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Precise positioning of spacecrafts by multi-frequency VLBI
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Multi-Frequency VLBI (MFV) is one of the most powerful methods for precise positioning of spacecrafts. The
system transmits three carrier waves at S-band and one wave at X-band. These frequencies are set to resolve the
cycle ambiguity of carrier wave at X-band from two group delays between carrier waves and one phase delay of the
carrier wave at S-band. The procedure to resolve the cycle ambiguity is proposed in this article. Some conditions
about frequency variation and prediction of position and the ionosphere are also clarified for resolving the cycle
ambiguity. The dedicated recording system for MFV is developed. A preliminary observation of MFV is carried out
with this system by using Lunar Prospector. As a result of the experiment, residual phases from predicted ones are
within ±2π , and the RMS of the residual for the period of several seconds is about 4 degrees. This result supports
realization of the MFV.
Key words: VLBI, positioning, spacecraft, SELENE.

1. Introduction
The study of orbital motion and the interior structure of

the Moon and planets is one of the methods to learn about
solar system revolution as a dynamical system and the ori-
gin of the solar system. Measuring the gravity fields ob-
tained by the orbital motion of a spacecraft is a powerful
method to estimate the inner layer and the density structure
of the Moon and the planets. Orbits or positions of a lunar or
planetary spacecraft have mainly been determined by range
and Doppler measurements. These measurements provide
only one-dimensional information about the position along
the line of sight. On the other hand, differential VLBI (Very
Long Baseline Interferometry) has the sensitivity of position-
ing in directions perpendicular to the line of sight, so that
combining both range and Doppler measurements with dif-
ferential VLBI enables us to measure three-dimensional po-
sition of a spacecraft. VLBI methods have been used for po-
sitioning of spacecrafts since the 1960’s. In these methods,
carrier waves were transmitted from a spacecraft in order to
save its transmitting power and obtain high SNR. Unfortu-
nately, the phase delay of a carrier wave, however, has cycle
ambiguities, therefore phase delay rate and group delay have
been mainly used so far (e.g., Sagdeyev et al., 1992; Border
et al., 1992).
A new VLBI method, “Multi-Frequency VLBI (MFV)” is

proposed. Two spacecrafts transmit three frequency signals
in S-band and one signal in X-band. Ground VLBI stations
receive the signals by beam switching method in the case of
the larger angular distance between the radio sources than
the beamwidth of the antennas or by same beam method in
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the case of the smaller angular distance between the radio
sources. These frequencies are set to resolve the cycle am-
biguity of a carrier wave at X-band from three group delays
between carrier waves at S-band. MFV method which uses
phase delay contributes precise positioning of the spacecrafts
and gravity field recoveries of the Moon and planets. A pro-
cedure to resolve the cycle ambiguity is proposed in this ar-
ticle. Some conditions about frequency variation and predic-
tion of position and the ionosphere are also clarified for re-
solving the cycle ambiguity. The dedicated recording system
for MFV is developed. A preliminary observation of MFV is
carried out with this system by using Lunar Prospector. With
this result, possibility of realization of MFV is shown in this
article.

2. MFV Method
In this section, the procedure to resolve the cycle ambi-

guity of carrier waves and to obtain the precise phase delay
is shown. Some conditions for realization of MFV and the
accuracy of the geometric delay of MFV are discussed.
2.1 Cycle ambiguity resolving of carrier waves
In MFV method, two radio sources respectively emit three

carrier waves s1, s2, s3 in S-band and one wave x in X-band.
The basic concept is shown in Fig. 1. Cross correlation be-
tween the four respective carrier waves at two ground sta-
tions produces four × two fringe phases for each unit inte-
gration time at first. By differencing the fringe phases be-
tween two radio sources, four differenced fringe phase φobs,i

are obtained for the carrier wave i (=s1, s2, s3 and x). The
phases can be expressed as follows,

φobs,i = 2π fiτres, j + 2πNi − 2πkD
1

fi
+ [[σφobs ]], (1)
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Fig. 1. Basic concept of MFV.

where fi is the frequency of the carrier waves and τres, j ( j =
s, x) is the error in the predicted geometric delay differenced
between sources. The two radio sources transmit the carrier
waves at the same frequencies. τres, j include tropospheric
and instrumental delay differenced between sources. The
difference between τres,s and τres,x is mainly originated in
the difference between positions of the S-band and X-band
antenna. The difference cannnot be known in the cases of
satellites which have no attitude sensor. Ni is the cycle am-
biguity of the phases, k is the constant (k = 1.34 × 10−7

[m2electrons−1s−1]), D is the doubly differenced Total Elec-

tron Content (TEC) [electrons m−2] in the ionosphere along
the signal propagation paths and [[σφobs ]] is the observed
phase noise. The parentheses [[ ]] indicates the error which
obeys the error theorem. For example, the relation, [[a]] ±
[[b]] =

[[ √
a2 + b2

]]
stands up.

It is the most advantageous to determine the phase delay
of the X-band signal, since the accuracy of the phase delay
is proportional to the frequency of the carrier signal on an
assumption that the phase error is independent of the fre-
quency. The other three equations are used only for the re-
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solving of the cycle ambiguities of the signals at both S and
X-bands.
In order to obtain the phase delay of the carrier wave in

X-band, four procedures are taken as follows,

1) Cycle ambiguity resolution of the wide lane (s2 − s1)

2) Cycle ambiguity resolution of the wide lane (s3 − s1)

3) Cycle ambiguity resolution of the carrier wave (s1)

4) Cycle ambiguity resolution of the carrier wave (x).

The wide lane is one kind of linear combination of two
carrier waves (Hatch, 1982). The phase of the wide lane is
formed by subtraction of the phase of one carrier wave from
that of the other carrier wave. For example, a phase φws1s2 of
a wide lane is defined as φws1s2 = φs2 − φs1. The frequency
of the wide lane corresponds to the frequency difference of
the two carrier signals. The name, “wide lane” comes from
the fact that the interval between the cycle ambiguities is
wide. A wide lane yields a group delay. The basic concept of
the four procedures is to resolve the cycle ambiguity in the
order of wider intervals.
First of all, the cycle ambiguity of the wide lane of s1

and s2 carrier waves can be solved. The wide lane phase
φobs,ws2s1 is formed by subtracting the phase φobs,s1 from the
phase φobs,s2 as follows,

φobs,ws2s1 = 2π fws2s1τres,s + 2π(Ns2 − Ns1)

−2πkD(
1

fs2
− 1

fs1
) + [[

√
2σφobs ]], (2)

where fws2s1 = fs2 − fs1. In order to resolve the cycle
ambiguity of Ns2 − Ns1 in Eq. (2), all terms on the right
side must be less than ±π at least. The first term on the right
side of the equation is composed of the residual delay from
the prediction. The condition of τres,s which is the accuracy
of the prediction of the geometric delay can be obtained as
follows,

|τres,s | <
1

2 fws2s1
. (3)

The third term on the right side of Eq. (2) is the phase
fluctuated by the ionosphere. The condition of D is yielded
as well as the first term,

|D| <

∣∣∣∣ fs1 fs2
2k( fs1 − fs2)

∣∣∣∣ . (4)

The fourth term on the right side of Eq. (2) is caused by
the phase noise of the received signal. The condition is also
yielded as follows,

σφobs <
π√
2
. (5)

The validity of these conditions will be discussed in the later
section.
Secondly, the cycle ambiguity of the wide lane of s1 and

s3 carrier waves will be resolved. The phase φobs,ws3s1 of the
wide lane is given as follows,

φobs,ws3s1 = 2π fws3s1τres,s + 2π(Ns3 − Ns1)

−2πkD(
1

fs3
− 1

fs1
) + [[

√
2σφobs ]], (6)

where φobs,ws3s1 = φobs,s3 − φobs,s1, fws3s1 = fs3 − fs1.
By eliminating τres,s from Eqs. (2) and (6), the following
equation is obtained.

φobs,ws3s1

2π fws3s1
− φobs,ws2s1

2π fws2s1

= Ns3−Ns1

fws3s1
− Ns2 − Ns1

fws2s1
+ kD(

fs2 − fs3
fs1 fs2 fs3

)

+
⎡
⎣

⎡
⎣

√
2( f 2ws3s1 + f 2ws2s1)σφobs

2π fws3s1 fws2s1

⎤
⎦

⎤
⎦ . (7)

In order to resolve the cycle ambiguity Ns3 − Ns1, the
conditions of the TEC D and the phase noise σφobs for the
third and fourth terms on the right side of Eq. (7) can be
derived in the same way.

|D| <

∣∣∣∣ fs1 fs2 fs3
2k fws3s1( fs2 − fs3)

∣∣∣∣ . (8)

σφobs <
π fws2s1√

2( f 2ws3s1 + f 2ws2s1)

. (9)

Thirdly, the cycle ambiguity of the carrier wave s1 is
resolved. By eliminating τres,s from Eqs. (1) and (6), the
following equation is obtained.

φobs,s1

2π fs1
− φobs,ws3s1

2π fws3s1

= Ns1

fs1
− Ns3 − Ns1

fws3s1
− kD

(
1

f 2s1
+ 1

fs3 fs1

)

+
⎡
⎣

⎡
⎣

√
2 f 2s1 + f 2ws3s1σφobs

2π fs1 fws3s1

⎤
⎦

⎤
⎦ . (10)

In order to resolve the cycle ambiguity Ns1, the conditions of
the TEC D and the phase noise σφobs for the third and fourth
terms on the right side of Eq. (10) can be derived in the same
way.

|D| <
fs1 fs3

2k( fs3 + fs1)
. (11)

σφobs <
π fws3s1√

2 f 2s1 + f 2ws3s1

. (12)

Finally, the cycle ambiguity of the carrier wave x will be
resolved. The delay difference δτres is introduced as δτres =
τres,x − τres,s . In order to eliminate the τres,s in Eq. (1), the
following equation is formed as follows,

φobs,x

2π fx
− φobs,s1

2π fs1
= δτres + Nx

fx
− Ns1

fs1

−kD[
1

f 2x
− 1

f 2s1
] +

⎡
⎣

⎡
⎣

√
( f 2s1 + f 2x )σφobs

2π fs1 fx

⎤
⎦

⎤
⎦ . (13)

In order to resolve the cycle ambiguity Nx , the conditions of
the TEC D and the phase noise σφobs for the fourth and fifth
terms on the right side of Eq. (13) can be derived in the same
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way.

|D| <

∣∣∣∣ f 2s1 fx
2k( f 2s1 − f 2x )

∣∣∣∣ . (14)

σφobs <
π fs1√

( f 2s1 + f 2x )

. (15)

2.2 Conditions about the phase noise, the accuracy of
the delay prediction and TEC

Four conditions have been obtained about the phase noise
of the received signal in Eqs. (5), (9), (12) and (15). In
order to resolve all ambiguity, the condition about the phase
noise should be less than the minimum one of them. If
the frequencies are fs1 = 2212 MHz, fs2 = 2218 MHz,
fs3 = 2287 MHz and fx = 8456 MHz, the minimum value
for the condition will be obtained as follows

σφobs < 4.3 deg., (16)

which comes from Eq. (12). This condition should be con-
sidered in realization of MFV.
The condition of the prediction accuracy of the geometric

delay is given by Eq. (3) as follows,

τres,s < 8.3 × 10−8 sec. (17)

The result corresponds to 4.8 km of position accuracy around
the Moon for 2000 km baseline length. This condition can be
easily satisfied by using current positioning techniques such
as range and range rate measurements.
The four conditions of the ionospheric fluctuation in

Eqs. (4), (8), (11) and (14) are also obtained. The most se-
vere one is shown in Eq. (14) and the result follows in the
same way,

D < 2.3 × 1015 electrons m−2. (18)

This condition can be satisfied easily, considering the results
of the daily TEC variations estimated from the global GPS
surveying (Tsuchiya and Tsuji, 1995).
2.3 TEC estimation error
TEC can be estimated by using the phases of s1 and x

carrier wave as follows,

D = − f 2s1 f
2
x

k[ f 2x − f 2s1]

(
φobs,s1

2π fs1
− φobs,x

2π fx
− Ns1

fs1
+ Nx

fx

)

− f 2s1 f
2
x δτres

k[ f 2x − f 2s1]
+

fs1 fx
√

f 2s1 + f 2x

2πk[ f 2x − f 2s1]
[[σφobs ]]. (19)

The second term in the right side of Eq. (19) means the effect
of the displacement between the antennas of S-band and X-
band. Assuming that the displacement of the antennas is
20 cm in the case of the relay satellite of SELENE, δτres
is 3.5× 10−12 sec. in delay difference for 2000 km baseline.
The second term σDτSX

is calculated as,

σDτSX
= 1.4×1014 electrons m−2. (20)

The third term in Eq. (19) means the effect of the phase
noise σφobs on the estimation of the TEC. Substitution the

value of σφobs in Eq. (16), value of the third term σDobs in
Eq. (19) is caluculated as,

σDobs = 2.2 × 1014 electrons m−2. (21)

Comparing Eqs. (20) with (21), the effect of the displace-
ment between the two antennas which is expected in SE-
LENE relay satellites is not dominant in the estimation of
the TEC. However, the displacement between the antennas
of S-band and X-band is important at designing the MFV
mission.
2.4 Geometric delay
The geometric delay τres,x is obtained from Eq. (1) as

follows,

τres,x = φobs,x − 2πNx

2π fx
+ kD

1

f 2x
+ [[σφobs ]]

2π fx
. (22)

The estimation errors σDτSX
in Eq. (20) and σDobs in

Eq. (21) of the TEC result in the geometric delay estimation
error στσD

as follows,

στσD
= 3.4 × 10−13 sec. (23)

This error corresponds to a small position error of 1.5 cm
around the Moon for the 2000 km baseline.
Substituting Eq. (16) into the third term, the effect of the

phase noise error on the estimation of the geometric delay is
obtained as,

στ = [[σφobs ]]

2π fx
= 1.4 × 10−12 sec. (24)

This error corresponds to a small position error of 8 cm
around the Moon for the 2000 km baseline.
2.5 Effects on the residual fringe phase by frequency

variations
The residual fringe phase depends on the frequency of the

transmitted radio signal, and the variation of it affects the
residual fringe phase. In order to know the phase error by the
frequency variation, we introduce f ′

i instead of fi as follows,

f ′
i = fi + δ fi . (25)

Substituting f ′
i into the first and third terms on the right side

of Eq. (1), the effect on the phase by the frequency variation
can be less than the limit shown in Eq. (16) as follows,

|2π( fi+δ fi )τres, j−2π fiτres, j |=|2πδ fiτres, j |<σφobs, (26)

|2πkD 1

fi
−2πkD 1

fi+δ fi
|=| 2πkDδ fi

fi ( fi+δ fi )
|<σφobs . (27)

By using the values in Eqs. (16), (17) and (18), the condition
about the frequency variation should be least one of them as
follows,

δ fi < 140 kHz. (28)

In general, a frequency variation δ fi can be roughly ex-
pressed with normalized frequency stability σy(τ ) as, δ fi =
σy(τ ) fi , where τ is a integration duration and fi is the fre-
quency. Finally the condition of frequency variations can be
roughly obtained as follows,

σy(τ ) < 1.7 × 10−5 . (29)

This condition about the frequency variation is also a key
condition for MFV.
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Fig. 2. Block diagram of the observation system.

3. Application of MFV
MFV method will be realized under the Japanese lunar

exploring program, SELENE. The radio sources will be
installed in the relay satellite and VRAD satellite (Iwata et
al., 2001). The transmitting power of the radio sources and
the ground system for MFV are summarized in this section.
3.1 Radio sources for MFV
Transmitting power of radio sources for MFV measure-

ments is estimated from the relation between the fringe phase
error σφ for each radio source and the flux density of the
sources Sc (Wm−2Hz−1) as

σφ = 8k

π ScD1D2h

√
BT1T2

2(�ν)2tη1η2
, (30)

where k is Boltzmann’s constant (k = 1.38 × 10−23JK−1),
B is recording bandwidth (Hz), Ti is system temperature
at each station (K), Di is diameter of each antenna (m),
h is a coherence factor, �ν is bandwidth of the signal

(Hz), t is integration time (sec.), and ηi is aperture effi-
ciency of each antenna. The source flux density of Sc =
1.2×10−23Wm−2Hz−1 (1200 Jy) is necessary for σφ = 0.05
(4.3/

√
2 degrees) in X-band with B = 140 Hz, Ti = 380 K,

Di = 20 m, h = 0.95, �ν = B, t = 100 s, and ηi = 0.35.
The values of the parameters are based on VERA antenna of
20 meter in diameter of National Astronomical Observatory,
Mizusawa (Honma et al., 2000). The system temperature
includes the contribution from the Moon of 200 K which is
the surface temperature of the Moon at noon. The total flux
on the Earth becomes F = Sc × �ν = 1.7 × 10−21Wm−2,
which corresponds to the equivalent isotropic radiated power
(e.i.r.p) of P = 4πFl2 = 38 mW with the distance between
the Earth and the Moon of l = 3.8 × 108m, taking an at-
mospheric absorption loss and a rain loss which amount to
−5.8 dB in all and the link margin of 5.1 dB into consid-
eration. The radiated power of the carrier wave in X-band
required for the transmitter becomes 60 mW, considering the
feed loss of −2 dB.
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Fig. 3. Narrow bandwidth sampler for MFV.
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The radiated power per carrier wave at S-band, on the
other hand, becomes 100 mW when estimating by using the
same parameters as X-band except ηi = 0.14 and Ti = 267
K which includes the contribution from the Moon of 94 K
with a half power beam width of 0.4 degrees. These link
designs are minutely described by Hanada et al. (1999).
3.2 Ground system for MFV
A new ground VLBI system, which consists of hard-

ware to sample and record the carrier waves and software
to estimate phase delays, is developed. The block diagram
is shown in Fig. 2. The hardware samples and digitizes
the video signals at sampling rate of 200 kHz and records
them on an 8 mm tape. The narrow bandwidth sampler
and recorder is shown in Fig. 3. The new software cross-
correlates the recorded signals and produces the phase de-
lays. The product is inputted to another software to estimate
orbits and gravity fields (Matumoto et al., 2002).

4. Preliminary Experiment of MFV by using Lu-
nar Prospector

As a preliminary test of the whole system, an experiment
of Lunar Prospector was carried out in Sep. 21, 1998. The
antennas involved in the observation were the Kashima 34
m-diameter antenna of Communication Research Labora-
tory and the Mizusawa 10 m-diameter antenna of National
Astronomical Observatory. The developed ground system
was used to record and estimate the fringe phases. Unfor-
tunately Lunar Prospector transmitted only one carrier wave,
so that the test for resolving the ambiguity of the fringe phase
could not be achieved. However, phase error for the carrier
wave and the effect of TEC can be evaluated by using Lunar
Prospector data.
The integration period is set at about 1.3 seconds which

corresponds to 262,144 time-series data. Although interval
of antenna switching is 120 seconds, successive data for only
about 90 seconds are processed eliminating data for antenna
slew time loss of about 30 seconds. The switching interval
time is selected considering the minimum switching interval
limited by the old field system installed at one of the ground
stations. The residual fringe phases from 01:00 to 07:00 on
Sep. 21, 1998 in UT are shown in Fig. 4. A series of the
successive residual fringe phases for 90 seconds could be
connected continuously for about one hour, a half period of
Lunar Prospector’s orbit, by the following way. The residual
fringe phases for the first period of 90 seconds are obtained
with the cycle ambiguity, and then its derivative in time is
calculated. The derivative enabled us to predict the next
successive residual fringe phases 240 seconds later. The
residual fringe phase in the second period, therefore, could
be determined nearest the predicted phase. The third residual
fringe phase could be also determined from the derivative of
the residual fringe phase in the second period in the same
way, and finally a series of successive residual fringe phases
were determined without ambiguity of 2π over about one
hour of the path. Although a series of residual fringe phases
were obtained, we could not estimate the cycle ambiguity
of the residual fringe phases in the first period every one
hour of the path because Lunar Prospector emitted only one
carrier wave. If Lunar Prospector had transmitted four carrier
waves of appropriate frequencies, the cycle ambiguity could

be resolved, and the phase delay could be obtained without
ambiguity of 2π for all the period.
‘The linear trend in Fig. 4 corresponds to 13 ps/s in de-

lay rate. This seems to be the predicted delay model error in
the correlation process and the frequency difference between
frequency standards at the two VLBI stations. Subtracting
the linear component from the trend, the residuals are ob-
tained. There, however, remains a variation of fringe phases
with a period around a few thousand seconds. The residual
fringe phases after the correction for the ionospheric delay,
which is calculated by the TEC global model provided by
The Center for Orbit Determination in Europe (CODE), Uni-
versity of Berne, Switzerland, have systematic variations of
about 1000 degrees with period of about one hour. These
variations are supposed to be caused by the errors in the ini-
tial orbital elements and model errors of the lunar gravity
fields which are used for the prediction of the geometric de-
lay. In order to investigate effects of the initial orbit error,
we calculate the residual fringe phase by adding some small
offset to each initial orbital element. This processing makes
it possible to roughly judge if there are errors in the initial or-
bital elements. As the results, the variation is minimized for
the orbital element of Longitude of ascending node 
+0.08
degrees (Fig. 5). Although these long period variations can
not be estimated in this experiment, they will be estimated
in SELENE mission by MFV. The short period variations of
the residual fringe phases will remain even if the two varia-
tions are estimated. The RMS of the postfit residual from the
4th order polynomials for the period of several tens seconds
is about 4.4 degrees (Fig. 6). The RMS residual for several
seconds means that we can determine the position of Lunar
Prospector within the error of 1.5 m around the Moon with
this 350 km Baseline if we can correct the variations with
long period by using the MFV.
4.1 Conclusion
MFV method, which enables us to obtain the phase delay

of RF signals at S and X-band without cycle ambiguity, is
proposed. The several conditions of the realization of this
method are summarized. The new ground VLBI system,
which consists of hardware to sample and record the received
signals and software to estimate the phase delay, has been
developed.
The preliminary experiment was carried out by using lunar

orbiter, Lunar Prospector. Unfortunately Lunar Prospector
transmitted only one carrier wave, so that the test for resolv-
ing the ambiguity of the fringe phase could not be achieved.
The residual fringe phases after the correction for the iono-
spheric delay have systematic variations of about 1000 de-
grees with period of about one hour. These variations are
supposed to be caused by the errors in the initial orbital ele-
ments and model errors of the lunar gravity fields used. The
RMS of the residual fringe phases averaged for several ten
seconds reaches about 4 degrees, which corresponds to 1.5
m in the positioning error around the Moon. It is confirmed
that the hardware and software system have enough avail-
ability to achieve the expected accuracy in MFV.
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