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A sandpile experiment and its implications for self-organized criticality and
characteristic earthquake
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We have performed an experiment in which a conical sandpile was built by slowly dropping sand onto a circular
disk through a funnel with a small outlet. Avalanches (sand dropping off the disk) occurred, the size and the number
of which were observed. It was seen that the behavior of avalanches (frequency-size distribution) was determined
solely by the ratio of grain size to disk size, which is consistent with earlier studies. We categorize the behavior into
three types: (1) the self-organized criticality (SOC) type (obeying Gutenberg-Richter’s law), (2) the characteristic
earthquake (CE) type where only large avalanches are almost periodically generated, and (3) the transition type. The
transition from SOC to CE type drastically occurs when the ratio of grain diameter to disk radius is reduced to about
0.02. The underlying mechanism to cause the transition is considered. Results of simulation by cellular automaton
models, an experimental result showing that a conical pile has a stress dip near its center, and a two-dimensional
simulation building up a conical pile, all suggest that the transition occurs due to a change in stress profile inside
and near the surface of the pile. Although we are unfortunately not able to understand the detailed mechanism at
the present stage, it seems very important to further investigate the underlying physics of the transition because it
presumably provides us a clue to understand the mechanism of the periodicity of large characteristic earthquakes

and may open a way for earthquake prediction.
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1. Introduction

Since Bak, Tang and Wiesenfeld (1987, 1988, referred
to as BTW model hereafter) proposed the concept of self-
organized criticality (SOC), the Gutenberg-Richter’s power
law (G-R law) has been regarded as a typical natural exam-
ple of SOC (Bak and Tang, 1989). The frequency-size dis-
tribution of earthquakes exhibits a straight line on a log-log
plot (power law) and has no characteristic scale.

On the other hand, it has been pointed out that individual
faults tend to generate essentially same size or characteristic
earthquakes (CE) which have a relatively narrow range of
magnitude (Schwartz and Coppersmith, 1984). In fact, the
large earthquakes along the Nankai trough, Japan, seems
to have periodically occurred with almost same magnitudes
(Ando, 1975; Shimazaki and Nakata, 1980; Kumagai, 1996).
The earthquake frequency-size distribution including these
large earthquakes does not satisfy the G-R law (Wesnousky
et al., 1983) and hence seems to conflict with the concept of
SOC.

This problem is related to the question whether earthquake
prediction is possible or inherently not. If the occurrence
of all earthquakes obeys a power law, earthquakes may not
be predicted because every fault is in a critical state and
any small earthquake has some probability of growing into
a large earthquake (Geller ef al., 1997). However large char-
acteristic earthquakes occur more frequently than would be
expected by an extrapolation of linear recurrence relation-
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ship from lower magnitude earthquakes (Fig. 1). This in-
dicates that the generation process of characteristic earth-
quakes is somewhat different from that of intermediate and
small earthquakes. The periodicity of characteristic earth-
quakes may leave room for seeking a way of earthquake pre-
diction.

A number of numerical studies have been performed after
the appearance of BTW model. For example, Kadanoff ez al.
(1989) performed an extensive numerical study of the sand-
pile model and found that the frequency-size distribution of
avalanches obeys a power law. By varying the sizes of the
system, they investigated the scaling properties of the mod-
els. Barriere and Turcotte (1994) carried out a simulation by
a cellular automaton model in which they considered a grid
of cells with a fractal distribution of sizes. The frequency-
size statistics was found to satisfy the G-R law. Carlson
and Langer (1989a, b) presented a slider-spring model for
fault dynamics (CL model), which was introduced origi-
nally by Burridge and Knopoff (1967). They found that the
model generated events of all sizes which obeyed a power-
law frequency-size distribution. Motivated by CL model,
Nakanishi (1990, 1991) presented a cellular-automaton ver-
sion of the slider-spring model and showed that the model
exhibited quite similar behavior to CL model. Ito and Mat-
suzaki (1990) also presented a cellular automaton model in
which the effect of plasticity was taken into account. They
also modified the model so that every earthquake may trigger
aftershocks. The results all shows a power-law frequency-
size distribution. The model calculations using various cel-
lular automaton models clearly show SOC properties.
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Fig. 1. Diagrammatic cumulative frequency-magnitude recurrence relation ship for an individual fault of fault segment (after Schwartz and Coppersmith,

1984).

Laboratory experiments using real sand have also been
carried out. The results, however, did not show SOC-type
behavior in contrast to the numerical experiments. Turcotte
(1999) states in a review of SOC that experimental results
have been quite ambiguous. For example, Jaeger et al
(1989) carried out an experiments in which a semicircular
drum (5 cm radius) filled with sand (grain diameter 0.54 mm)
was slowly and continuously inclined. They measured the
flow of sand over the edge of the drum. The results showed
no power-law distribution in contradiction to BTW model
and rather exhibits very regular spikes of large avalanches.
They interpreted the results as a hysteresis effect whereby
the pile’s slope angle may exceed the angle of repose before
a major avalanche. Evesque (1991) carried out an experi-
ment using a rotating drum and obtained similar results of
Jaeger et al. (1989).

Held ef al. (1990) made a very sophisticated experiment
in which a conical sandpile was built on a circular disk by
adding sand grains one by one onto the apex of the sandpile.
If an avalanche occurred in any scale, the addition of sand
was stopped and the size of the avalanche was recorded. This
process was automatically repeated. For sufficiently small
sandpiles (less than 50 grain diameter), the size-frequency
distribution was found to obey a power-law distribution and
to show finite-size scaling. However large sandpiles (on the
order of 100 grain diameter) no longer showed the finite-
size scaling but rather generated periodic large avalanches.
Similar results were obtained by Rosendahl er al. (1993)
who carried out a sandpile experiment with the apparatus and
techniques similar to those of Held et al. (1990). Rosendahl
et al. (1994) discussed the possibility of prediction of a major
large avalanche based on the change in the rate of small
avalanche activity prior to it.

It seems that experiments by a rotating drum technique
tend to produce a quasi-periodic large avalanches. The use
of glass beads with small diameter compared with the drum

radius may accelerate this tendency. The experiment build-
ing up a sandpile on a disk by adding sand grains is much
more suitable for investigating SOC properties (Held et al.,
1990).

We also performed a sandpile experiment using real sand
grains to confirm the results of others mentioned above. Our
experimental method is basically similar to that of Held ez al.
(1990) and Rosendahl et al. (1993). In this paper, we present
the result of the experiment and consider its implication for
SOC and characteristic earthquake.

2. Experiment
2.1 Experimental method

Figure 2(a) shows the experimental setup. Beach sands
(washed with water and dried at room temperature) were
dropped from the hopper, bifurcated 7 times, slowed
down by two funnels and slowly added on a circular disk
(Fig. 2(b)). The flow rate of sand was 10-20 mg/s which
was affected by slight inclination of the bifurcation jigs. In
one experimental run, the fluctuation in flow rate was less
than 10%.

The weight of the sandpile was measured by a digital
balance with the accuracy of 1 mg, and sent to a computer
with the sampling frequency of 2.5 Hz. Sandpiles with base
diameters from 2 to 8 cm were studied. We used two kinds of
sands with diameters ranging from 0.5 to I mm (sand 1) and
ranging from 0.25 to 0.5 mm (sand 2). The average weight
of the sand grains is 0.84 mg for sand 1 and 0.14 mg for sand
2.

The sand grains were dropped on the apex of the sandpile.
However it was observed that they did not necessarily rest on
the top of the sandpile, but rolled down slightly and settled
somewhere on the slope. We also observed that during the
addition of sand grains, some grains at rest on the slope
began to roll down the slope and stop without dropping off
the disk. We did not regard the case as an avalanche because
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Fig. 2. Experimental setup. Beach sands were slowly dropped on a circular disk, and the total weight of the sandpile was continuously measured (see
text).

the weight of the sandpile did not affected by this small Fr - r - 1+ T T 1
landslide. 88 (@) .

The experimental conditions which we suspected to af- I 1
fect the experimental results were humidity (30—65%), the 86
distance between the outlet of the lower funnel and the top I
of the sandpile (1-4 cm), and the diameter of funnels outlet |
(24 mm). However they gave no remarkable effect on the 8
results.
2.2 Counting avalanches

Because the input and the output of sand grains onto/from
the disk occurs simultaneously, we need to analyze the ob-
served weight curves of sandpile to count the number and
the size of avalanches. Figure 3 shows the counting proce-
dure. Figure 3(b) shows the enlarged portion of the inlet in
Fig. 3(a). The inclined dotted lines show the flow rate of
this experiment (that is, if no grain drops off the disk, the
curve of weight should follow the line). Since we observed
that a small amount of sand grains continuously dropped
off the disk after the steady state was reached (especially
in small disks), we do not recognize such a steady flow as
an avalanche. Here we expediently define an avalanche as 86.15
a reduction in the total weight. For example, in the process L j
from a through c in Fig. 3(b), the weight of the sandpile in- 7 4|60 7 4|65 7 4'70
creases, but the increasing rate is less than the flow rate line.
This is not recognized as an avalanche. The same situation is
seen from e to fand from / to i. We may underestimate the Fig. 3. Counting procedure of the number and the size of avalanches (see
number of small avalanches due to this procedure. From ¢ text).
through e, the weight is continuously decreasing. We recog-
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Fig. 4. Fluctuation in mass of sandpiles on (a) a 4 cm disk, (b) an 8 cm disk for sand 1 and (c) an 8 cm disk for sand 2.

nize it as an avalanche, the size of which is defined by e—e’.
From i through /, there is a large decrease in weight. This
sequence of reduction in weight is regarded as an avalanche.

3. Results

The fluctuation in mass of sandpiles is illustrated in Fig. 4.
The disk diameter D and the sand used in the experiment are
shown at the top of Fig. 4 (a), (b) and (c). The lower figures
are the magnified portions of the small boxes in the upper
and the middle figures. When disk diameter is small and
grain size is relatively large, small avalanches are continu-
ously and randomly occurring as shown in Fig. 4(a). The
frequency-size distribution roughly obeys a power law as
shown later. However, the increase in disk diameter brings
about a drastic transition in the behavior of avalanches. As
shown in Fig. 4(b), large avalanches begin to occur on a large
(D = 8 cm) disk. They are almost periodic, if not exactly.
We notice that this behavior is quite similar to that of charac-
teristic earthquakes. The bottom figure shows that a number
of small avalanches are occurring as well in the mass increas-
ing process. Moreover if the ratio of grain size to disk diam-
eter becomes even smaller (Fig. 4(c)), the small avalanches
disappear (bottom of Fig. 4(c)) and the large and periodic
avalanches become dominant.

Figure 5 shows frequency-size distribution for grain diam-
eters (a) 0.5 < d < 1.0 mm (sand 1) and (b) 0.25 < d < 0.5

mm (sand 2). The magnitude M of an avalanche is defined
by

M =logW )

where W is the size of an avalanche (mass of sand dropping
off the disk in an avalanche). Following the standard practice
in seismology to use cumulative statistics, the cumulative
number of avalanches with a magnitude greater than M is
plotted as a function of magnitude. The slight difference
in flow rate from experiment to experiment is corrected to
the flow rate of 10 mg/s and the number of avalanches is
modified to occurrence rate per minute.

It is clearly seen in Fig. 5(a) that the behavior of
avalanches on the small disks obeys a power law (SOC-type
behavior), whereas that on the largest disk (D = 8 cm) con-
tains CE-type large avalanches as well as SOC-type small
avalanches. It seems that the transition occurs at disk diame-
ter of 8 cm for sand 1. Furthermore, when sand with smaller
diameter is used (Fig. 5(b)), the transition takes place at disk
diameter of around 5 cm and only CE-type large avalanches
occurs on the 8 cm disk.

These facts strongly suggest that the behavior of
avalanches is determined solely by the ratio of grain size to
disk (or pile) size. Denoting the radius of the disk by R, the
ratio 7 is given by

n= 2

d
R
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Fig. 5. Frequency-size distribution for grain diameters (a) 0.5 < d <
1.0 mm (sand 1) and (b) 0.25 < d < 0.5 mm (sand 2).

Since sand 1 begins to exhibit CE-type behavior on the 8-
cm disk system (Fig. 5(a)), the critical ratio 7. is roughly
estimated as d/R = 0.75/40 >~ 0.02 assuming the average
diameter of sand 1 to be 0.75 mm. Similarly from Fig. 5(b),
n. for sand 2 is obtained as d/R = 0.4/25 = 0.016 =~ 0.02
with the assumption that the average diameter of sand 2 is
0.4 mm.

In summary, the behavior of avalanches changes from
SOC-type to CE-type with the increase of disk diameter. The
transition occurs when 7. is around 0.02. This is schemati-
cally illustrated in Fig. 6. Note that the frequency-size distri-
bution is very similar to that shown in Fig. 1.

4. Discussion

Although our apparatus is poor compared with that used
by Held et al. (1990) in the sense that the irregularity of
dropping rate and the variation of mass due to input in the
duration of avalanches could not be removed, the same prop-
erty of avalanches was well reconfirmed: when the size of
pile is increased, there is a transition from SOC to CE-type
behavior. The transition occurs when the ratio of grain size to
the disk radius is reduced to about 0.02. Moreover, we found
that if the ratio is further decreased, SOC-type behavior dis-
appears and only CE-type large and periodic avalanches be-
comes manifest.
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Fig. 6. Schematic illustration of frequency-size distribution of avalanches.

The problem is the underlying mechanism which brings
about the transition. One of the ways to approach this prob-
lem may be a computer simulation. We performed a prelim-
inary simulation using a one-dimensional cellular automa-
ton model which is similar to the one-dimensional “nonlo-
cal unlimited model” of Kadanoff ez al. (1989). The differ-
ence is that we add particles onto the left-most cell, whereas
Kadanoff et al. added particles to a random site. The model
consists of n cells. The height of each cell is defined by the
number of particle in the cell. Beginning with all zero height,
particles are added one by one onto the left-most cell which
is regarded as the apex of a sandpile. Taking into account
the fact that the grain does not necessarily rest at the top of
the sandpile but rolls down the slope, the particle dropped
onto the left-most cell shifts to right by a distance x with a
probability

p(x;a) = aexp(—ax) 3)
where a is a constant. Cells will collapse and the particles
shift to right sites when the height difference between two
nearest neighbors becomes a critical level s.. The number of
particles which may shift to right cells is equal to the height
difference. The shift distance for each particle is also given
by (3). The particle which shifts beyond the right-most cell
will fall out of the system which is regarded as an avalanche.
The number of particles which fall off the system by adding
one particle is the size of avalanches, the logarithm of which
is called “magnitude”. The total number of particles in the
system is called “weight”. A typical example of the results
is shown in Fig. 7 for a = 0.3 and s, = 20. It is clearly
seen that as the number of cell 7 increases, large avalanches
becomes dominant. However, the inlets in Fig. 7(a) show
that the enlarged portions of the time chart for n = 10 can-
not be distinguished from that for larger n. The system ex-
hibits self-affine fractal nature and there is no drastic transi-
tion due to the increase in the number of cell. This is also
confirmed by the frequency-magnitude distribution shown in
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Fig. 7. (a) Time chart of total weight of the cell system and (b) fre-

quency-size distribution obtained by a simulation using a cellular automa-
ton model.

Fig. 7(b). The simple one-dimensional cellular automaton
model cannot simulate the transition observed in the experi-
ment. Further the two-dimensional models of Kadanoff et al.
(1989) exhibit no drastic transition in a wide range of num-
ber of cells. Thus these facts suggest, as a negative example,
that for the transition to occur, there should exist a change in
some physical conditions.

A group of the University of Chicago proposed a simple
explanation for the transition (Liu ef al., 1991; Nagel, 1992).
They argue that there are two distinct angles of surface slope:
the angle of repose 6, to which the slope angle returns after a
large avalanche occurs, and the maximum angle 6,, which
is the angle just before a large avalanche occurs (Fig. 8).
Between the two angles, the slope is metastable. From their
experiments using an open box with sand added from the
top and a rotating semicylindrical drum (Jaeger et al., 1989),
they found the difference angle

to be typically a few degrees. Denoting the length of the
slope by L, the two angles can be distinguished only when
the grain diameter d is small enough to satisfy the condition

d<L-8 (5)

N. YOSHIOKA: A SANDPILE EXPERIMENT AND ITS IMPLICATIONS

Fig. 8. Two distinct angles: maximum angle 6,, and angle of repose
6, proposed by Liu et al. (1991) and Nagel(1992) to account for the
instability of a particle on the surface of a pile.

because, if (5) is not satisfied, any grain added at any point on
the slope will immediately exceed 6,, and the slope is always
unstable. Thus the transition occurs when

(6)

For § = 2°, we have L ~ 30d or d/L ~ 0.03 which roughly
agrees with the experimental observation. However this ex-
planation seems to be physically unreasonable because a
grain added at any point on the slope does not know how
long the slope extends below it. The stability of a grain must
be determined by the local physics such as the interaction
between a grain and its neighbors.

An alternative explanation may be found in the fact that a
conical pile has a stress dip near the center of the pile (Jo-
taki and Moriyama, 1979; Vanel et al., 1999). Experimen-
tal observations of bottom pressure have shown that local-
ized sources (pouring grains from a funnel with a small out-
let) yield stress profiles with a clear dip and homogeneous
sources (raining from a large sieve) yield no dip. Arching
formed by granular material within the pile has been consid-
ered to be responsible for the existence of the dip (Jotaki and
Moriyama, 1979). This suggests that the spatial stress pro-
files called stress chains inside the pile is not homogeneous
but very much complex, where forces are carried by a small
fraction of the total number of grains (Vanel et al., 1999).
Thus it is possible that the behavior of avalanches depends
on the structure of the stress chains near the surface.

Since the experiments mentioned above were done us-
ing grains with diameters much smaller than n., we have
no experimental evidence that smaller piles have different
stress profiles from larger piles. Two-dimensional simula-
tions have been performed by Matuttis (1998) and Schinner
et al. (2001). The result shows that large piles have a clear
stress dip only when created by a localized source, whereas
small piles do not even if a localized source is used. This
is consistent with the experimental observations and support
the assumption that a transition occurs in stress profile inside
and near the surface of the pile as the pile is grown up, al-
though the ratio of grain size to pile size at the transition is
not explicitly shown in the papers.

Finally we speculatively argue the maturity of faults. Fig-
ure 6 shows that there are three types of avalanche or earth-
quake behavior: (1) the typical self-organized criticality (G-

d
L (or R) ~ 3
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R law), (2) the behavior at the transition and (3) the only CE
type behavior. Stirling ef al. (1996) made a world-wide sur-
vey of strike-slip faults and suggests that the complexities of
fault traces evolve with time. According to their idea, a net-
work of small faults with fractal nature gradually evolve into
a single smooth fault, by connecting separate faults, breaking
barriers and wearing rough fault surfaces. Shimazaki (1999)
went one step further and offered an idea of “the almighty
earthquake” which is the extreme of the fault maturity. He
states “we are somewhere in the evolutionary path, a little
bit off the starting point of total chaos but far from the world
of the Almighty Earthquake”. What we are observing in na-
ture is the mixture of a fractal or chaotic system and a half-
matured system as suggested by the sandpile experiment.

Although we are unfortunately not able to understand the
detailed mechanism of the transition at the present stage, it
seems very important to further investigate the underlying
physics of the transition because it presumably provides us
a clue to understand the mechanism of the periodicity of
large characteristic earthquakes and may open a way for
earthquake prediction.
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