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Incoherent radar spectra in the auroral ionosphere in the presence of a large
electric field: The effect of O+-O+ Coulomb collisions
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We have used Monte Carlo simulations of O+ velocity distributions in the high latitude F- region to improve
the calculation of incoherent radar spectra in auroral ionosphere. The Monte Carlo simulation includes ion-
neutral, O+-O collisions (resonant charge exchange and polarization interaction) as well as O+-O+ Coulomb
self-collisions. At high altitudes, atomic oxygen O and atomic oxygen ion O+ dominate the composition of the
auroral ionosphere and consequently, the influence of O+-O+ Coulomb collisions becomes significant. In this
study we consider the effect of O+-O+ Coulomb collisions on the incoherent radar spectra in the presence of
large electric field (100 mVm−1). As altitude increases (i.e. the ion-to-neutral density ratio increases) the role
of O+-O+ Coulomb self-collisions becomes significant, therefore, the one-dimensional, 1-D, O+ ion velocity
distribution function becomes more Maxwellian and the features of the radar spectrum corresponding to non-
Maxwellian ion velocity distribution (e.g. baby bottle and triple hump shapes) evolve to Maxwellian ion velocity
distribution (single and double hump shapes). Therefore, O+-O+ Coulomb self-collisions act to isotropize the
1-D O+ velocity distribution by transferring thermal energy from the perpendicular direction to the parallel
direction, however the convection electric field acts to drive the O+ ions away from equilibrium and consequently,
non-Maxwellian O+ ion velocity distributions appeared. Therefore, neglecting O+-O+ Coulomb self-collisions
overestimates the effect of convection electric field.
Key words: Incoherent radar spectra, auroral ionosphere, Coulomb collision, convection electric field, Monte
Carlo simulation.

1. Introduction
Above 200 km, atomic oxygen O dominates the compo-

sition of the auroral ionosphere, and as a result of the Sun’s
ionizing radiation, O+ ions dominate the composition of the
auroral ionosphere (Salah, 1993). Several theoretical, ex-
perimental and simulation papers have investigated the O+

ion velocity distributions in the high-latitude F-region, in
order to properly interpret F-region satellite and radar data
(Gaimard et al., 1996). The presence of strong convec-
tion electric fields in the high latitudes F-region produces
E × B O+ drift that can exceed the neutral O thermal ve-
locity. Due to the interplay between E × B O+ drifts and
O+-O interactions, the O+ velocity distribution function
shows significant non-Maxwellian features such as toroidal
characteristics and temperature anisotropy (Barakat et al.,
1983). In the case of non-Maxwellian features of the O+

velocity distribution, the incoherent radar spectra may even
have a triple-humped shape instead of a double-humped
one (Raman et al., 1981). Therefore, if the effects of non-
Maxwellian ion velocity distributions are not taken into
account when fitting the model spectra to measured ones,
the obtained parameters of the auroral ionosphere will con-
tain systematic errors. In a series of papers (Cole, 1971;
St-Maurice and Schunk, 1973, 1976, 1979; Hubert, 1983,
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1984; Barakat et al., 1983; Barakat and Hubert, 1990; Hu-
bert and Barakat, 1990; Winkler et al., 1992; Gaimard et
al., 1998), the problem that has been deeply investigated is
the behavior of O+ ions that are E × B drifting through a
background of neutral particles. In these studies, the ions
were assumed to collide only with neutral particles (polar-
ization scattering and resonant charge exchange), and the
effect of ion-ion Coulomb collisions was neglected. How-
ever, the ion-to-neutral density ratio increases rapidly with
altitude, therefore, at high altitudes; ion-ion Coulomb colli-
sions play a potentially important role in understanding the
F-region (McCrea et al., 1993) and in deciding the shape of
the ion velocity distributions.

Tereshchenko et al. (1991) and Kinzelin and Hubert
(1992) studied analytically the effect of O+-O+ Coulomb
collisions on the O+ ion velocity distribution function.
Barghouthi et al. (1991, 1994, 2003) used a Monte Carlo
simulation to find O+ velocity distribution function for
more realistic collision models (polarization scattering, res-
onant charge exchange and Coulomb collisions). This
model accurately computes the moments of the O+ velocity
distribution and provides additional details of the distribu-
tion function that are very important in studying the inco-
herent radar spectra (Barakat et al., 1990).

The European incoherent scattering radar (EISCAT),
with its tristatic mode of operation, was able to measure
the O+ temperature anisotropy. Perraut et al. (1984) used
the EISCAT data to deduce that the O+ ion velocity dis-
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tribution in the auroral F-region was anisotropic, that is
T⊥(O+)/T‖(O+) as high as 1.5. The EISCAT data were also
used to investigate the non-Maxwellian features of the O+

ion velocity distribution (Winser et al., 1986; Lockwood et
al., 1987). Winser et al. (1987) were the first to observe
the distorted incoherent scatter spectra in the presence of
large electric fields in the auroral F-region. Raman et al.
(1981) studied the effects that non-Maxwellian ion velocity
distributions produce on the ionic part of the spectrum of
radar waves incoherently scattered from the disturbed high-
latitude ionosphere in the upper E and lower F-regions.
Kikuchi et al. (1989) used Monte Carlo simulations of O+

ion velocity distributions in the high-latitude F-region ob-
tained by Barakat et al. (1983), to improve the calculation
of incoherent radar spectra in the auroral ionosphere. Hu-
bert et al. (1993) proposed a scenario for the measurement
of the non-equilibrium plasma parameters from incoherent
radar spectra; they deduced that at a certain angle to the
geomagnetic field, the 1-D line-of-sight ion velocity distri-
bution should be Maxwellian. Hubert and Leblanc (1997),
presented new features of O+ ion velocity distribution func-
tion in a background of neutral atomic oxygen; they de-
rived the 1-D O+ velocity distribution from the polynomial
expansion whose velocity moments have been provided by
Monte Carlo simulations (Barakat et al., 1983).

As mentioned earlier, analytical (Tereshchenko et al.,
1991; Kinzelin and Hubert, 1992) and macroscopic (Monte
Carlo) (Barghouthi et al., 1994, 2003) studies have intro-
duced the effect of O+-O+ Coulomb collisions on the O+

ion velocity distribution function in the auroral ionosphere.
In this paper, we use the Monte Carlo simulations obtained
by Barghouthi et al. (2003) to calculate the effect of O+-
O+ Coulomb self-collisions on the corresponding incoher-
ent scatter radar spectrum. This is the first paper to di-
rectly address the effect of O+-O+ Coulomb collisions on
the incoherent scatter radar spectrum in the presence of a
large electric field on the basis of Monte Carlo simulations.
Such simulations offer an improvement on analytical meth-
ods previously used in studies such as that of Tereshchenko
et al. (1991), whose collision models were over-simplified
compared to the approach presented here. The simulation
of Coulomb collision effects on the incoherent scatter spec-
trum is a logical step to comparison between model predic-
tions and experimental results, especially since many previ-
ous studies have completely neglected the influence of O+-
O+ Coulomb collisions, leading to large systematic errors
in the ion thermal velocity distribution and ion temperature,
especially at F-region altitudes.

This paper is organized as follows: Section 2 presents
briefly the collision models used in this study and explains
how a Monte Carlo method has been used to generate the
incoherent radar spectra. In Section 3 we present the basic
formulation of incoherent radar spectra. We then present
in Section 4 the one-dimensional O+ ion velocity distribu-
tion function and incoherent radar spectra for different typi-
cal values of ion-to-neutral density ratios (i.e. different alti-
tudes) in the presence of large convection electric field. The
conclusions are presented in Section 5.

2. Monte Carlo Model
In this section we introduce the calculation of the O+

ion velocity distribution using a Monte Carlo simulation.
Barakat et al. (1983) studied the effect of O+-O collisions
(Polarization interaction and resonant charge exchange) on
the O+ ion velocity distributions in the presence of large
electric field in the high latitude F-region. Barghouthi et al.
(1994) extended the above work and included the influence
of O+-O+ Coulomb self-collisions on the O+ ion velocity
distribution and its moments. Recently, Barghouthi et al.
(2003) investigated the behavior of O+ ions in the auroral
ionosphere, they obtained altitude profiles for O+ ion ve-
locity distributions, O+ parallel and perpendicular tempera-
tures, O+-O+ and O+-O collision frequencies, and O+ par-
allel and perpendicular temperature partition coefficients.
Basically, they considered 1000 test O+ ions; each O+ test
ion is followed for a short period of time �t (1% of the
mean free time between O+-O+ Coulomb self-collisions).
Between collisions, O+ ion is subjected to the Lorentz force
(i.e. it moves in a circle centered at E × B drift). At the mo-
ment of collision (i.e. after �t), the change in O+ ion mo-
mentum and energy is determined and after each O+-O+

Coulomb self-collision the effect on O+ ion velocity is cal-
culated. After several O+-O+ collisions a O+-O collision
(Polarization interactions or resonant charge exchange) oc-
curs. These steps are repeated for a long time (1000 mean
free times) and the test O+ ions are continuously monitored.
Consequently, the O+ velocity distribution and temperature
can be calculated. We used the O+ velocities to record the
time spent at a given velocity bin in a two-dimensional grid
with velocity coordinates parallel and perpendicular to the
geomagnetic field and centered at E × B drift. The time
spent by the O+ ion in each bin of the velocity grid, divided
by that bin’s volume, was proportional to the O+ velocity
distribution at the center of that bin. Also, the data needed
to compute parallel and perpendicular temperatures are ac-
cumulated. In the simulation region (i.e. F-region), the O+

collision frequency is much smaller than O+ cyclotron fre-
quency; this implies that the O+ velocity distribution func-
tion is azimuthally symmetric in velocity space.

The main idea of this paper is to study the influence of
O+-O+ Coulomb collisions on the O+ velocity distributions
and consequently, on the incoherent radar spectra. O+-
O+ Coulomb self-collisions are included as a binary elas-
tic Coulomb collision, as suggested by Takisuka and Abe
(1977). In particular we randomly pair the test O+ ions
(1000 ions) and perform a binary collision on each pair. As
a result of O+-O+ collision the magnitude of the relative
speed u = |vO+

1
− vO+

2
| does not change, but its direction is

altered. In a time period �t , an O+ ion makes many small
angle scatterings. The accumulation of these small angle
scatterings is used to compute the deflection in the relative
velocity u. The variable δ is equal to tan(θ/2) (where θ is
the deflection angle) is chosen randomly from a Gaussian
distribution with zero mean and variance 〈δ2〉 given by

〈δ2〉 = 2πe4nO+λ

m2
O+u3

�t (1)

where nO+ is the O+ ion density, mO+ is O+ mass, e is
the electron charge and λ is the Coulomb logarithm. The
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change in the O+ ion velocity due to Coulomb collisions is
given by

v′
O+

1
= vO+

1
+ Äu

2
(2)

v′
O+

2
= vO+

2
− Äu

2
(3)

where the primes denote velocities after Coulomb colli-
sions. This O+-O+ Coulomb self-collision process has been
described in detail by Barghouthi et al. (2003).

The O+-O collision process was simulated using a com-
bination of the resonant charge exchange and polarization
interaction models (Barakat et al., 1983; Barghouthi and
Qatanani, 2003). Resonant charge exchange occurs when
an electron jumps from a neutral O atom to a colliding O+

ion. Due to this exchange, the final velocity of the O+ ion is
the velocity of the neutral O, which generated from a non-
drifting Maxwellian distribution with neutral temperature
TO = 1000 K. However, in the polarization interaction the
test O+ ion interacts with the electric dipole that it induces
in the neutral O. In the case of polarization interaction, the
scattering process was assumed to be isotropic (i.e. the dif-
ferential scattering cross section is independent of the scat-
tering angle) and the scattering cross section varies as g−1

(Barghouthi et al., 2003; Barghouthi and Qatanani, 2003),
where g = |vO+ − vO| is the relative speed between collid-
ing particles O+ and O. For polarization interaction colli-
sions, the resultant change in the O+ ion’s velocity is com-
puted by assuming the collision is elastic and g is deflected
through a random angle uniformly distributed between 0
and π . The relative velocity g and the velocity of the center
of gravity, vCG , between the colliding particles are com-
puted. As a result of polarization interactions, the magni-
tude of the relative velocity g is unchanged but its direction
is altered. However, the velocity of the center of gravity
remains the same before and after polarization interaction
collision. These velocities vCG and g are used to calculate
the velocity of the test O+ ion, v′

O+ after polarization inter-
action (Barghouthi and Qatanani, 2003).

Barghouthi et al. (2003) used this Monte Carlo model
to investigate the behavior of O+ ions in the auroral iono-
sphere (150 km–500 km) that are E × B drifting in a back-
ground of neutrals O, for different electric field intensi-
ties [E = 0, 50, 100, 150 and 200 mVm−1]. They as-
sumed the distribution function of the neutral O to be a
non-drifting-Maxwellian, with temperature TO = 1000 K
and the geomagnetic field B was assumed to be 0.5 Gauss.
They found, as altitude increases the O+-O+ Coulomb col-
lision becomes significant and hence, the non-Maxwellian
features of the O+ velocity distribution function are re-
duced. Also, as electric field increases, the effect of O+-
O+ Coulomb collisions is decreased and the role of O+-O
collisions becomes important.

In the next section we use the Monte Carlo calculations
of the O+ velocity distributions (Barghouthi et al., 2003) to
compute the incoherent radar spectra at different altitudes
and for large value of convection electric field.

3. Basic Formulation of the Radar Spectrum
In the following, some important expressions, which can

be used to describe the incoherent scatter process at F-
region altitudes, are considered. Using the formulation
given by Raman et al. (1981) and Kikuchi et al. (1989), the
spectral density function S(k, w) is given by the expression

S(k, w) = 2(He/ε)
2 Mi + 2(1 − He/ε)

2 Me (4)

where

ε = 1 + He + Hi (5)

He = α2

[
1 − ye exp(−y2

e )

×
(

iπ1/2 + 2
∫ ye

0
exp(y2)dy

)]
(6)

Hi = lim
γ→0

∑
i

4πe2

mi k2

∫
kdgi/du

w − ku − iγ
du (7)

Me = π1/2

ka
exp(−y2

e ) (8)

Mi = π

k

∑
i

gi (w/k) (9)

gi (u) =
∫

F0i δ(u − k · v/k)dv∫
F0i dv

(10)

in these equations

ye = w/ka, α2 = 1/(k2λ2
d), and k = ks −ki

where ks and ki are the scattered and incident wave vectors
respectively, Hi and Mi are related to O+ ions, He and
Me are related to the electrons; λd is the Debye length,
α = (2kB Te/me)

1/2 is the electron thermal speed, w is the
Doppler shift of the incident frequency, FOi is the 3-D O+

velocity distribution function, and gi is the one-dimensional
O+ velocity distribution function, along the k (line-of-sight)
direction.

The shape of the 1-D O+ distribution function in a back-
ground of neutrals O, in the high latitude F-region and in the
presence of high electric fields has been extensively studied
by Kikuchi et al. (1989), Barakat and Hubert (1990), Win-
kler et al. (1992), Hubert and Leblanc (1997) and Gaimard
et al. (1998). These papers were interested in modeling
the 1-D O+ distribution function for the derivation of the
plasma parameters from incoherent radar spectra. These
studies neglected the effect of O+-O+ Coulomb collisions.
In this paper we precisely determine the shape of 1-D O+

velocity distribution function, gi , along the radar line-of-
sight from the 3-dimensional Monte Carlo simulation which
takes into account the effects of O+-O collisions as well as
O+-O+ Coulomb collisions in the presence of large convec-
tion electric field. A spline fit is used to filter out the noise
due to the Monte Carlo method. The smoothed 1-D O+

velocity distribution function, gi , is used directly in equa-
tions (4–10) to find the radar spectrum for different values
of electron temperature Te.

4. Incoherent Radar Spectra
The 3-D O+ velocity distribution function was computed

directly from the Monte Carlo simulation. The 1-D O+ ve-



518 I. A. BARGHOUTHI: INCOHERENT RADAR SPECTRA IN THE AURORAL IONOSPHERE

locity distribution along a given direction is directly com-
puted via a 1-D grid with equally-wide bins along that di-
rection. In comparison to the 3-D grid, the 1-D grid can
have more bins per thermal speed and larger number of O+

ions per bin. This result is a significant improvement in both
the resolution and accuracy of the produced 1-D O+ veloc-
ity distribution. The associated error is estimated for each
value computed (i.e. value of the velocity distribution func-
tion at a given velocity v). This is achieved by dividing the
sequence of the random numbers into several subsequences
{s1, . . . , sn}, such that each sequence simulated the same
number of collisions. For a given variable y we compute the
mean value {yi , . . . , yn} associated with the corresponding
subsequences. Then the overall mean ȳ and standard devi-
ation σy are found from

ȳ = 1

n

n∑
i=1

yi (11)

σy = 1

n

[
n∑

i=1

(yi − ȳ)2

]1/2

(12)

The error estimation should not depend critically on the
number of subsequences, n. As a check, we compared the
results with n = 100 and n = 1000, and we found the error
estimates for the two cases to be similar. The accuracy of
this algorithm was tested by running the Monte Carlo code
for some special cases where the exact results are known.

Figure 1 shows a comparison between 1-D O+ velocity
distribution functions for different typical values of O+-to-
O density ratio nO+/nO = 10−5 (i.e. at 180 km) solid line
and nO+/nO = 10−3 (i.e. 350 km) dotted line, the convec-
tion electric field E is 100 mVm−1 and the angle between
the radar line-of-sight and the geomagnetic field is 60◦. As
the density ratio nO+/nO increases from 10−5 to 10−3 (i.e.
as altitude increases from 180 km to 350 km) the 1-D O+

velocity distribution function departs from non-Maxwellian
at 180 km, due to the effect of E × B which drives O+

ions away from equilibrium, to Maxwellian at 350 km, due

Fig. 1. Comparison between 1-D O+ velocity distribution function for
different values of ion-to-neutral density ratio nO+/nO (10−5 and 10−3).
The convection electric field, E is equal to 100 mVm−1 and the angle
between the radar line-of-sight and the geomagnetic field is 60 degrees.

to the isotropizing role of O+-O+ Coulomb self-collisions.
As altitude increases, the influence of Coulomb collisions
(O+-O+) becomes more significant. The role of Coulomb
collisions is to thermalise (maxwellize) the O+ velocity
distribution function by transferring thermal energy from
the perpendicular direction to the parallel direction (i.e. to
isotropize the ion velocity distribution function). This ex-
plains the Maxwellian features (one single hump) of the 1-
D O+ velocity distribution at 350 km, while at low altitude,
(180 km) the 1-D O+ velocity distribution has triple humps,
which are characteristic of non-Maxwellian velocity distri-
bution (toroidal distribution).

Incoherent scatter spectra for different values of Te (3000,
6000, and 9000 K), different density ratios nO+/nO (10−3

and 10−4), and for large convection electric field, E =
100 mVm−1 are presented in Fig. 2. As the density ratio
nO+/nO increases from 10−5 (top panel) to 10−3 (bottom
panel) the features of the spectrum that are characteristics of
the non-Maxwellian O+ velocity distributions (baby bottle
and triple hump) evolve to those that are characteristics of
the Maxwellian O+ velocity distribution (single hump and
double hump). This is due to the effect of O+-O+ Coulomb
collisions, which try to thermalise (maxwellize) the O+

velocity distribution function.
The changes in the shape of the Maxwellian spectrum

at (nO+/nO = 10−3 or altitude 350 km) as a function of

Fig. 2. Incoherent radar spectra for different values of electron tempera-
ture Te (3000, 6000 and 9000 K) and for different ion-to-neutral density
ratios nO+/nO (10−5 and 10−3). The electric field, E , is equal to 100
mVm−1 and the angle between the radar line-of-sight and the geomag-
netic field is 60 degrees.
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electron temperature Te (Fig. 2 bottom panel) are such that
as Te increases, the O+ ions acoustic peaks develop and
move further apart. The overall spectral intensity decreases
slightly. Similar behavior exists for non-Maxwellian spec-
tra (i.e. nO+/nO = 10−5 top panel of Fig. 2).

The changes in the spectral shape as a function of Te for
the case E = 100 mVm−1 are such that an increase in Te

is characterized by an overall decreases in spectral intensity
and by the appearance and the shifting apart of the O+ ion
acoustic peaks. For both cases (top and lower panels of
Fig. 2) the width of the spectrum is basically unchanged
except for the slight increase caused by an increase in the
O+ ion acoustic speed. This is consistent with the results
of Raman et al. (1981) and Kikuchi et al. (1989). They
explained the general behavior of the spectral density in
terms of Te/Ti and found that as electron temperature, Te

increases, the spectral density decreases.
In general, the theoretical predictions given here are sup-

ported by several observations. For instance, the toroidal
features of the F-region O+ velocity distributions were
shown to be detectable by a retarding potential analyzer
(RPA). The European incoherent scattering radar (EIS-
CAT), with its tristatic mode of operation, was able to mea-
sure the O+ temperature anisotropy. Perraut et al. (1984)
used the EISCAT data to deduce that O+ velocity distri-
bution in the auroral F-region was anisotropic. Moreover,
clear signatures of non-Maxwellian distributions were ob-
served in the data from the EISCAT radar (Winser et al.,
1986; Lockwood et al., 1987). These signatures were simi-
lar to those predicted theoretically by Raman et al. (1981).

In spite of the qualitative consistency of the theoreti-
cal and observational conclusions, a one-to-one quantita-
tive comparison with experimental data (e.g. McCrea et
al., 1993; Ogawa et al., 2000) is not possible for the fol-
lowing reasons. In order to produce an acceptable signal-
to-noise ratio, the radar output should be integrated over
time and space, which limits our ability to uniquely inter-
pret the measurements. Also, the theoretical model is only
as reliable as the adopted parameters, such as the differen-
tial cross-section. The model presented here also neglects
collisions with molecular species (e.g. NO+, N+

2 , O+
2 , N2)

which can be significant in the auroral ionosphere under ac-
tive conditions, even at F-region heights. Likewise, at high
altitudes, the effects of ambipolar, centrifugal and magnetic
mirror forces need to be taken into account, and comparison
with measured radar spectra should also include the effects
of ion upflow. Such factors are hard to account for in this
kind of modeling, because their effects are not well enough
known. The present study, however, represents the best at-
tempt that can currently be made to reproduce incoherent
scatter spectra on the basis of a collision model involving
neutral and ionized oxygen.

5. Conclusions
We have studied the effect of O+-O+ Coulomb collisions

on the spectrum of radar waves incoherently scattered from
the disturbed high latitude F-region. The calculations are
based on the Monte Carlo simulation of the full 3-D O+ ve-
locity distribution (Barghouthi et al., 2003). The following
conclusions can be drawn

1) The 1-D O+ velocity distributions computed directly
from the Monte Carlo simulation appeared to be
Maxwellian at 350 km and non-Maxwellian at 180 km
for convection electric field E = 100 mVm−1 and for
typical ion-to-neutral density ratios. The role of O+-
O+ Coulomb collisions becomes significant in ther-
malising (maxwellizing) the O+ velocity distribution
function at high altitudes (∼350 km).

2) As the ion-to-neutral density ratio nO+/nO increases
(i.e. the altitude increases), the features of the spectrum
change from baby bottle and triple hump to single
and double humps (i.e. the characteristics of the non-
Maxwellian distribution evolve to the characteristics of
Maxwellian distribution) and this is due to the effect of
O+-O+ Coulomb self-collisions.

3) The behavior of Maxwellian spectra and non-
Maxwellian spectrum are similar in the case of increas-
ing electron temperature Te, in other words the behav-
ior of the spectrum as a function of electrons tempera-
ture is slightly changed with altitude.
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