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The shape of the distribution in field directions and VGP positions was studied by Bingham statistics applied
to a paleomagnetic dataset from lavas for the last 5 my by McElhinny and McFadden (1997), which includes
those with VGP latitude higher than 45°. Data from Hawaii clearly show an oval shaped distribution of field
directions, elongated along the meridian plane, while distribution of VGP is almost circular. Analysis on the
global data divided by latitudinal bands also indicate more elongation in field directions for low latitude bands.
This feature was interpreted as a general indication of dipole nature of the paleomagnetic field. For Hawaii data,
however, possibility of the Pacific Nondipole Low is also suggested due to the large elongation parameter and
very high significance of Fisher distribution to describe the VGP positions together with the small ASD.
Although this elongated shape in the distribution of field directions is not clear for most of the individual site,
the directions of the principal axes are sensitive enough to depict this feature at almost all sites.
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where θ and φ are colatitude and longitude in spherical
coordinate, k
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 indicate almost circular distribution while moderate
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 suggests elongation in the

distribution. Application of the Bingham statistics is easy
if a numerical method is used (Onstott, 1980). First, an
orientation matrix, T, is defined from N unit vectors as,
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where summations are taken from 1 to N. Eigenvalues of
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corresponding eigenvectors, t
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, collectively give

a general idea of the distribution. The maximum likelihood
estimates of the Bingham’s concentration parameters, k

1

and k
2
, are given by maximizing the log likelihood function,
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95% confidence radii around the mean (t
3
) is given by,
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where σ
ij
 is given by,

1.  Introduction
The shape of the distribution of field directions is

distorted when paleomagnetic directions are mapped into
virtual geomagnetic poles (VGPs). In the theory of mapping
from field to pole or vice versa (Cox, 1970), the Fisher
distribution (Fisher, 1953) was supposed for the original
data set and the mapped distribution was approximated by
an ellipse. Hence, if the observed paleomagnetic directions
are in the form of Fisher distribution, the distribution of
VGP has an elongated shape with the degree of elongation
depending on the latitude of the observation site. On the
other hand, if the dispersion of the paleomagnetic field is
entirely due to random dipole wobble, so that the dipole
positions follow the Fisher distribution, then this
distribution will be faithfully reflected in the calculated
VGP positions at all sites whereas the observed distribution
of paleomagnetic directions will be elongated. Creer et al.
(1959) first noted the elongated distribution of
paleodirections, and a model of paleosecular variation
(PSV) which entirely consists of a dipole wobble was
proposed (Creer, 1962). Although the dipole wobble is
not the only solution for circular distribution of VGPs
(ex., Camps and Prévot, 1996), the shape of the data
distribution is very important in the study of PSV. In spite
of this fact, only a few authors paid attention to the shape
of the data distribution in the studies of PSV from lavas
(Baag and Helsley, 1974; Tsunakawa, 1988).

One of useful statistics to describe an elongated
distribution of unit vectors was given by Bingham (1974).
The density function of the Bingham distribution is given
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I would like to point out here that the notation of α
ij

given by Onstott (1980) is in error by a factor of N .

According to Bingham (1974), α
ij
 given by Eq. (4) is

correct. This was ascertained by a computer experiment in
which a population following the Bingham distribution
was generated (Appendix), and then the distribution of the
sample means (t

3
 vectors) were calculated. The radii of the

axes of the oval which contains 95% of the sample means
agreed with those given by Eq. (4).

2.  Simulation of Mapping between Field and VGP
Computer simulations of mapping field directions to

poles or vice versa were made to examine the shape of the
distribution of the transferred data. The ratio of radii of
the 95% confidence region,

α
32

/α
31

(6)

was used as an elongation parameter, while angular
standard deviation (ASD), S, was calculated by the usual
expression,

Fig. 1.  Latitude variation of α
32

/α
31

 for three cases of precision
parameter for field directions mapped from Fisherian poles (a) and
VGP positions mapped from Fisherian field directions (b). Theoretical
curves by Cox (1970) are shown by a fine solid line.

Fig. 2.  Latitude variation of the ratio of ASD to that of original
distribution for field directions mapped from Fisherian poles (a) and
VGP positions mapped from Fisherian field directions (b). Theoretical
curves by Cox (1970) are shown by a fine solid line.
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mean. Latitude variations of such parameters were
examined for several numbers of random points, from
1000 to 30000, for three values of κ (10, 20, and 50).
Latitude variation curves for these parameters easily
converged for the random numbers larger than 5000, and
here the results are shown for the random numbers of
20000. Latitude variations of α

32
/α

31
 for field directions

transferred from Fisherian poles and for VGP positions
transferred from Fisherian field directions are shown in
Figs. 1(a) and (b), respectively. The ratio of α

32
/α

31

decreases from a value near 1.9 down to 1.0 as the latitude
increases from equator to pole. Therefore, this parameter
will be useful to discriminate which of field or pole is
more Fisherian in the data of paleosecular variation. The
variation curves for field and VGP are similar to those
from theoretical prediction (Cox, 1970) which are included
by fine solid curves in the figures. However, there are
quite much discrepancies between simulation and theory
especially at low latitude when κ is not large. The latitude
variation curve of α

32
/α

31
 for VGPs transferred from

Fisherian field directions become closer to the theoretical
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curve when κ becomes larger, while the variation curve
for field directions transferred from Fisherian poles does
not show such tendency. Latitude variation curves of the
ratio of ASD to that of the original distribution are shown
in Fig. 2. There are also large discrepancies between
simulated results and the theoretical curves in some cases,
but the difference becomes smaller for larger κ. These
errors are due to the fact that the formulation of Cox
(1970) is derived by supposing that field directions which
form a circular cone will be transferred to an oval of
VGPs, which is an approximation for small radius of the
cone. The larger discrepancy from theory for the smaller
precision parameters observed throughout Figs. 1 and 2
are due to this fact.

3.  Paleosecular Variation from Lavas
3.1  Dataset from distinct sites

Analysis of the Bingham statistics was applied to the
database of PSV for the last 5 my by McElhinny and
McFadden (1997), which includes all data in which the
VGP latitude is higher than 45°. PSV data from each site
did not show clear difference between the shape of the
distribution of field directions and VGP positions.
However, one exception was the data from Hawaii shown
in Fig. 3 in which the equal area plot of field directions
was made around the mean direction so that the shape of
the distribution is easily seen (closed and open circles
show normal and reversed polarities, respectively). The
plot of field directions is similar to Hoffman (1984), but
in the latter the center of the plot was the direction of the
axial dipole field. Considering the difference angle of
almost 9° between the mean direction and the axial dipole
field direction (or, far sidedness of 5° for the mean pole)
observed at Hawaii, it is better to plot field directions
around the mean to see the shape of distribution. It is
clearly observed that the distribution of field directions is
elongated along the meridian plane while that of VGP
positions are almost circular. This is also supported by the
fact that α

32
/α

31
 of field directions is 1.49 with upper and

lower confidence limits of 1.69 and 1.34, while that of
VGPs is 1.18 with confidence limits of 1.33 and 1.08.
Here, the confidence limits were numerically determined
by a bootstrap method (Efron and Gong, 1983). The
elongation parameter of 1.49 for field directions at Hawaii
is fairly close to the simulated value for the mean site
latitude of 21° as known from Fig. 1(a).

From these observations, it is suspected that the
distribution of paleomagnetic directions observed at
Hawaii is close to that of the field directions which are
transferred from almost Fisherian poles. To ascertain this,
histogram of angular distances from the mean was
examined for both field and VGP to test whether they are
Fisherian or not. Figure 4 shows the histograms with the
theoretical distribution curves which correspond to the
obtained precision parameters (28.27 and 44.52 for field
and VGP, respectively). It is recognized that fitness of the
histogram to the expected distribution curve seems to be
high, especially for VGP. The observed distributions
were compared to the Fisher distribution by χ2 test and
Kolmogorov-Smirnov (K-S) test, following Chapter 14 of

Press et al. (1992). As the χ2 test is often sensitive to bin
width, bins were divided so that each bin includes equal
percentile of the theoretical distribution, and the χ2 test
was repeated for the numbers of bins from 4 to 20. Both of
χ2 test and K-S test indicate that the null hypothesis of the
data distribution being Fisherian cannot be rejected for
both field and VGP. Results of the statistical tests were
summarized in Table 1, in which only four results of χ2

test were shown because the results are more or less
similar for other bin numbers. It is noted that the
significance level is larger for VGP than for field in both
results of χ2 and K-S tests, and this indicates the better

Fig. 3.  Equal area plots of paleomagnetic directions around the mean
(a) and VGP positions (b) from 324 lavas at Hawaii for the last 5 my.
Elongation along the meridian plane is observed in field directions
while the distribution of VGPs is almost circular. Closed and open
circles denote normal and reversed polarities, respectively. Open star
indicates the site locality of Hawaii which is the mean position of six
sites.
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fitness of the Fisher distribution to VGP positions than to
field directions.
3.2  Dataset from latitudinal bands

As the analysis by the Bingham statistics to individual
sites did not indicate statistically significant results except
Hawaii, the same analysis was made to global data divided
into latitudinal bands. Statistical parameters for the
distribution of field directions were determined after
transferring them to those in the axial dipole coordinate at
each site so that the effect of difference in the latitude of
site location within each band is compensated. Elongation
of the distribution which was measured by α

32
/α

31
 increased

at lower latitudinal bands, and the elongation was more

χ2 Test K-S Test

Nbin χ2 p D p

Field
8 8.69 0.2756 0.0538 0.2974

12 7.70 0.7396
16 13.88 0.5349
20 16.99 0.5907

VGP
8 2.52 0.9257 0.0261 0.9787

12 5.56 0.9013
16 10.42 0.7925
20 13.90 0.7894

Table 1.  Statistical test to compare Hawaii data with Fisher distribution.

Note:
Nbin: number of bins (only four results are shown although the test was

repeated for 17 cases from 4 to 20), χ2: observed χ2 statistic,
D: observed K-S statistic, p: probability for χ2 or K-S statistic to exceed
the observed value.
Fisher statistics of Hawaii data (N = 324):

Field: I  = 28.9°, D  = 1.0°, R = 312.58, κ = 28.27, α95 = 1.5°.
VGP: mean pole (84.7°N, 11.9°E), R = 316.74, κ = 44.52, A

95
 = 1.2°.

Fig. 4.  Histograms of angular distances for VGP (upper figure) and
paleodirections (lower figure), where the angular distances are
measured from the mean. Solid curves indicate expected distribution
from the Fisher distribution with the observed precision parameter
(28.27 and 44.52 for field and VGP, respectively).

Fig. 5.  Equal area plots of field directions (a) and VGPs (b) for the
latitudinal band of 0°–15°. The data were collected from 374 lavas at
16 sites for the last 5 my and combined between the northern and the
southern hemispheres.
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obvious in field than in VGP. Confidence limits of α
32

/α
31

were determined by a bootstrap method, but they are often
too large to conclude the significance of the difference
between field and VGP, especially when the width of the
latitudinal band is 10° or less. However, the results become
clearer when the analysis was made to the dataset which
were combined between the northern and the southern
hemispheres.

Equal area plots of field directions and VGP positions
from 374 lavas for the band of 0°–15° are shown in Fig. 5
in which the difference of distribution is clearly seen.
Similar tendency of the distribution is also seen for the
combined band of 15°–30° and in the lower latitudinal
bands when the width of the band is 20°. More quantitative
representation is given in Fig. 6(a) by α

32
/α

31
 versus

latitude when the band width is 15°. In the figure, the
obtained values of α

32
/α

31
 from Hawaii are also shown by

triangles, and the fine dotted line indicates the simulated
curve for κ = 20 which is more realistic to be compared
than the theory of Cox (1970). The difference of α

32
/α

31

between field and VGP is clearly observed in the lowest

two latitudinal bands. The difference is significant for the
band 15°–30°, and possibly so for the band 0°–15° although
small overlap is recognized between the bars of confidence
limits. Confidence limits of α

32
/α

31
 are generally larger

than those of ASD of which latitude variation is shown in
Fig. 6(b), and this is an indication of less robustness in the
determination of this parameter. Nevertheless, it is obvious
that the distribution of field directions is more elongated
than VGPs for the lower latitudinal bands. This becomes
significant when the band width of 20° is taken, as shown
in Fig. 7, because the bars of confidence limits do not
overlap for the two lowest bands, although the values of
α

32
/α

31
 decrease compared to those for the case of band

width of 15°.

4.  Discussion
More elongation in field directions than poles at low

latitude was shown from the global data divided by
latitudinal bands. Although most of individual site did not
reveal significant elongation, one notable result was
obtained from Hawaii, in which the elongation parameter
is as large as in the latitude band of 0°–15°. Considering
the latitude of Hawaii higher than the mean latitude of the
lowest band, the elongated field directions at Hawaii is
close to those transferred from Fisherian poles. This
raises a supposition that the paleomagnetic field observed

Fig. 6.  Latitude variation of α32/α31 (a) and ASD (b) for the global data
divided by latitudinal bands with the band width of 15° and combined
between the northern and the southern hemispheres. Solid and open
circles denote those for field and VGP, respectively. Error bars
indicate the confidence limits determined by a bootstrap method.
Numbers of lavas are shown for each band, and those in the parentheses
indicate the numbers of site location. Triangles indicate those from
Hawaii data.

Fig. 7.  Latitude variation of α32/α31 (a) and ASD (b) for the global data
when the band width is 20°.
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Fig. 8.  Sector diagrams of the directions of ± t2 eigenvectors, the directions of elongation, determined from separate dataset at individual site.
Preferred directions are obvious in field directions (a) while there is no clear feature in VGPs (b). When the azimuth of the t2 vectors is represented
by a common-site longitude, preferred directions become obvious in VGPs (c).

Table 2.  Statistical test to compare the global data (0°–15°) with Fisher
distribution.

Note:
See the foot note of Table 1 for explanation of the notation.

Fisher statistics of 0°–15° band data (N = 374):
Field (axial dipole field coordinate): I  = 87.1°, D  = 354.1°, R =

353.96, κ = 18.61, α
95

 = 1.7°.
VGP: mean pole (88.0°N, 196.5°E), R = 363.05, κ = 34.05, A95 = 1.3°.

χ2 Test K-S Test

Nbin χ2 p D p

Field
8 31.82 0.0000 0.1240 0.0000

12 39.90 0.0000
16 48.67 0.0000
20 46.75 0.0004

VGP
8 23.78 0.0012 0.1255 0.0000

12 35.60 0.0002
16 38.92 0.0007
20 49.32 0.0002

low significance level as summarized in Table 2. This is
not surprising because even the largest dataset from Iceland
is not Fisherian (Kristjansson and McDougall, 1982;
Camps and Prévot, 1996). However, it is probably possible
to interpret this feature of more elongation in field
directions as a general indication of dipole nature which
the paleomagnetic field contains. This observation is very
natural from the fact that the paleomagnetic field is well
approximated by a dipole field which has been established
by various evidences such as success of the geocentric
axial dipole hypothesis in paleomagnetism applied to
plate movement (ex., McElhinny, 1973; Gordon, 1995),
paleoinclination versus latitude (ex., Opdyke, 1972;
Schneider and Kent, 1990), mean paleointensity versus
paleolatitude (Tanaka et al., 1995; Perrin and Shcherbakov,
1997), and low-degree spherical harmonic analysis (ex.,
Creer et al., 1973; Johnson and Constable, 1997).

Although the elongation in the shape of distribution of
field and VGP was not statistically significant at individual
site, the directions of the principal axes were sensitive
enough to reveal this feature. As the main eigenvector, t

3
,

is always near vertical or close to the pole (here, field
directions are plotted on the axial dipole field coordinate),
other two eigenvectors lie near horizon or the equator.
The t

2
 vector, the direction of the elongation, determined

from field directions at each site, often clusters around up
and down directions (or north and south directions). On
the other hand, the t

2
 vector determined from VGP positions

at each site often comes to the region with the longitude
±90° away from the site locality. Distribution of the
directions of t

2
 vectors is shown in Fig. 8 as a sector

diagram in which frequencies of azimuths of ±t
2
 vectors

were plotted. Preferred directions for field are obvious
(a), while there is no clear feature for VGP (b). When the
azimuth is expressed as a common-site longitude, preferred
directions for VGP are remarkable (c). This is probably an
indication that the anisotropy analysis is very sensitive to
reveal the structure of the distribution, as often observed
in the study of magnetic fabric.

The preferred directions in t
2
 vectors from the distribution

of VGPs, viewed at a common-site longitude as shown in
Fig. 8(c), are most probably due to the effect of mapping

at Hawaii is mostly from a dipole wobble. This is supported
by very high significance of the Fisher distribution to
describe the observed VGP positions (Fig. 4 and Table 1),
not to mention the small ASDs at Hawaii (Figs. 6(b) and
7(b)). This could be an indication of the Pacific Nondipole
Low which has been long disputed on its real existence
since Doell and Cox (1971). Even though the most recent
review by McElhinny et al. (1996) concluded its rejection,
this is still an important issue to pursue as the recent work
by Shibuya et al. (1995) extended the idea to larger area
of the Pacific region with low ASD versus the Atlantic
region with high ASD.

Elongated field directions observed at low latitude bands
of the global data also suggest that the distribution of
poles is more close to Fisherian than field directions,
although the elongation is not as high as at Hawaii if the
low latitude is taken into account. Besides, a null hypothesis
of being Fisherian for the global data in the latitude bands
of 0°–15° was rejected for both field and VGP with very



H. TANAKA: CIRCULAR ASYMMETRY OF THE PALEOMAGNETIC DIRECTIONS 1285

from field directions. It is reasonable that the distribution
of field directions includes more or less Fisherian
component due to various reasons such as variations in
nondipole terms or measurements error. This effect was
predicted by Egbert (1992) who derived statistical
representation of the densities for VGP longitude and
pointed out some connection to the preferred transitional
path which is still in dispute about its cause. On the other
hand, the preferred directions in t

2
 vectors from the

distribution of field directions can be interpreted as a
result of mapping the more circular distribution of poles
to the field directions elongated along the meridian plane.
This is important because field directions are what we
really observe and their elongated distribution is a true
nature of the geomagnetic field.

5.  Conclusions
Oval-shaped distribution of field directions was observed

in the data from Hawaii for the last 5 my. Although other
individual site did not give statistically significant results,
the global data divided by latitudinal bands also showed
more elongation in field directions at the low latitude
bands. When α

32
/α

31
 was used as an elongation parameter,

significant difference was observed between field and
VGP at the lowest latitude band for the dataset combined
between the northern and the southern hemispheres. This
feature of paleomagnetic field was interpreted as a general
indication of the dipole nature of the geomagnetic field.
However, for the case of Hawaii, possibility of Pacific
Nondipole Low was suggested because of the large
elongation of the field directions and very high significance
of the Fisher distribution to describe the observed
distribution of VGPs, no mention to the small observed
ASDs in field and VGP. Although the individual site did
not give significant elongation in field directions, there
are strong preferred directions in the principal axes
determined by the Bingham analysis for both field
directions and VGP positions, which are concordant with
the general indication of the dipole nature. Even though
the dipole nature is one of established features of the mean
paleomagnetic field, it is still worthwhile to support this
from different aspects.
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Appendix. Random Generator of the Bingham
Distribution

The rejection method described at Chapter 7.3 of Press
et al. (1992) can be applied to generate random points (θ,
φ), which follow the Bingham distribution with the
concentration parameters k

1
 and k

2
, over 0° ≤ θ ≤ 90° and

0° ≤ φ ≤ 360° by introducing the following probability
density function (actually, a non-normalized Fisher
distribution).

f
d k k

e kθ φ
π

θ,
,

cos( ) = ( ) ( )− −( )1
4

1
1 2

12 A.

f(θ, φ) can be used as a comparison function in the
rejection method because it is easily shown that,

f(θ, φ) ≥ b(θ, φ)   (0° ≤ θ ≤ 90°).
(A.2)

More specifically, first generate random points which
follow the Fisher distribution,

θ

φ π

= − −( )( )⎛
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where X
1
 and X

2
 are random numbers between 0 and 1.

Then adopt or reject this point according to the following
ratio,

b f e
k k kθ φ θ φ φ φ θ θ

, / , .
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