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Time profile of solar energetic particles fit using a mean free path considering
the radial dependence of both magnetic field strength and fluctuations
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The radially dependent mean free path of solar energetic particles was calculated by considering the radially
dependent magnetic field fluctuation, its correlation length and the variation of magnetic field strength along an
Archimedean interplanetary magnetic field. A longer mean free path can be deduced as radial distance approaches
the sun. That is, the mean free path at 0.1 AU is increased by 10 times for some typical values of radial dependence
of magnetic field fluctuation (e.g., power index of radial dependence = −2), compared to the value at 1 AU. The
focused pitch angle transport equation without adiabatic deceleration was solved for the obtained mean free path.
The calculated time profiles are compared with observations of solar energetic particles. In some cases, very good
matches to observed data for longer periods are obtained with shorter mean free paths than the original authors
mentioned.

1. Introduction
Mean free path of solar energetic particles has been stud-

ied by comparing observed time variations of solar energetic
particles with time profiles predicted from some theories,
e.g., diffusion equations (Meyer et al., 1956; Ma Sung and
Earl, 1978; Zwickl and Webber, 1978; Bieber et al., 1980;
Beeck and Wibberenz, 1986; Dröge et al., 1997).

On the other hand, investigations of interactions between
charged particles and irregularities of magnetic fields on
the basis of quasi-linear theory (QLT) (Jokipii, 1966, 1971;
Roelof, 1968; Hasselmann and Wibberenz, 1968) showed
the relation between the mean free path of cosmic rays and
the power spectrum of magnetic fields irregularities in inter-
planetary space. Jokipii and Coleman (1968, hereafter re-
ferred as JC) calculated mean free path based upon observa-
tions on Mariner 4 and near the earth. Since then, mean free
paths derived from observed time profiles of solar energetic
particles has been compared with the predictions from QLT
based on observed magnetic field power spectra. Almost one
order of difference between them has been pointed out by
many authors and summarized by Palmer (1982). During
those two decades, there seem to be several progresses be-
tween both fields, that is, Earl (1976) proposed pitch angle
transport equation (PATE) including focusing effect along
Parker magnetic field lines. Sakai (1988, 1991) tried to check
QLT by following particle’s motion in the simulated random
magnetic field of slab and showed QLT coincided with the
simulation for 〈(δB(r))2〉/〈B(r)2〉 < 0.14. Here 〈B(r)2〉 de-
notes the average of square of the ambient magnetic field
and 〈(δB(r))2〉 the average of square of magnetic field fluc-
tuation. And many authors (e.g., Ma Sung and Earl, 1978;
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Ng et al., 1981, 1983; Bieber et al., 1980, 1994; Dröge et
al., 1997; Hatzky and Wibberenz, 1997) tried to fit their cal-
culations to observed time profiles. In addition to the above,
Zhang (1993, 1995) tried to reconcile the discrepancy by an-
alyzing the time variations of neutron-decay protons. He in-
troduced a non-monotonic dependence of mean free path on
the radial distance. Also, on the basis of plasma theories,
some attempts to reduce the difference have been worked
out by considering non-linear term and Helicity (e.g., Völk,
1975; Jones et al., 1978; Goldstein, 1977; Matthaeus and
Goldstein, 1982; Schlickeiser et al., 1991). Due to those ef-
forts, the inconsistency seems more or less improved but still
remains unresolved fundamentally. In 1994, Bieber et al.
gave a resolution between the above discrepancy by consid-
ering composite slab/two dimensional magnetic fluctuations,
although the ratio of two dimensional components to the slab
seems unobvious inside 1 AU considering the evolution of
the two dimensional fluctuations.

Here, let’s reconsider both comparisons mentioned above.
The mean free path obtained by JC (1968) is based upon the
magnetic fields power spectrum observed on Mariner 4 and
near the earth, that is, this value must be the mean free path
at a fixed point. On the other hand, mean free paths obtained
from observed time profiles of solar energetic particles re-
flect magnetic field conditions over several AU where solar
energetic particles pass through. So, if we suppose mean
free path may have radial dependence, it seems unreasonable
that mean free paths deduced from both ways are simply dis-
cussed on a common basis. Mean free path obtained from
solar energetic particle observations should be converted to
the values at the same position, where the power spectrum
of magnetic fields was observed. Then, the converted values
can be discussed with the one of JC (1968) and also, Bieber
et al. (1994) on a common basis.

So far, time profiles of solar energetic particles have
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been fitted to some predictions from diffusion theories (e.g.,
PATE) with radially independent or only simple radially de-
pendent mean free path, such as r p, where p is a con-
stant. Valdés-Galicia et al. (1988) summarized the value of
p changing from 0 to 0.7 and showed −0.7 for an event.
Zhang (1995) calculated mean free path by considering ra-
dially dependent magnetic field irregularities proportional to
r−s , where s is 3 or 4 and applied it to the observed time pro-
file of neutron-decay protons. Zank et al. (1998) and Burger
and Hattingh (1998) have interest in solar modulation, so
they studied extensively radially dependent mean free path
beyond 1 AU from the sun.

On those days, the focusing effect by the radial depen-
dence of Parker magnetic field strength (Parker, 1958, 1967)
is strongly stressed and included in PATE. This focusing
effect of the magnetic field may also reflect on radial de-
pendence of mean free path in a complicated way as Zhang
(1995) showed.

From the above view point, we calculated radially de-
pendent mean free path on the basis of QLT (Jokipii,
1966; Goldstein, 1977) by assuming simple radial depen-
dence of the average of square of magnetic fields fluctuation
〈(δB(r))2〉 ∼ r−k , its correlation length (Jokipii, 1973), and
the change of magnetic field strength (Parker, 1958). Espe-
cially, our computation can introduce a radially dependent k
in our calculation, that is, a transition of k value at some ra-
dial distance from the sun. Using these obtained mean free
paths, we computed time profiles of solar energetic particles
on the basis of PATE. Our calculations show a very good fit
to some observations of solar events with shorter mean free
paths than the original authors mentioned.

2. Radial Dependence of Mean Free Path
We use QLT as semi-empirical formula for our calcula-

tion. Following QLT, the pitch angle diffusion coefficient
D//(z,μ) is expressed as follows:

D//(z,μ) = D0(r,μ, q, V )(1 − μ)|μ|q−1 (1)

where V is the particle velocity, μ the cosine of pitch angle,
z the distance along the spiral magnetic field, r the distance
from the sun, and q the power index of the power spectrum
of magnetic field fluctuations. Here, D0 is expressed as a
function of r because all observable quantities can be ex-
pressed as a function of r . Then, following Jokipii (1971)
and Goldstein (1977), D0 is represented as shown below:

D0 ∝ V

ρ(r)
(Lc(r)/ρ(r))1−q〈(δB(r))2〉/〈B(r)2〉, (2)

where ρ(r) is the particle gyro radius, Lc(r) the correlation
length of magnetic field fluctuations, 〈(δB(r))2〉 the average
of square of magnetic field fluctuation, and 〈B(r)2〉 the av-
erage of square of the ambient magnetic field. If we use the
typical dependence of Lc and 〈(δB(r))2〉 upon r , and also,
the Parker magnetic field strength for B(r), it is clear that
D0 has a complicated radial dependence unlike the simple
expression of rb, as pointed out Zhang (1995), where b is a
constant.

Now, parallel mean free path depending upon radial dis-
tance r is considered. The relation (e.g., Jokipii, 1966;

Hasselmann and Wibberenz, 1968; Völk, 1975; Ma Sung
and Earl, 1978) between the parallel mean free path λ//(r)
and D0(r) is tentatively adopted here as follows:

λ//(r) = 3V/(D0(r)(2 − q)(4 − q)).

Inserting D0 into the above equation, λ//(r) is then expressed
as

λ//(r) ∝ ρ2−q Lq−1
c /(〈(δB(r))2〉/〈B(r)2〉).

Here, we assume Lc ∼ rm and 〈(δB(r))2〉 ∼ r−k by follow-
ing Jokipii (1973). Further, we express Parker spiral mag-
netic field 〈B(r)〉 as (1 + (r/a)2)1/2/r2, where a is the ratio
of solar wind speed to the angular velocity of the sun. Alto-
gether, we obtain

λ//(r) ∝ rk+m(q−1)−2q
{√

1 + (r/a)2
}q

.

Here, if we introduce a mean free path at the earth as λE ,
then λ//(r) can be written as,

λ//(r) = λEr
k+m(q−1)−2q

×
{√

1 + (r/a)2
}q

/
{√

1 + (1/a)2
}q

. (3)

Here, r , a, λE and λ//(r) are measured in units of AU.
The radial dependence of 〈(δB(r))2〉 and Lc has been dis-

cussed by many authors (e.g., Jokipii, 1973; Zank et al.,
1996; Matthaeus and Goldstein, 1982; Matthaeus et al.,
1999). But Zank et al. (1996) and Matthaeus et al. (1999)
treated mainly the region beyond 1 AU. So here we basically
follow the discussion by Jokipii (1973). That is, k = 2 for
r � a and k = 3 for r � a. For Lc, we adopt only two
cases of m = 0 and 0.5 here.

Next, we will show several cases of radial dependence of
λ//(r). Shown in Fig. 1 are λ//(r) in units of λE , for the
cases of k = 2, m = 0.5 with q = 1.5 (solid line) and
1.67 (dotted lines), respectively. They indicate that λ//(r)
becomes longer than λE for both r � 1 AU and r �
1 AU. The longer λ//(r) than λE for r � 1 AU is easily
understood as follows. The resonant wavelength of magnetic
field fluctuations becomes shorter with increasing B(r) of
Parker field for r � 1 AU. Then the power density of the
fluctuations tends to decrease as the wavelength shortens.
Thus, the mean free path becomes longer for r � 1 AU.
Further, if q is larger, the above effect will be more enhanced,
as shown in Fig. 1. Thus, higher values of q make longer
mean free path for r � 1 AU. On the other hand, for
r � 1 AU, the situation is opposite. Thus, smaller values
of q make longer mean free paths for r � 1 AU. Figure 2
shows three cases of λ//(r) in unit of λE . The dotted lines
correspond to k = 2 ∼ 3, m = 0.5 and q = 1.67; the dashed
lines to k = 2 ∼ 3, m = 0 and q = 1.67; and the solid
to k = 2, m = 0.5 and q = 1.67. In Fig. 2, the dotted
lines and solid lines overlap each other inside 1 AU for these
parameters. Here, k = 2 ∼ 3 means a transition from k = 2
to 3 at the earth (1 AU). Although we tentatively consider
the transition at the earth (1 AU), we fully recognize that
the position of transition is another parameter and should be
reconsidered in the future.
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Fig. 1. Radial dependence of mean free path λ// in unit of λE are shown for k = 2 and m = 0.5. Solid line and dotted lines denote the case of q = 1.5
and 1.67, respectively. We can see the difference by the value of q and also longer mean free path near the sun.

Fig. 2. Radial dependence of mean free path λ// in unit of λE is shown for several parameters with the same value of q = 1.67. We can see the difference
by the values of k and m. The solid line denotes k = 2 and m = 0.5, and dashed lines k = 2 ∼ 3 and m = 0, dotted lines k = 2 ∼ 3 and m = 0.5. Here,
k = 2 ∼ 3 means a transition from k = 2 to 3 at 1 AU in this case.

 

Fig. 3. Calculated time profiles at 1 AU are shown with λE = 0.31 AU. Even if we use the same value of λE , different time profiles are obtained,
depending upon the values of k and m.
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Fig. 4. The comparisons of our calculation with the observed anisotropy and intensity by Bieber et al. (1980) are shown. The solid line is our calculation
with λE = 0.078 AU, k = 2 ∼ 3, m = 0.5 and q = 1.67. In this case, injection type is Reid model with β = τ = 0.7 h. In the lower panel, time
profile of intensity is compared with our calculation. Solid squares and dashed lines denote their data and calculations with λ = 0.7 AU, respectively.
Our calculation of solid line fits to the data very well for longer duration (till ∼7 UT 29 March). In the upper panel, anisotropy is compared. Here their
data points of solid squares correspond to G, H, I, J, K and L in their figure 7 from the left, respectively.

3. Time Profiles
In order to compare observed time profile of solar ener-

getic particles, we solved the focused pitch angle transport
equation (Earl, 1976) following Kóta et al. (1982). The equa-
tion is

∂ f

∂t
+ μV

∂ f

∂z
+ (1 − μ2)V

2L(z)

∂ f

∂μ
− 1

2

∂

∂μ

(
D//(z,μ)

∂ f

∂μ

)

= Q(z,μ, t). (4)

Here, f is a distribution function, t time, V the particle
velocity, μ the cosine of pitch angle, z the distance along
the spiral magnetic field, L(z) = −B(z)/(dB/dz) focusing
length, D//(z,μ) the pitch angle diffusion coefficient and
Q(z,μ, t) the particle source close to the sun. The definition
of D//(z,μ) and the relation between λ//(r) and D0(r) were
already given in Section 2. The inner and outer boundaries
are 0.04 and 5 AU, respectively.

Figure 3 shows time profiles at 1 AU calculated for λE =
0.31 AU and q = 1.67. The dashed curve corresponds to
k = 2 ∼ 3, m = 0, the solid to k = 2, m = 0.5, the dotted
to k = 2 ∼ 3, m = 0.5, and also the dotted and dashed
lines to the constant mean free path of λ = 0.31 AU. The
solid and dotted curves in Fig. 3 overlap each other near rise
time regime because of the same mean free path near the sun
as shown in Fig. 2. From this figure, it is clear that time
profiles differ from each other by interplanetary conditions
between the source and the region behind an observation
point, even if the value of the mean free path λE at the
earth is the same. The different time profiles are due to the

following facts. That is, the rising part of the intensity is
mainly reflected by the size of mean free path between the
source and the observation point. On the other hand, the
decay phase is mainly affected by the size of mean free path
beyond the observation point. We examined time profiles by
using various values of mean free path at the earth (that is,
λE ). We recognized that almost the same time profile with
the constant mean free path can be obtained with shorter
length of the mean free path at the earth, if we introduce
a radially dependent mean free path (e.g., k = 2 ∼ 3,
m = 0.5).

4. Discussions
We will cite electron data given by Bieber et al. (1980),

who tried to fit their data with their prediction only within ∼4
hours from the onset. According to Ng et al. (1981, 1983),
Helios 2 is located in quiet solar wind stream, with speeds
between 350 and 450 km/s lasting from 7 hours before the
event onset to 24 hours after the event onset, and interplan-
etary magnetic field fluctuated only about the nominal spiral
direction. Such a condition is ideal for the application of
the focused transport model. For this reason, we used their
data till ∼6:30 UT on 29 March (∼11 hours from the on-
set). Now we will compare an example of our calculations
with the time profile of anisotropy and intensity of electrons
given by Bieber et al. (1980) in Fig. 4. The upper and lower
panels correspond to the time profile of anisotropy and in-
tensity, respectively. In this figure, solid squares indicate the
data observed at 0.5 AU on Helios 2 on 28 March, 1976 (we
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Fig. 5. The comparisons of our calculation with the observed anisotropy and intensity by Bieber et al. (1994) are shown. The solid squares indicate their
data and the solid line denotes our calculation with λE = 0.31 AU, k = 2 ∼ 3, m = 0 and q = 1.67. In this case, injection type is delta function. If
we observe time profile around 1 AU, injection type does not change very much time profile of both intensity and anisotropy. The upper panel shows
anisotropy, the lower panel intensity. The fit seems very good for more than 25 units in non-dimensional time scale (∼16 hours in real time).

read out the data from their paper), and the dashed lines in
the lower panel best-fit predictions obtained by Bieber et al.
(1980) with the parameters of λ = 0.7 AU, β = 0.7 h and
τ = 1.5 h from ∼4 hours after Flare. Here, β and τ are
constants (see Reid, 1964) defined as

injection ∝ 1

t
exp

(
−β

t
− t

τ

)
.

Also, the solid line shows the time profile obtained by us
with the parameters of λE = 0.078 AU, k = 2 ∼ 3, m = 0.5
and q = 1.67. Here, solar particles are assumed to be simply
injected by Reid model with β = τ = 0.7 h. In the lower
panel, time profile of intensity is compared. We tried several
injection patterns to get better fits. The injection pattern of
like exp(−t/1.5 h) and the rectangular shape of 1.5 h can
change its shape only slightly around the peak value. But
the general tendency of the decay phase cannot be changed
by the injection type. It is clear that our case can give a
much better fit for the observed data of more than 10 units
in non-dimensional time scale (>10 hours in real time) with
the shorter mean free path of λE = 0.078 than λ = 0.7 cited
by Bieber et al. (1980). This good fit is due to the fact that
a longer mean free path than λE is effective at t < tmax, and
that λE = 0.078 itself may be important for the propagation
of solar particles at t > tmax, where tmax denotes the time
at the maximum intensity. This shorter mean free path can
create a longer decay phase. In the upper panel, time profile
of anisotropy given by Bieber et al. (1980) is compared with
our calculation. The solid squares correspond to G, H, I,
J, K and L in their figure 7 from the left, respectively. We
can’t see any special deviations between the data and our
calculation.

By analyzing the same event, the radially dependent mean
free path with minimum value around 1 AU is also given by
Ng et al. (1983). But their value is still large compared to
our λE .

In Fig. 5, another example is shown. The data are taken
again from Bieber et al. (1994). Solid squares indicate the
data observed ∼0.9 AU on Helios 1 on 25 March 1980, and
the solid line denotes our calculation with the parameters of
λE = 0.31 AU, k = 2 ∼ 3, m = 0 and q = 1.67. The time
profile of intensity is shown in the lower panel. Our line
gives a good fit even beyond 25 units in non-dimensional
time scale, although the line which fits best with λr = 0.2
AU (may be, λ// ∼ 0.4 AU) by Bieber et al. (1994) seems to
deviate after 15 units. Also, in the upper panel, our calcula-
tion is compared with the observed anisotropy. Again good
match is obtained.

We think the good matches to those observed data for
longer time duration suggests something for propagation of
energetic solar particles in the interplanetary space. Thus, we
conclude that in some cases we had better take into account
the radial dependence of mean free path as done in this paper
in order to fit the observed time profiles. Consequently, we
may expect shorter mean free paths than the ones reported so
far. Further, if we want to compare the mean free path around
the earth deduced from the power spectrum by using quasi-
linear theory with the one obtained by fitting calculated time
profiles to observed ones, it seems reasonable that λE should
be used. Thus, our λE may be directly compared with the
value derived near the earth by JC (1968) and also, Bieber et
al. (1994).

In the below, we want to comment for fitting to observed
data. If we use a long mean free path, time profiles around
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maximum intensity can generally be produced by a gradual
injection pattern at a source. On the contrary, if we use
a short mean free path, short time injection at the source
will be better for fitting. Thus, we have two choices for
fitting results to observed data around peak intensity. That
is, changing both injection pattern and size of mean free path
near a source can generally produce time profiles around
maximum intensity. On the other hand, the decay phase is
uniquely determined by only the size of mean free path far
from the source.

5. Summary
We introduced radially dependent mean free path by con-

sidering radially dependent magnetic field irregularities, its
correlation length and magnetic field intensity. Using those
mean free paths, time profiles of solar energetic particles
were calculated. The obtained time profiles were compared
with the solar events on 28 March 1976 and on 25 March
1980 which are taken from Bieber et al. (1980) and (1994),
respectively. Very good fit to both data is obtained with
λE = 0.078 and 0.31 AU, respectively. On the other hand,
the original authors also fit their data with rather longer mean
free paths of λ = 0.7 and λr = 0.2 AU (λ// ∼ 0.4), respec-
tively. Especially, it is notable that λE = 0.078 is smaller
than λ = 0.7 by more than one order. Of course, we have
to note here that λE is the value near the earth, although
their λ is given around 0.5 AU. Thus, our method of using
λE seems helpful in reducing the discrepancy of one order
pointed out by Palmer (1982). And it seems appropriate that
λE is used in comparing directly with mean free path near
the earth given by JC (1968) and also, Bieber et al. (1994) if
mean free path has a radial dependence.

References
Beeck, J. and G. Wibberenz, Pitch angle distribution of solar energetic

particles and the local scattering properties of the interplanetary medium,
Astrophys. J., 311, 437–450, 1986.

Bieber, J. W., J. A. Earl, G. Green, H. Kunow, R. Müller-Mellin, and G.
Wibberenz, Interplanetary pitch angle scattering and coronal transport of
solar energetic particles: New information from Helios, J. Geophys. Res.,
85, 2313–2323, 1980.

Bieber, J. W., W. H. Matthaeus, C. W. Smith, W. Wanner, M.-B. Kallenrode,
and G. Wibberenz, Proton and electron mean free paths: the Palmer
consensus revisited, Astrophys. J., 420, 294–306, 1994.

Burger, R. A. and M. Hattingh, Toward a realistic diffusion tensor for
galactic cosmic rays, Astrophys. J., 505, 244–251, 1998.
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