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On the ballooning instability of the coupled Alfvén
and drift compressional modes
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The paper examines the ballooning instability in gyrokinetic approximation taking into account the effects of
finite-β, magnetic field line curvature, and diamagnetic drift. We used a simple model with a constant curvature
of magnetic field lines which enabled us to obtain analytical results. The possible plasma oscillatory modes
comprise the poloidal Alfvén and drift compressional modes, coupled due to the magnetic field line curvature
and plasma inhomogeneity. The frequencies of these modes depend on the westward current value. As this
value grows, the frequencies of these two branches approach to each other, and the branches are merged at some
critical value of the current. Then an instability develops which is called the drift ballooning coupling instability.
There are three major differences of the drift ballooning coupling instability from the ordinary MHD ballooning
instability: (1) the drift ballooning coupling instability is not aperiodic, there is a real part of the oscillation
frequency of the order of the drift frequency, (2) only the mode with the same direction of the azimuthal phase
speed as the velocity of the ion diamagnetic drift can be unstable, (3) the instability threshold depends on the
diamagnetic drift frequency.
Key words: Ballooning instability, MHD waves, coupled modes, gyrokinetics, substorm onset.

1. Introduction
Ballooning instability of the near-Earth plasma is of-

ten considered as a possible substorm trigger (Ohtani and
Tamao, 1993; Miura, 2001; Cheng, 2004). According to
this perception, the instability develops at closed field lines
in the night-side magnetosphere, and triggers magnetic field
reconnection in the magnetotail, thus releasing the accu-
mulated energy during the substorm explosive phase. As
a simplified approach, this instability may be thought of as
a result of distortion of the poloidal Alfvén mode by the fi-
nite plasma pressure and magnetic field curvature. Owing
to these effects, at frequencies higher than the character-
istic sound frequncy, the usual Alfvén dispersion relation
ω2 = k2

‖v
2
A is modified into the Alfvén ballooning mode re-

lation ω2 = (k2
‖ + H)v2

A (e.g., Denton, 1998; Klimushkin
et al., 2004). The sign of the ballooning term H depends
on the radial gradient of the plasma pressure ∇P: for the
inward gradient (westward equilibrium current in the mag-
netosphere) H < 0 and the system may be unstable due to
ballooning instability under a sufficiently steep plasma gra-
dient. The instability caused by hot plasma confined inside
the system by the curved magnetic field tending to expand
outward in a localized region.

Since the ballooning instability develops in finite-
pressure inhomogeneous plasma immersed into a curved
magnetic field, two factors must be taken into account: dia-
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magnetic drift effects and the coupling between the Alfvén
mode and a compressional mode (that is, the mode with a
large parallel component of perturbed magnetic field). Due
to the coupling, the Alfvén mode acquires a longitudinal
magnetic field component (e.g., Pokhotelov et al., 1985;
Klimushkin and Mager, 2011). Recently, in the single-
fluid MHD treatment, Mazur et al. (2012) found that the
compressional mode stabilizes the Alfvénic branch, but can
be unstable itself. The influence of drift effects was stud-
ied in two-fluid MHD by Miura et al. (1989), who calcu-
lated the instability threshold of the drift Alfvén wave. A
novel feature was the non-vanishing real part of the un-
stable mode frequency due to the influence of diamagnetic
drift. However, coupling to the compressional mode was
neglected. The instability threshold, under different as-
sumptions, was also calculated in a number of other re-
cent papers, mainly dealing with single-fluid MHD the-
ory; to mention a few: Liu (1997), Miura (2000, 2004),
Cheremnykh and Parnowski (2004), Golovchanskaya et al.
(2006), Parnowski (2007), Agapitov et al. (2008).

However, the MHD approach might not be valid for ULF
phenomena in finite pressure plasmas, when the parallel en-
ergy and mass flows are considered; moreover, it cannot
consider the drift effects and different fractions of particles
in plasma. In the more appropriate, kinetic approach, it was
shown that the compressional mode frequency is propor-
tional to the diamagnetic drift frequency ω∗ and does not
depend on the wave vector parallel component (Pokhotelov
et al., 1985; Woch et al., 1988). This mode is usually re-
ferred to as the drift compressional mode (e.g., Crabtree and
Chen, 2004). The wave field structure and kinetic instabili-
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ties of the Alfvén and the drift compressional modes in the
weak coupling regime were considered by Klimushkin and
Mager (2011).

This paper deals with the ballooning instability in the
case when the coupling between the Alfvén and drift com-
pressional modes in a finite-β plasma immersed into a
curved magnetic field are to be taken into account. As a the-
oretical approach, Chen and Hasegawa’s (1991) version of
gyrokinetics (Catto et al., 1981; Antonsen and Lane, 1980)
is used. A quasi-MHD limit is considered when the wave
frequency is much larger than the magnetic drift frequency,
and the wave phase velocity is much larger than the ion ther-
mal speed.

2. The Model and Basic Equations
We consider a one-dimensionally non-uniform cylinder

model of the magnetosphere where the magnetic field lines
are concentric circles with radius R. All the plasma pa-
rameters (particle number density n(x), temperature T (x),
and ambient magnetic field B(x)) vary across the magnetic
shells only. Although this model is rather different from the
real magnetosphere, it retains all the basic features neces-
sary for the ballooning mode formation: magnetic field line
curvature and inhomogeneous plasma pressure. The radius
R has the role of the radial coordinate x . The coordinate y
along the cylinder axis corresponds to the azimuthal coor-
dinate in the magnetosphere, the coordinate l‖ is along the
magnetic field line.

Following Chen and Hasegawa (1991), we assume that
the magnetospheric plasma consists of a core component
which is mainly responsible for the mass density, but has
a small plasma pressure, and a hot component which has a
relatively small concentration, but large temperature, thus
providing a high plasma pressure and large plasma to mag-
netic pressure ratio, β ∼ 1. The main contribution to the
plasma pressure is by hot ions. The equilibrium distri-
bution is assumed to be Maxwellian and isotropic, F =
n(2πT )−3/2e−ε/T , where ε = v2/2 is the particle energy
per unit mass. In this case, the equilibrium condition is
written as

(β/2)κP + κB + κR = 0, (1)

where κB = B ′/B and κP = P ′/P are the normalized
magnetic field and pressure gradients, κR = R−1 is the
field line curvature, prime denotes differentiation over the
radial coordinate x . Note that the equilibrium current �j
is related to the pressure gradient as ∇P = c−1 �j × �B,
that is, κP = j B/cP; a negative κP value corresponds
to the westward current. In the isotropic case, specific
modes related to temperature anisotropy, such as the drift
anisotropy mode (Pokhotelov et al., 1985) and the drift
mirror mode (Woch et al., 1988; Klimushkin and Mager,
2012), are ruled out.

The dependence of the wave variables on
the spatio-temporal coordinates has the form
exp [−iωt + iky y + ik‖l‖], where ω is the wave frequency,
ky and k‖ are the azimuthal and parallel components of
the wave vector. The radial component of the wave vector
is assumed to be zero. The ballooning approximation

assumes that waves with ω � kyvA are considered, which
rules out the fast magnetosonic mode.

In the gyrokinetic approach, the wave’s electromag-
netic field can be described by three variables (Chen and
Hasegawa, 1991). The first one (�) is related to the longi-
tudinal vector potential as follows A‖ = −(ic/ω)∂�/∂l‖.
The second variable (b) is proportional to the longitudinal
magnetic field of the wave b‖ as b = ωb‖/c. The third vari-
able is electrostatic potential ϕ. It was shown (e.g., by Chen
and Hasegawa, 1991) that a small fraction of cold electrons
(that is, electrons with a lower thermal speed than the par-
allel phase velocity of the wave) shorts out the longitudinal
wave’s electric field (E‖ = −ik‖(ϕ − �) = 0); thus, the
potential ϕ is not an independent variable, and the variables
� and b fully describe the electromagnetic field of the per-
turbation. If the electrostatic component of perturbation is
considered, a great variety of wave branches and instabili-
ties appear (Marchenko et al., 1988), but all of them become
irrelevant if at least small fraction of cold electrons occurs
in plasma.

The variables � and b are related by the gyrokinetic
equations (Antonsen and Lane, 1980; Catto et al., 1981;
Chen and Hasegawa, 1991) which can be conveniently writ-
ten as follows:

L M b + ky Lc� = 0,

L A� + ky Lcb = 0.
(2)

Here the compressional mode operator is

L M = −1 − 4πω2

c2
aM ,

aM = 2π

k2
⊥

∑
e, i

q2

m

∫
dv‖dv⊥v3

⊥ J 2
1 (ξ) Q̂F,

(3)

where ξ = k⊥v⊥/ωc is an argument of the Bessel function
J1, ωc is gyrofrequency. The operator Q̂ is

Q̂F = 1

k‖v‖ − (ω − ωd)

(
∂F

∂ε
+ ky F ′

ωωc

)
.

Here

ωd = ky

ωc

(
1

2
κBv

2
⊥ − κRv

2
‖

)

is the particle drift frequency in an inhomogeneous mag-
netic field.

The transverse Alfvén ballooning operator is

L A = k2
y

[(
ω2

v2
A

− k2
‖

)
+ β

2
κP (κB − κR)

]
+ aA, (4)

where

aA = 4πω2

c2
2πω

∑
e, i

q2

m

∫
dv‖dv⊥v⊥

(ωd

ω

)2
J 2

0 (ξ) Q̂F.

Finally, the coupling operator is

Lc = β

2
κP − ac,
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ac = 4πω2

c2

2π

k⊥

∑
e, i

q2

m

∫
dv‖dv⊥v2

⊥ J0(ξ)J1(ξ)
ωd

ω
Q̂F.

The terms aM , aA, ac are responsible for wave-particle in-
teraction. In our study, we search for hydrodynamic in-
stability, therefore relatively weak resonant kinetic effects
are neglected. In the quasi-MHD limit, the wave frequency
is higher than the magnetic drift frequency, ω 	 ωd , the
wave phase velocity is much larger than the ion thermal
speed, ω/k‖ 	 v‖, and the wave perpendicular scale is
much larger than the ion Larmor radius, k⊥v/ωc � 1. Then
the Alfvén ballooning operator is recast as

L A = k2
y

[(
ω2

v2
A

− k2
‖

)
+ β

2
κP (κB − κR)

− β
ω − ω∗

ω

(
κ2

B − κBκR + 3

2
κ2

R

)]
, (5)

where the second and third terms in brackets (proportional
to β) can be called the ballooning terms. The coupling and
the compressional mode operators are written as

Lc = β

2
κP − β

ω − ω∗
ω

(
κB − 1

2
κR

)
, (6)

L M = −1 − β
ω − ω∗

ω
. (7)

Here we have introduced the plasma Larmor drift frequency

ω∗ = ky

ωc
T

(
n′

n
− 3

2

T ′

T

)
. (8)

Note that this value is different from the diamagnetic drift
frequency obtained in the two-fluid MHD approach (see,
e.g., equation (8) in Miura et al., 1989).

Expressing b from the first equation of the system (2) and
substituting it into the second equation, we obtain

(
L A − k2

y L2
c L−1

M

)
� = 0. (9)

It is worth noting that (as seen from Eqs. (5) and (6)) the
second term in brackets (caused by the mode coupling) gen-
erally has the same order of magnitude as the ballooning
additions to the Alfvén operator, which justifies the neces-
sity of taking into account the coupling between the Alfvén
and drift compressional modes. Further, Eq. (9) leads to the
dispersion relation for the coupled Alfvén ballooning and
drift compressional modes in a non-uniform plasma:

ω2

v2
A

R2 + 9

4(1 + β)

ω

ω −
M
− 5(1 + β)

4

ω −
M

ω
= Z ,

(10)

where Z = k2
‖ R2 +βκP R + 1 and 
M = ω∗β/(1+β) (the

drift compressional frequency) is the frequency which turns
the operator L M into zero.

3. Stability of Coupled Modes
First, let us consider the limit when the drift frequency

is negligibly small, ω∗ → 0. Then Eq. (10) has a solution

Fig. 1. The real (solid line) and imaginary (dashed line) parts of the mode
frequency in two cases: ω∗ → 0 limit (upper panel), 
M/
A = 0.2
(lower panel), where 
A = k‖vA is the characteristic Alfvén frequency,
principal parallel harmonic. Note that the κP value is related to the
equilibrium current as κP = j B/cP .

for the squared wave frequency ω2 = (k2
‖ + H)v2

A with a
ballooning term

H = β

R2

[
κP R + 1

1 + β

(
7

2
+ 5β

4

)]
. (11)

When ω2 < 0 the mode is unstable (Fig. 1, upper panel).
The instability has an aperiodic character which means that
ω2 changes its sign from positive to negative, going through
zero at the instability threshold

k2
‖ R2 + βκP R + β

1 + β

(
7

2
+ 5β

4

)
< 0. (12)

A necessary condition for the instability is a sharp decrease
of plasma pressure with distance, P ′ < 0. It corresponds to
the westward equilibrium current.

The occurrence of a steep plasma gradient, necessary for
the ballooning instability, inevitably causes the drift effects.
Including the drift compressional mode and its coupling
with Alfvén mode changes the situation dramatically. The
dispersion relation (10) becomes a fourth-order equation
with respect to ω. The real and imaginary parts of the wave
frequency are depicted in Fig. 1 (lower panel).

There are four modes. The first one (labeled I in Fig. 1,
lower panel) always has a real frequency. At low pressure,
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it corresponds to the Alfvén mode with negative frequency,
ω = −k‖vA. Physically, it means that the azimuthal phase
speed of this wave is directed opposite to the diamagnetic
drift velocity of ions. As the westward current increases,
this mode frequency tends to drift compressional frequency
with the minus sign, −
M .

The frequency of the second mode (II) changes from zero
at low pressure to the drift compressional frequency for a
large westward current, being always less than 
M . Since
this mode starts with the zero frequency, we are not sure
whether this mode is not an artifact of the approximation
assumed in this paper (ω 	 k‖v‖). In any case, this mode
is stable.

The most interesting are the modes labeled III and IV. At
low pressure, the former corresponds to the Alfvén mode
with positive frequency, ω = +k‖vA. The frequency de-
creases with the westward current. The frequency of the
latter, vice versa, increases from the value 
M . This oscil-
lation branch is usually called the drift compressional mode.
When the current is not very large, both modes have only a
real frequency. Their azimuthal phase speed has the same
direction as the velocity of the ion diamagnetic drift.

At some critical value jc of the current, the lines III and
IV in Fig. 1 (lower panel) merge to produce a single line,
V. At the same time two other lines appear in this graph,
VI and VII, corresponding to mutually opposite imaginary
parts of frequency. Thus, at j > jc, the four modes are
I, II, VI and VII. Branches I and II have real frequencies,
while branches VI and VII have complex (complex conju-
gate) frequencies. The situation when merging of different
oscillations branches produces new, unstable modes, is typ-
ical is non-uniform plasmas (e.g., Pokhotelov et al., 1985;
Klimushkin and Mager, 2012).

Thus, if the current exceeds the critical value jc, a mode
appears with a complex frequency whose the real part is
determined by line V, and the imaginary part (growth rate)
by line VI in Fig. 1. This mode can be called the drift
ballooning coupling mode.

As is seen in the lower and upper panels of Fig. 1, the
instability threshold depends on 
M . As 
M grows, the
instability occurs at lower |κP | values. This dependence
can be evaluated analytically in the limit 
M � 
A, where

A = k‖vA is the Alfvénic frequency in cold plasma. Then
the fourth order equation (10) is reduced to a cubic equation
with respect to the variable χ = ω/
A:

a1χ
3 + a2χ

2 + a3χ + a4 = 0

with the coefficients a1 = 1, a2 = −
M/
A, a3 = −Z0/4,
a4 = −b[Z0+ 9

4 (1+β)+ 5
4

1
1+β

]. Here Z0 = Z+ 5
4 (1+β)−

9
4

1
1+β

. Two of three roots of this equation coincide when its
discriminant is zero:

D = −4a3
2a4 + a2

2a2
3 − 4a1a3

3 + 18a1a2a3a4 − 18a2
1a2

4 = 0

(this case corresponds to the point where the branches III
and IV in Fig. 1 (lower panel) merge). When D < 0, two
of the three roots are complex conjugate, and one of them
must be unstable. Assuming that a2 � 1, we found the

instability threshold:

Z0 = 3

[
9

4
(1 + β)+ 5

4

1

1 + β

]2/3 (

M


A

)2/3

. (13)

Hence the critical current is

jc = P

cB

Z0 − 1 − k2
‖ R2

βR
.

Note that in the ω∗ → 0 limit the threshold takes the form
Z0 = 0, in agreement with Eq. (12). Thus, the higher the
diamagnetic frequency ω∗, the lower the westward current
where the instability takes place.

4. Discussion
Let us compare our results with those in previous works.

In the low-pressure limit (0 < β � 1) the ballooning term
(11) takes the form H = β[κPκR + (7/2)κ2

R], which co-
incides with the one obtained in papers dealing with MHD
theory (e.g., low-β limit of Denton, 1998; Klimushkin et
al., 2004; Mazur et al., 2012) at the adiabatic index γ =
7/4. There is a difference (κ2

R terms) with the balloon-
ing term obtained in Miura et al. (1989) and Miura (2000,
2004).

A consequence of difference between the ballooning
terms obtained in different papers is a difference between
the ballooning instability thresholds found in different
works (e.g., Liu, 1997; Mazur et al., 2012 versus Miura et
al., 1989; Miura, 2000, 2004). This difference must be as-
sociated with different assumptions regarding the splitting
of the whole wave field into the Alfvén and compressional
parts and should be clarified in further studies, mainly in
MHD theory (see, however, some discussion of the issue
in Mazur et al., 2012). In our case, we do not perform
this splitting at all: the instability occurs when the Alfvén
and compressional branches merge. The ballooning insta-
bility threshold obtained in the ω∗ → 0 limit (12) is dif-
ferent from the threshold obtained by Miura et al. (1989),
but practically coincides (neglecting the third term) with the
one obtained by Liu (1997) and Mazur et al. (2012). One
cannot be completely sure, however, that this coincidence
is not by chance, since those papers used completely dif-
ferent models of medium (gyrokinetic in our case, MHD in
theirs) which leads to a different dispersion relation for the
compressional mode.

An important result of this study is that introducing cou-
pling between the Alfvén mode and the drift compressional
mode (with the characteristic frequency 
M ) produces a
real part of the frequency of the ballooning-unstable mode.
It is necessary to note that a similar feature has already
been found by Miura et al. (1989) in their study of the drift
Alfvén mode stability in terms of two-fluid MHD theory.
However, their basic assumptions are very different from
those employed in our paper. Miura et al. (1989) considered
the drift Alfvén mode using the dispersion relation modi-
fied according to the rule ω2 → ω(ω − ω∗) (e.g., Krall
and Trivelpiece, 1973). Vice versa, this kind of the Alfvén
mode modification was neglected in our paper, since we as-
sumed the fraction of hot particles to be much less abun-
dant than the fraction of cold particles, nh/nc � 1. For
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this reason the diamagnetic term in the Alfvénic disper-
sion relation is nh/nc times reduced (e.g., Pokhotelov et
al., 1985) and can be neglected. Then, we took into ac-
count the coupling between the Alfvén and compressional
modes, neglected by Miura et al. (1989). However, this
mode had contributions to the final dispersion relation of
the same order as those came from the Alfvén mode itself.
It is the (drift) compressional mode which brought forth the
diamagnetic drift frequency in our study. Respectively, the
expressions for this frequency in this study are quite differ-
ent from those in Miura et al. (1989). Therefore, although
the outcome—appearance of a real part of frequency of the
ballooning-unstable mode—is the same in these two stud-
ies, it is caused by completely different physical factors.

5. Conclusion
Below the instability threshold, a general dispersion rela-

tion for the ballooning modes is found to be comprised of
two branches, the Alfvén and the drift compressional ones.
As the westward current grows, these two branches become
more and more close to each other merging at some critical
value of the current. This critical value depends on the drift
to Alfvénic frequency ratio, field line curvature, and plasma
beta. Then, the single mode appears, which is called the
drift ballooning coupling mode. The unstable mode has the
same direction of the azimuthal propagation as the velocity
of ion diamagnetic drift (ω/
M > 0).

This mode has both the real and imaginary parts of the
frequency, the latter corresponding to the instability. The
criterion of the instability has been obtained. It was found
that it depends on the drift frequency: As 
M decreases,
the real part of the frequency tends to zero, thus the behav-
ior of the drift ballooning coupling instability resembles the
behavior of the ordinary MHD ballooning instability. The
higher the diamagnetic frequency ω∗, the lower the west-
ward current needed for the instability.

Although different in detail from the results of previous
works (differing from each other as well), our paper con-
firms the finding that the instability develops under a strong
westward current. The finding that the diamagnetic drift
effects cause the real part of the unstable mode frequency
confirms an earlier result by Miura et al. (1989), although
for different physical reasons.
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