ratio of 1/3. The chosen 
source was a Ricker pulse with “characteristic” period of 1 s and 
centered at 5 s. The maximum load value in absolute value is R0 in GN 
( 109Newtons) . The three panels correspond to force along x, y and z, 
respectively. Results from DWN are given with continuous lines as 
indicated in the legends. The synthetics using EQP are superimposed 
with dotted lines. The ordinates’ unit is meters after the common 
factor 2π104R−1

0
 is applied

▸
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evident. The three components are shifted with baselines 
of 0, 0.5 and 1.0 (in the same units of displacements) for 
the components in x, y and z, respectively.

Some additional results are given for source and 
receivers at depth in Fig.  8. The three forces (sources) 
are located at depth of z = 3  km and x = y = 0 and the 
receivers are 21 at x = 5  km, y = 0 and depths equally 
distributed from z = 0 and 5 km, plotted in descending 
order from the free surface. The Green’s function was 
convolved with a Ricker pulse with tp = 1 s and ts = 5 s. 
The simplest seismograms are those at the free-surface 
and the reflected consequences displaying mode con-
versions are clearly seen. In the transverse component, 
the hyperbolic move-outs of incident and reflected 
fields are depicted. The sign of vertical components (in 
red) has been changed so that polarities can be checked 
visually; i.e., the P waveforms in longitudinal and ver-
tical components appear with similar shapes showing 
linear polarization. The amplitudes of the three com-
ponents are shifted to baselines 0.0, 1.2 and 2.4 (in the 
same units of displacements).

Discussion and conclusions
This work stems from previous results (e.g., Sánchez-
Sesma and Campillo 2006; Perton et  al. 2009; Margerin 
2009; Sánchez-Sesma et  al. 2011; Perton and Sánchez-
Sesma 2016). The 2D Green’s function for the stratified 
half-space by Perton and Sánchez-Sesma (2016) requires 
the computation of dispersion curves and modal shapes 
which is far more involved than the canonical half-space 
problem presented herein. Our idea was to present this 
simpler case that allows a complete analytical solution. In 
this sense, these results extend those of Sánchez-Sesma 
and Campillo (2006). Therefore, we present here the solu-
tion of the canonical half-space Green’s function retrieval 
problem.

We presented here a detailed procedure for the compu-
tation of the half-space elastodynamic Green’s function 
in the frequency domain. The method relies on the Prin-
ciple of Equipartition (EQP) of Energy. Theory asserts 
that the imaginary parts of Green’s tensor is the average 
cross-correlations of the corresponding fields generated 
by the incidence of body and surface plane waves with 
relative amplitudes weighted by partition factors which 
constitute the recipe to construct a synthetic diffuse field. 
The half-space case is the simplest example in which 
surface waves appear. Rayleigh waves are a single-mode, 
non-dispersive waves so that the partition factor can be 
obtained analytically. Numerical results allow gauging 
the goodness of this approach. The errors are generally 
small but their spatial distributions suggest that there is 
room for improvement. What we obtained is essentially a 
proof of the concept.

Fig. 8 The three panels depict the Green’s function convolved with 
a Ricker pulse with tp = 1 s and ts = 5 s. The three forces (sources) are 
located at depth of z = 3 km and x = y = 0 and the receivers are 21 
and are located at x = 5 km, y = 0 and depths equally distributed from 
z = 0 and 5 km, plotted in descending order from the free surface. The 
sign of vertical components (in red) has been changed. The ordinates’ 
unit is meters after the common factor 2π104R−1

0
 is applied
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The real part of the Green’s function is the Hilbert 
transform of the imaginary one. Therefore, the complete 
half-space elastodynamic Green’s function can be easily 
obtained. Moreover, time domain results display in all its 
grandeur the majestic Rayleigh waves and the excellent 
agreement with DWN calculations, clearly depicting our 
EQP solution as a new representation of frequency domain 
Green’s function in terms of plane waves.

This communication may be helpful to clarify the theo-
retical considerations that lead to these fundamental 
results that are surprising for us who studied the classical 
Lamb’s problem in its various forms. It is likely that integral 
transforms, after being recast as angular integrals, provide 
the obtained results as it happens for the simple 2D scalar 
case. However, doing so would be difficult and perhaps of 
little interest as we already have the exact solution. On the 
other hand, the optimization of this approach establishing 
for what sorts of geometries and circumstances might it be 
most useful is beyond the scope of this communication.

Diffuse fields are ubiquitous in nature. In most circum-
stances they arise as a consequence of the equilibration 
in multiple scattering regime that happens in the coda of 
earthquakes and also in a number of seismic ambient noise 
situations or even for localized sources in applications. Dif-
fuse fields are intrinsically related to Green’s functions. We 
are committed to identify then in reality. Therefore, under-
standing their properties may be useful in applications.

Appendices
Appendix 1
The retrieval of Green’s function and the orthogonality 
of states
In a neighborhood of x0 with x = x0 + re1 and 
e1 = (100)T , the Stokes (1849) solution for an impulse 
force δ(t)(Dirac delta) in direction 1 can be written as:

For each Dirac delta (divided by r) we take the imaginary 
part of Fourier transform and the limit when r tends to 
zero:

Then, taking either the slowness s as α−1 or β−1 and −ω 
as a common factor, we have:

(21)

G11(x, x0, t) =
1

4πµr

[

β2

α2
δ

(

t −
r

α

)

+ 2β2

∫ 1/β

1/α

δ(t − sr)sds

]

.

(22)

δ(t − sr)

r
→ Im

[

exp(−iωsr)

r

]

→
−sin(ωsr)

r
→ −ωs.

(23)Im[G11(x, x,ω)] =
−ω

4πµ

(

β2

α2

1

α
+ 2β2

∫ 1/β

1/α

s2ds

)

=
−ω

12πρ

(

1

α3
+

2

β3

)

.

This can be generalized for the Green’s tensor:

where δij = Kroenecker delta (= 1 if i = j; = 0 if i ≠ j).
Within an equipartitioned elastic field in a full space the 
ratio of energy densities of S and P waves, accounting 
for the two polarizations of S waves is ξS/ξP = 2α3/β3

(Weaver 1982) and Eq. 23 can be written as:

where k = ω/β = shear wavenumber and 
µ = ρβ2 . As the energy density in direction one is  
ξ1 = ξ/3 = (ξS + ξP)/3 = ρω2�|u21(x)|� one has

where the brackets �·� mean ensemble average. In this 
context, it can be expressed as:

where ϕ = azimuth and θ = co-latitude. Once the propor-
tionality factors are set, we can write down the relation-
ship with the adequate indexes:

This is Eq. 1 in the main text. In full space ui(x,ω) = Fou-
rier transform of displacement in direction i at point x 
can be expressed in terms of P, SV and SH states:

Sánchez-Sesma and Campillo (2006) constructed the 
states as superposition of plane waves isotropically dis-
tributed with equipartitioned amplitudes. For a given fre-
quency, the average cross-correlations are:

(24)Im
[

Gij(x, x,ω)
]

=
−ω

12πρ

(

1

α3
+

2

β3

)

δij ,

(25)

Im[G11(x, x,ω)] =
−ω

6πρβ3

(

1+
β3

2α3

)

=
−k

6πµ

(

1+
ξP

ξS

)

,

(26)

Im[G11(x, x,ω)] =
−k

6πµ

(

ξS + ξP

ξS

)

=
−k

2πµ

(

ρω2�|u21(x)|�
ξS

)

,

(27)�·� =
1

4π

∫ 2π

0

∫ π

0

(·)sinθdθdϕ,

(28)
�ui(xA,ω)u∗j (xB,ω)� = −2πξSk

−3Im
[

Gij(xA, xB,ω)
]

.

(29)ui(x,ω) = uPi (x,ω)+ uSVi (x,ω)+ uSHi (x,ω).

(30)

�ui(xA)u∗j (xB)� = �uPi (xA)u
P∗
j (xB)� + �uSVi (xA)u

SV ∗
j (xB)�

+ �uSHi (xA)u
SH∗
j (xB)�,
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which exhibits the orthogonality of body waves (Mar-
gerin 2009). In presence of scatterers and reflectors, the 
states are complemented with their corresponding dif-
fracted and refracted consequences. Therefore, in the 
half-space, the ensemble average for body and surface 
waves states is given by:

respectively. In a layered half-space, the orthogonality 
of states includes body and surface waves (see Margerin 
2009 and Perton and Sánchez-Sesma 2016). These results 
are related to Herrera’s (1964) orthogonality relation for 
surface waves and Alsop’s (1968) extension of such prop-
erty to body waves.

Appendix 2
The corresponding reflection coefficients for incidence 
of homogeneous P and SV waves upon the half-space 
free surface can be found in Aki et al. (2002). Here, we 
summarize them.

Incident P plane waves
Due to the incidence of a plane P wave with incident 
angle θ, with respect to the vertical, both reflected 
P and SV plane waves with reflection angles θ and θ´, 
respectively, are generated. Solving for null tractions 
at the free surface it is possible to obtain the reflection 
coefficients:

PP =
−
(

1

β2
−2p2

)2
+4p2 cos(θ)

α
cos(θ ′)

β
(

1

β2
−2p2

)2
+4p2 cos(θ)

α
cos(θ ′)

β

 and 

PS =
4 α
β
p cos(θ)

α

(

1

β2
−2p2

)

(

1

β2
−2p2

)2
+4p2 cos(θ)

α
cos(θ ′)

β

, where p = horizontal 

slowness which is given by: p = sin (θ)
α

= sin (θ ′)
β

.

Incident SV plane waves
Assume now the incidence of a plane SV wave with inci-
dent angle θ, with respect to the vertical, that also pro-
duces both reflected SV and P plane waves with reflection 
angles θ and θ´, respectively, are produced. Again, solving 
for null tractions at the free surface we obtain the reflec-
tion coefficients:

SP =
4 β
α
p cos(θ)

β

(

1

β2
−2p2

)

(

1

β2
−2p2

)2
+4p2 cos(θ ′)

α
cos(θ)

β

 and

(31)

�·� =
1

2π

∫ 2π

0

∫ π/2

0

(·)sinθdθdϕ, and�·� =
1

2π

∫ 2π

0

(·)dϕ,

 SS =

(

1

β2
−2p2

)2
−4p2 cos(θ ′)

α
cos(θ)

β
(

1

β2
−2p2

)2
+4p2 cos(θ ′)

α
cos(θ)

β

, where p = horizontal 

slowness, which is given by: p = sinθ
′

α
= sinθ

β
.
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