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confined to a layer that does not exceed the Moho.
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We have constructed global maps of the large-scale magnetic thickness and magnetization of Earth’s lithosphere.
Deriving such large-scale maps based on lithospheric magnetic field measurements faces the challenge of the
masking effect of the core field. In this study, the maps were obtained through analyses in the spectral domain by
means of a new regional spatial power spectrum based on the Revised Spherical Cap Harmonic Analysis (R-SCHA)
formalism. A series of regional spectral analyses were conducted covering the entire Earth. The R-SCHA surface power
spectrum for each region was estimated using the NGDC-720 spherical harmonic (SH) model of the lithospheric
magnetic field, which is based on satellite, aeromagnetic, and marine measurements. These observational regional
spectra were fitted to a recently proposed statistical expression of the power spectrum of Earth’s lithospheric
magnetic field, whose free parameters include the thickness and magnetization of the magnetic sources. The
resulting global magnetic thickness map is compared to other crustal and magnetic thickness maps based upon
different geophysical data. We conclude that the large-scale magnetic thickness of the lithosphere is on average
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Background
The magnetic field on the Earth’s surface results from
the superposition of various sources, both of internal and
external to the Earth origin. The surface field is dominated
by the field generated within Earth’s outer core (see, e.g.,
Hulot et al. 2015); however, there are important contri-
butions from the magnetized rocks of Earth’s lithosphere
(for reviews on the lithospheric magnetic field see, e.g.,
Purucker and Whaler 2015; Thébault et al. 2010). The
core and the lithospheric magnetic field overlap in the
spectral domain. The core field dominates the power spec-
trum over spherical harmonic (SH) degrees 1 to 15 (Langel
and Estes (1982)) approximately, and it is only at larger
degrees that the lithospheric field becomes the primary
contributor.

As a consequence of the dominant role of the core field,
the large-scale lithospheric magnetic field corresponding
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to SH degrees 1 to 15 cannot be recovered through
magnetic field measurements alone. To overcome this
constraint, studies inferring the thickness and magneti-
zation of the magnetic sources of the lithospheric field
have relied on a priori information (e.g., Purucker et al.
2002; Purucker and Whaler 2004). Specifically, these stud-
ies assume that over SH degrees 1 to 15 the Moho, a
seismic discontinuity that separates the crust from the
mantle, is also a magnetic boundary. This approximation
is supported by studies that have shown the mantle to
be mainly depleted in magnetic minerals (e.g., Wasilewski
and Mayhew 1982). However, recent studies, e.g., Ferré
et al. 2013; 2014, Friedman et al. 2014; Martin-Hernandez
et al. 2014, propose that there is evidence in some areas
for a magnetized upper mantle. This suggests the lower
boundary of the magnetic thickness does not necessarily
coincide with the Moho. In this study, the term magnetic
thickness refers to the part of the lithosphere that con-
tributes to the observable magnetic signal, as opposed to
the seismically defined crustal thickness.
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New ways of recovering Earth’s large-scale magnetic
thickness and magnetization, that do not rely on the
assumption that Moho is a magnetic boundary, would
provide some independent assessment. This in turn could
contribute to studies on the composition and the thermal
state of Earth’s lithosphere (e.g., Fox Maule et al. 2005),
since the minerals are only magnetized down to the Curie
isotherm.

We propose such a methodology in this paper. We
choose to work in the spectral domain and rely upon
statistical assumptions about the nature of lithospheric
field sources, along the lines of studies seeking either to
model the large scale lithospheric field or to infer informa-
tion about magnetic thickness and magnetization. Such
studies have been carried out either on a global scale
by means of Spherical Harmonic Analysis (SHA) (e.g.,
Jackson 1990, 1994; Korte et al. 2002; O’Brien et al. 1999;
Voorhies 1998; Voorhies et al. 2002; Voorhies 2008) or
on local scales using planar geometry (e.g., Bouligand
et al. 2009; Li et al. 2013; Maus et al. 1997). However,
existing global SH statistical expressions do not represent
accurately recent lithospheric field models, and planar
geometry is not well suited for large-scale studies (e.g.,
Langel and Hinze 1998, chapter 5.3.2 or Vervelidou 2013,
Figure 5.27b). Recently, Thébault and Vervelidou 2015
proposed a statistical SH expression for the power spec-
trum of Earth’s lithospheric magnetic field that improves
the fit to recent lithospheric field models while also being
in agreement with global forward models of continental
and oceanic magnetization.

In this study, we make use of this expression to con-
struct global maps of Earth’s large-scale magnetic thick-
ness and magnetization. In section “Surface spherical
cap harmonic power spectrum’, we use the R-SCHA
methodology (Thébault et al. 2004, 2006, Thébault 2008)
and derive an expression for the surface spherical cap
harmonic power spectrum, which we show can be
directly related to any SH power spectrum. In section
“A statistical expression for the Earth’s lithospheric mag-
netic field, we present briefly the statistical expres-
sion of Thébault and Vervelidou 2015. In section
“Synthetic analyses’, we combine this expression with syn-
thetic spherical cap spectra and demonstrate the ability to
provide magnetic thickness and magnetization estimates
through a misfit analysis. In section “Global models of
the Earth’s mean magnetic thickness and magnetization’,
we calculate the observational spherical cap spectra
based on the satellite-, aeromagnetic- and marine-based
NGDC-720 lithospheric field model (Maus 2010), and we
present the magnetic thickness and magnetization maps
derived for the Earth. We note that a similar approach,
based on the statistical expression of Voorhies et al.
2002 and the spatiospectral localization techniques of
Dahlen and Simons 2008; Wieczorek and Simons 2007,
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was followed by Lewis and Simons 2012 for inferring the
crustal magnetic thickness of Mars. Finally, we transform
our magnetic thickness map into spherical harmonics and
compare it to the SH power spectra of other crustal and
magnetic thickness models.

Methods

Surface spherical cap harmonic power spectrum

Definition

The spherical cap harmonic analysis introduced by
Haines 1985 was revised by Thébault et al. 2004,
2006 to account for the upward/downward continuation
of the magnetic field with altitude. The magnetic potential
described by the Revised-Spherical Cap Harmonic Analy-
sis (R-SCHA) is the solution of a boundary value problem
with continuity conditions on each boundary of the con-
sidered domain. The magnetic field under consideration
is assumed to be measured in source-free regions so that
the magnetic potential solves the Laplace’s equation. The
domain, €2, is a spherical cone resulting from the inter-
section of two spherical caps defined by two concentric
spheres of radius @ and B and an infinite cone of half
angle 6y, whose apex lies at the Earth’s center. This general
problem takes the formal expression

v? V(r,0,¢) = 0,within the volume €2,

(1a)
IV(r,0,¢)

(Siv(r: 91 ¢) + Yi
al’li

= G;j, on each surface 9€2;,

(1b)

where #; is the normal vector of the surface 9€2; pointing
outward; §; and y; are two arbitrary constants; and r, 6, ¢
are radius, colatitude and longitude, respectively, in the
reference frame of the spherical cap. 92, refers to the sur-
face that forms the lateral boundary of the cap and 9€2,
(0€2p) to the surface that forms the lower (upper) bound-
ary of the cap. The boundary value problem of Eq. 1 can be
split into two sub-problems so as to reveal homogeneous
boundary conditions on each of the three boundaries of
the cone:
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and
V2V, =0in §,
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Now, the solution of the boundary value problem of
Eq. 1 can be written as the superposition of potentials V;
and V3, such that

V(r’01¢) = Vl(’",@,d)) + VZ(r¢91¢)’ (4)

with V] and V; being the solutions of the boundary values
problems 2 and 3.

Although there is an infinite number of possible bound-
ary conditions, here we examine two that give rise to solu-
tions previously considered for geophysical applications
(Thébault et al. 2004, 2006).

¢ Neumann-Neumann Boundary Value Problem

One problem involves Neumann boundary conditions
on each of the boundaries of the conical domain. This
Neumann-Neumann Boundary Value Problem (BVP) is
defined by setting 8} = 83 = 8} =82 =0andy, =2 =
yoz =y} = 1in Egs. 2 and 3. The formal solution involves
the so-called Legendre solution

voos =X ¥ [(5)" e+ (D) 6| oo,

k=1 —k<m=<k
(5)

where

ﬁ,ﬁ’f{(@,({)) = cos m¢P:Z<(cos 0), 0<m<k (6)

B (0, ¢) = sin [m|¢pP) (cosf), —k <m < -1, (7)
with P}/ (cos®) the generalized Legendre functions and
{Gim G} the harmonic coefficients of order m and real

ny
deg];ee n;f, and the so-called Mehler solution
Va(r,6,0) =a ) Y Gy (r,0,9), 8)
p=0m=0

with ;" the Mehler basis functions and G’ the har-
monic coefficients. For the purpose of this work, the exact
expression of the Mehler basis functions is not needed but
we refer the reader to Thébault et al. 2004 for a detailed
expression. These basis functions have a decreasing con-
tribution as a function of colatitude 6 from the lateral
boundaries of the cap to its axis of revolution.

¢ Dirichlet-Neumann Boundary Value Problem

The second boundary values problem differs from the
previous one as it considers Dirichlet instead of Neumann
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boundary conditions on the lateral boundary of the cap,
3, This problem is obtained by setting §} = 82 = y,! =
v?=1landy) = y} = 8} = 8 = 0in Egs. 2 and
3. With these boundary conditions, the potential V; has
formally the same form as the one given in Eq. 5 but is
numerically different. The degrees 1y are now the roots of

ary
Py (cosbp) = O rather than that of Tgk = 0, as is the

6o

case for the Neumann boundary condition. The solution

V; is identical to Eq. 8.

From the above description of the magnetic potential,
we seek the definition of a spherical cap power spectrum
that could be readily compared with a SH power spec-
trum. In spherical harmonics, the spatial power spectrum
is defined as the average square magnetic field contri-
bution per SH degree n over a spherical surface (Lowes
1974). Therefore, we restrict ourselves to a spherical cap
surface. Over a spherical cap surface, ¥, at radius
o < p < B, the square magnetic field Eyq, is given by

Eyq, =IVVi+ VValiq = IVVille,

9

+IVValsq, +2(VVi, VVa)sa,, ®
where (,) stands for the inner product and ||| for the
norm, both defined on the spherical cap’s surface. In this
expression, the gradients of the potentials V; and V5 are
not orthogonal on a spherical cap surface when they are
solutions of the Neumann-Neumann or the Dirichlet-
Neumann boundary conditions (see, e.g., Thébault et al.
2004 or Thébault et al. 2006). As a result, the contribu-
tions of the two basis functions cannot be separated from
each other. However, if we assume that the contribution of
the Mehler basis functions is zero, we can benefit from the
orthogonality properties of the Legendre basis functions
over the surface 92, of a spherical cap (see for instance
Haines 1985). Based on this assumption, the Eyq, can be
approximated by

Egq, = IVVi+ VValiq, = IVVilGq, =

00 00 2nj+4
2 (1 +amo)mo® Y {o«k +1) @+ 1) (%) k [(GZZ”)Z + (Hf;':")2:|

m=0 k=0

+ mm o+ n(2)" [(Gi‘[”f + (Hﬁ:”)z] ] 12,

(10)

where, according to the common convention, coefficients
Hﬁl;" (H;j'k’”) stand for the coefficients Gﬁqkm (Gﬁ;,:”) of Eq. 5
with negative order m. By further normalizing the expres-
sion (10) by Spq, = 2p2 (1 — cos ), the area of the
surface ¥ Q2,, we obtain the estimation of the mean square
magnetic field.
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Relationship to a spherical harmonic power spectrum
Contrary to the case of the Spherical Harmonic Analy-
sis (SHA), where the whole sphere is under consideration,
in the R-SCHA only part of the sphere is under con-
sideration. This has direct consequences for the spectral
resolution of the R-SCHA. It is known that the higher
the concentration of a function in the space domain, the
poorer its spectral resolution (e.g., Wieczorek and Simons
2005). In the case of SHA, the spectral resolution, i.e. the
distance between two consecutive terms of its power spec-
trum, is equal to one (#;+1 — n; = 1). In R-SCHA, the
spectral resolution depends on the cap’s half-angle, 6y, and
is equal to /6y, where 0y is given in radians. The larger
the half-angle 6y, the smaller the distance between two
consecutive terms of its power spectrum becomes and
therefore the better the spectral resolution. For the limit
case where 6y = 7, we recover the spectral resolution of
the SHA.

The above considerations are taken into account for the
numerical implementation of Eq. 10. Each term of the
double sum of Eq. 10 corresponds to a different degree ny,
where 7y is a real number. For this spectrum to be useful
for geophysical interpretations, each of its terms should be
related to a characteristic length scale. For this, it is conve-
nient to group together terms that correspond to degrees
that lie close to one another. The size of these bins is dic-
tated by the available spectral resolution, therefore they
are 7 /6 large. Each bin can be represented by the mean
of its degrees, . We can therefore write Eyq, of Eq. 10 as

EﬂQp = ZESQ/)’ (11)
n
where EQQP is the sum of the terms of Eq. 10 whose
degrees ny belong to the same bin. We can then relate each
term Eggp to a specific wavelength, A, in the same way as
in SHA (see Backus et al. 1996, page 103):

21 p

A,
}’l+§

(12)

with p the radius of the spherical surface where we esti-
mate the wavelength.

According to Eq. 11, the terms of the R-SCHA power
spectrum correspond to bins of harmonic degrees, rather
than to a single harmonic degree. Consequently they carry
a part of the total power that is g—o times larger than that
of the terms of a SHA power spectrum. For this reason,
a direct comparison between SHA and R-SCHA power
spectra is straightforward, provided that the R-SCHA
power spectra are scaled by the factor of 7-. Defining E”
the terms of a SH power spectrum that has the same total
energy as a spherical cap power spectrum Eyg,, it follows

that

- T
n _ n
Ejq = —E",

% (13)
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where 6y is given in radians. This expression shows that
any regional and global power spectra, experimental or
theoretical, despite their differing spectral resolution, can
be readily compared with each other.

The implicit assumption

The assumption that the contribution of the Mehler basis
functions to Eq. 9 is negligible, puts us in a specific
framework. The Mehler basis functions are essential for
ensuring the upward/downward continuation of the mag-
netic field (or conversely for processing data measured
at various altitudes). Moreover, they are required when
the magnetic field has large-scale features and has there-
fore non zero components on the lateral boundaries of
the spherical cap (Thébault et al. 2004). Prior to inter-
preting Egs. 10 or 11 as a complete power spectrum, and
not as representing the energy of one particular set of
basis functions, some investigations are required on the
consequences of this assumption.

Considering the Dirichlet-Neumann BVP, Vervelidou
2013 shows that the Mehler basis functions carry a neg-
ligible part of the energy in the volume of the spherical
cap when the wavelengths considered are smaller than
the cap’s aperture. This “rule of thumb” has long been
known by the users of the spherical cap analysis initially
defined by Haines 1985. Under this condition, we can
safely neglect them also over a specific spherical cap’s sur-
face. The situation is even more conveniently illustrated
for the Neumann-Neumann BVP. For this BVDP, neglect-

ing the Mehler functions over the surface is equivalent to

AV (r.0,¢)
El

assuming ——;7~ = 0. Applying the divergence free

‘9=90
theorem in its integral form leads to the equality

av aVv
/ —ds = ] —ds.
V2 or ﬂQﬂ ar

This equality requires that the radial component of the
field at the lower and upper boundary of the spherical
cap averages to the same value. Due to the decrease of
an internal potential field with increasing altitude, this
requirement can only hold true if the radial component
of the field averages to zero over every spherical cap
surface 9Q,, with a < p < B. This, again, is cor-
rect to a good approximation when the magnetic field
under study has wavelengths smaller than the cap’s aper-
ture. Possible applications of the power spectrum there-
fore include studies of lithospheric magnetic fields, whose
large scales are currently not considered in magnetic field
modelling due to the masking effect of the core field.
Such conditions are common in spectral analyses that
seek to avoid aliasing and leakage, in particular when
Fourier transform is applied to magnetic anomaly data,
e.g., for upward/downward continuation purposes (see,
e.g., Blakely 1996).

(14)
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Consequently, Eq. 10 can be interpreted as a spatial
power spectrum under the condition that the signal under
study averages to zero within the spherical cap. The
fulfilment of this condition should be investigated case-
by-case. In this respect, we note that Hwang and Chen
1997 proposed a similar expression to Eq. 10 for work-
ing with sea-level data. However, they did not discuss the
implicit assumptions behind neglecting the Mehler basis
functions and therefore the applicability of this expres-
sion to their context. They applied the expression to a case
where the signal does not average out within the cap, thus
constructing aliased power spectra.

Once the conditions are fulfilled to neglect the con-
tributions of the Mehler basis functions, it is wise to
decide whether the spectral analysis should be performed
with Legendre functions computed with the Neumann or
with the Dirichlet boundary condition. Since the Neu-
mann boundary condition has the advantage to con-
verge faster (see, e.g., Thébault et al. 2004), it should be
preferred.

However, we do not advise to perform regional mod-
elling of magnetic field measurements available at dif-
ferent altitudes using only the Legendre basis functions
(or to apply the SCHA as proposed originally by Haines
1985). Both the Legendre and the Mehler basis functions
are needed for an accurate representation of the field in
the spatial domain. Such a representation becomes pos-
sible by solving the Dirichlet-Neumann BVP (Thébault
et al. 2006). This BVP is advantageous in terms of the
inverse problem because the gradient of its basis func-
tions are orthogonal in the volume of the spherical cap. In
this case, the Legendre basis functions are computed with
the Dirichlet boundary condition, and they can be used to
calculate the regional power spectrum.

In this paper, we solve the Neumann boundary con-
dition for the Legendre basis functions, making sure
the signal under study is close to zero on average. We
do not, however, interpret the model in the physical
space. For this, the complete solution, based both on
the Legendre and the Mehler basis functions would be
necessary.

A statistical expression for the Earth'’s lithospheric
magnetic field

Several statistical expressions describing the power spec-
trum of the lithospheric magnetic field can be used for
comparison to regional power spectra. Jackson 1990 for
instance, proposes a form based on a random distribution
of magnetization uncorrelated in space, whereas Jackson
1994 includes small-scale spatial correlation. Voorhies
1998; Voorhies et al. 2002; Voorhies 2008 explore a large
variety of solutions by considering different combina-
tions of uncorrelated and correlated sources. Recently,
Thébault and Vervelidou 2015 proposed a statistical form
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that depends on the mean magnetization and thickness of
the magnetic lithosphere and a power law index related
to the SH power spectrum of the magnetic susceptibility.
This form does not take into account the effect of rema-
nent magnetization to the power spectrum. This assump-
tion is justified by the fact that the global magnetic field
power spectra of induced and remanent magnetization
are very similar (see for instance Voorhies 1998; Thébault
and Vervelidou 2015). In addition, this power spectrum
shows a good agreement with recent lithospheric field
models over a wide range of SH degrees (from 16 to about
600) (see Vervelidou 2013, Figure 4.8 and Thébault and
Vervelidou 2015, Figure 4). Moreover, its predictions for
the mean magnetic thickness and magnetization com-
pare well with those estimated by independent models
(see Thébault and Vervelidou 2015, Fig. 4). This statistical
power spectrum takes the form (Thébault and Vervelidou
2015, their Equation 26)

o oo
1 -
B =D B =) S+ D) [oMEy @ 7 C,
n=1

n=1
(15)
with
_ _ n—1
Eye = 1=(=</a™) (16)
n—1
and
3 2
’ n (20m> + 8n* — 13n + 3) 1)

T3t @t ) 2n—1)

and where a is the Earth’s reference radius, equal to 6371.2
km, pg is the vacuum permeability in H/m, M is the mean
apparent induced magnetization in A/m, € is the mag-
netic thickness and y is the power law of the susceptibility
power spectrum. As discussed in section “Relationship to
a spherical harmonic power spectrum’, this form, when
scaled by the factor g—o, is directly comparable to any spher-

ical cap power spectrum (see Eq. 13), provided the factor %
in Eq. 15, which comes from averaging the magnetic field
intensity of the axial dipole over the sphere, is replaced
by the corresponding regional factor. This regional fac-
tor accounts for the increase of the Earth’s main magnetic
field with latitude and is given by (see for example Love
and Constable 2003, their Equation 48):
Fiatitude = 1 + 3sin(lat)?, (18)
where lat stands here for the latitude of the center of the
cap.
Therefore, the statistical expression to which the
regional power spectrum of a spherical cap centred at lat
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and having a half-angle of 6y can be compared with, is
written as

1
ERSCHA =~ (11 4 1) [uoME, ()12 177 G,
00 Flatitude
(19)

where F;, (¢), C, and Fj4i4,4, are given by Egs. 16, 17, and
18, respectively.

By a misfit analysis between the regional power spec-
trum, as described by Eqs. 10 and 11 and the statistical
expression of Eq. 19 it is possible to carry out regional
analyses and estimate for any spherical cap the mean
magnetization and the mean magnetic thickness. In the
following, all regional spectra, observational or statisti-
cal, have been downscaled by the factor g—o (according
to Eq. 13).

Results

Synthetic analyses

We assess our methodology with a set of synthetic numer-
ical tests. We first test the compatibility between the
global and the regional estimators. We draw a random set
of the SH coefficients whose power spectrum coincides
with the statistical expression of Eq. 15 for an arbitrary
mean magnetic thickness equal to 40 km, a mean mag-
netization equal to 1 A/m, and a susceptibility power law
equal to 1.36. We consider coefficients of SH degree 16 to
100. Using these coefficients, we create a global dataset of
synthetic vector magnetic field values at Earth’s reference
radius. We then distribute 2000 spherical caps centred on
the nodes of a global equal area grid. The half-angle of the
spherical caps is set to 6y = 15 so that the caps overlap.
Using an aperture of 30 for each cap allows lithospheric
field wavelengths as large as ~ 3000 km (SH degree 12)
to be represented. Considering that lithospheric magnetic
field data and models do not include larger wavelength
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due to the masking by the core field, this cut-off value
is sufficient to minimize the values of the mean mag-
netic field. Therefore, spectral leakage is avoided, and the
contributions from the Mehler functions are kept neg-
ligible within each cap, as required by Eq. 14. We then
estimate by least-squares the regional coefficients rep-
resenting the synthetic magnetic field values over each
spherical cap. Finally, we compute the regional power
spectra with Eq. 11 up to an arbitrarily large degree,
n = 480. Figure 1 shows that despite an arbitrarily large
expansion, the regional power spectra are all concen-
trated within the waveband covered by the synthetic data,
with only limited spectral leakage from and to neigh-
bouring harmonics. The observed fluctuations among
the regional power spectra depicts the expected natural
regional variability, for which the global power spectrum
is only expected to represent its mean. Indeed, the mean
of the 2000 regional spectra (shown in blue) is nearly iden-
tical to the global SHA power spectrum (shown in red) for
degrees 16 to 100. This analysis shows that the spherical
cap power spectrum can be meaningfully compared to a
global power spectrum.

We carry out a second synthetic analysis to test the
ability of the regional power spectra to provide regional
estimates of the mean magnetic thickness and magnetiza-
tion by misfit to the statistical global power spectrum. We
now generate a synthetic global dataset for SH degrees 16
to 600. Again, the magnetic thickness is set to 40 km, the
magnetization to 1 A/m and the susceptibility power law
to 1.36. For each spherical cap, we verify that the magnetic
field averages to zero, as described in section “The implicit
assumption” This is illustrated by Fig. 2, where the ratio
between the mean and the rms value of the Z component
is displayed for each of the 2000 caps. We see that for 98 %
of the caps the ratio is less than + 3 %, while the ratio does
not exceed £ 6 % for any cap. We then invert this data

10°

nT?

10"

0 50 100 150 200

250 300 350 400 450
n

Fig. 1 The result of the first synthetic test. The 2000 regional spectra (grey curves), their average (blue curve) and the SHA power spectrum for a mean
magnetic thickness of 40 km, a mean magnetization of 1 A/m and susceptibility power law of 1.36 (red curve) (see text for details)
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Fig. 2 The normalised histogram of the mean value of component Z of the second synthetic test. It corresponds to the test case with 40 km
magnetic thickness (see text for details). The average of the Z component is normalised in respect to its root mean square value

set for its regional Legendre coefficients and calculate the
corresponding regional power spectra. Finally, we conduct
a misfit analysis between each regional spectrum and the
statistical expression of Eq. 19. The free parameters of the
statistical expression, €, M and y were chosen to minimize
the following misfit function (Voorhies et al. 2002, their
Equation 14a)

1= [Un Ry — In (E{R,D],

n

(20)

where R, is the regional power spectrum of the synthetic
data and E{R,} its expected value as given by Eq. 19.

The co-estimation of the three unknown parameters
leads to some uncertainty as they are not easy to sepa-
rate (see also Bouligand et al. 2009; Maus et al. 1997).
Therefore, we set the susceptibility power law to 1.36 for
the whole globe (in accordance to the preferred estimated
mean global value of Thébault and Vervelidou 2015) and
compute the value of x2 for a variety of values for the
parameters € and M. The magnetic thickness € is allowed
to vary between 0 and 80 km and the magnetization M
between 0 A/m and 2 A/m. This investigation provides
us with the 2D function x2(e, M), whose minimum cor-
responds to the maximum likelihood values for the mean
magnetic thickness and the mean magnetization.

The mean value of the 2000 regional mean magnetic
thickness estimations is 39.3 km, with a standard devia-
tion due to regional variability of 4.3 km. The mean value
for the mean magnetization is 0.94 A/m with a standard
deviation of 0.2 A/m. The expected values lie within the
uncertainty of the estimated values, despite a small bias in
the estimated maximum likelihood.

We further test the accuracy of the algorithm for two
other global synthetic data sets. For these two cases, the
magnetic thickness are 10 and 100 km, and the other

parameters are left unchanged. As before, we verify that
the Z component averages to zero. The mean estimated
values are 10.8 £ 2.3 km and 0.91 £ 0.23 A/m, and 92.2 +
9.9 km and 0.95 £ 0.2 A/m, for the 10 km and the 100
km test cases, respectively. Again, despite the small bias,
we observe that the error bars span the expected values.
Figure 3 shows the 2000 regional spectra, in grey, together
with their mean (blue curve) and the realization of the sta-
tistical expression of Eq. 19 based on the estimated values
(red curve), for all three test cases. We see that for all cases
the blue and the red curves follow closely each other.

From this figure we also see that the maximum
of the power spectrum moves to higher degrees as
the magnetic thickness reduces (see also Thébault and
Vervelidou 2015). Moreover, the maximum of the spec-
trum becomes smoother and spreads over a larger
bandwidth. We estimate the 10km magnetic thickness
to be the lower limit of our resolution. Observational
spectra of higher harmonic degree would be neces-
sary to detect thinner magnetic layers as discussed by
Thébault and Vervelidou 2015.

Global models of the Earth’s mean magnetic
thickness and magnetization

Data

We follow the same methodology as in section “Synthetic
analyses” to infer the large-scale mean magnetic thick-
ness and magnetization for Earth. To achieve this, we
need global magnetic field measurements to a high spa-
tial resolution. Many aeromagnetic, marine, and satellite
magnetic measurements have been collected worldwide
and merged together into the World Digital Magnetic
Anomaly Map (WDMAM) (see Khorhonen et al. 2007 for
its first version and Dyment et al. 2015a, 2015b for the
recently published version 2.0, which can be downloaded
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Fig. 3 The spectra of the second synthetic test. From top to bottom: The 2000 regional spectra (grey curves), their average (blue curve) and the
realization of the statistical expression based on the values estimated through the misfit analysis (red curve), for the 10, 40, and 100 km test case




Vervelidou and Thébault Earth, Planets and Space (2015) 67:173

at www.wdmam.org). The WDMAM results from vast
international efforts to represent globally lithospheric
magnetic field structures at a wide range of spatial scales.
Three different grids were built as candidates for the first
edition of the WDMAM (Hemant et al. 2007; Hamoudi
et al. 2007; Maus et al. 2007). Differences between these
candidate grids, which rely on different processing and
merging techniques, show that the WDMAM, although
self-consistent, is imperfect. An attempt to improve, this
grid was proposed by Maus et al. 2009 who constructed
the EMAG?2 grid using updated aeromagnetic and marine
compilations and adding a priori information in the
oceanic domain. We choose not to use the WDMAM or
the EMAG2 scalar grid to compute the regional power
spectra, as the computation of regional models from
scalar data only proved to be unstable near the equatorial
regions. This is a result of the Backus effect and of the fact
that the radial component of Earth’s main magnetic field
cancels out at the magnetic equator. Therefore, we use the
NGDC-720 model (Maus 2010), built upon the EMAG2
grid, for which this problem was addressed by a global
regularization. The NGDC-720 model is a hybrid con-
struction that uses the MF6 lithospheric magnetic field
model (Maus et al. 2008) derived from CHAMP satel-
lite (Reigber et al. 2002) measurements for SH degrees 16
to 130 and then the EMAG2 grid up to SH degree 720.
This model therefore offers a maximum horizontal spa-
tial resolution of about 50 km. We refer to Thébault and
Vervelidou 2015 for a discussion on the limitations of the
EMAG?2 grid and the NGDC-720 model for carrying out
spectral analyses.

Using the NGDC-720 Gauss coefficients, we calculate
the vector magnetic field over an equal area grid. We ver-
ify, as before, that the average of the Z component over all
spherical caps is close to zero. All the parameters involved
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in the inversion of the NGDC-720 model and the subse-
quent misfit analysis are kept equal to those used for the
synthetic tests. The histogram of the residuals between
the NGDC-720 values and the R-SCHA estimations is
shown in Fig. 4. The distribution of the residuals is cen-
tered on zero and the residual mean square for the 2000
caps lie between 4.9 and 51.3 nT. Figure 5 shows the 2000
regional spectra of the NGDC-720 model (grey lines),
together with their average (red line) and the NGDC-720
SHA power spectrum (blue line). Despite the expected
regional variability, we see that the average of the regional
spectra follows closely the global NGDC-720 power spec-
trum, thus giving us confidence in the relevance of the
computation.

A quality index for the global maps
The spectral content of the NGDC model is characterised
by a high regional variability due to gaps in the cur-
rent aeromagnetic and marine coverage of the Earth but
also due to differences in the acquisition and subsequent
processing of the various implicated datasets. This has a
direct impact on the reliability of the regional estimates,
which results in a high regional variability. Therefore, we
compute a quality index for our maps. This quality estima-
tor, QI, has been chosen to be (after Voorhies et al. 2002,
see their Eq. 14b)

100

QI[%] = —,
evN

(21)

where x is given by Eq. 20 and N are the number of the
terms of the regional spectrum.

When QI = 100 %, the fit is perfect whereas QI = 50 %,
for instance, indicates that the terms of the statistical spec-
trum are half or twice as large than the corresponding
terms of the observational spectrum. Figure 6 shows the
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Fig. 4 The histogram of the residuals of the inversion of the NGDC-720 model
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Fig. 5 Results of the spectral analysis of the NGDC-720 model. The 2000 regional spectra of the NGDC-720 model (grey curves), their average (red

geographical distribution of QI estimated for each spher-
ical cap. For most of the caps (80 %) QI > 67 %, but there
are also some caps (19 %) for which 50% < QI < 67 %.
Lower QI characterises only 1% of the caps, and these
correspond only to regions covered in Fig. 6 by white

dots, which are regions over which EMAG?2 is void of

near-surface data. Over these regions, the values of the
NGDC-720 model are based on the satellite-based model
MF6 (Maus et al. 2008), (see Maus 2010, paragraph 3.1).
We note, however, that not all regions covered by data
are based on near-surface measurements, as gridding
and extrapolation techniques were used to produce the
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Fig. 6 The map of the quality index Q. Large values of Q! indicate reliable magnetic thickness and magnetization estimates. The regional spectra of
the four caps, whose centre is marked with a yellow star, are shown in Fig. 7. The regional spectra of the four caps, whose centre is marked with a
pink star, are shown in Fig. 8. The white dots correspond to regions over which EMAG2 is void of near-surface data (see text for details)
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EMAG2 grid (Maus et al. 2009), especially over the
oceans.

The largest QI values correlate well with regions where
aeromagnetic coverage is dense and of high resolution, i.e.,
southern Africa, North America, and Australia. Figure 7
shows a spectrum over each of these regions, together
with a spectrum of a cap over the Atlantic ocean, also
characterised by a large QI. The exact location of the cen-
ter of these caps is marked with a yellow star on Fig. 6. We
see that these spectra agree well with the statistical expres-
sion. The spectra are presented in a descending order
in respect to the estimated mean magnetic thickness.
The spectrum of the cap over North America presents
a pick at SH degree lower than 100, while the picks of
the other spectra lie at larger SH degrees. The spectrum
over southern Africa shows a maximum at a lower SH
degree than the spectrum over Australia but is also less
energetic. This leads to a larger mean magnetic thickness
and a lower mean magnetization estimate for the cap over
southern Africa than for the cap over Australia. We see
here an example of how the magnetic thickness and the
magnetization information can be disentangled.

The pink stars on Fig. 6 show the center of four caps for
which QI <= 60 %. The corresponding spectra are shown
in Fig. 8.

The regional spectrum over Antarctica, a region where
EMAG?2 has a sparse aeromagnetic coverage (see Fig. 7 of
Maus et al. 2009), presents an abrupt drop of energy after
degree 130. This pattern is similar to the cut-off illustrated
in Fig. 1. We attribute the drop in power to the lack of
near-surface data. The immediate consequence of this so-
called spectral gap is that the large degrees are artificially
low. This drop off causes an underestimation of the mean
magnetization. At the same time, the comparatively large
energy at low degrees leads to an overestimation of the
magnetic thickness. Consequently, estimations from such
regions should not be considered.

Another example of a poor fit is around the North Pole.
Figure 8 shows the spectrum of a cap located over cen-
tral Greenland. We see again a drop of energy for degrees
larger than 130. However, Greenland has good aeromag-
netic coverage (see again Fig. 7 of Maus et al. 2009),
suggesting this feature could be genuine. This would indi-
cate the statistical expression for the power spectrum is
locally not in agreement with the statistical properties
of the magnetic sources. Alternatively it could indicate
a poor spectral content of the respective aeromagnetic
grids. Interestingly, this spectrum is also characterised by
a drop of energy between degrees 50 and 100. This, again,
could be a genuine feature. But, it could also be related
to how the satellite data were corrected for the external
fields along the satellite orbits or how the underlying MF6
model was regularized (see, e.g., Lesur and Maus 2006;
Maus et al. 2008; Thébault et al. 2012). In this respect,
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we note that over the same cap satellite-based magnetic
field models more recent than MF6 (Maus et al. 2008)
e.g., MF7, GRIMM (Lesur et al. 2013), CM5 (Sabaka et
al. 2015) are more energetic over the same bandwidth,
although still less energetic than predicted by the statisti-
cal expression.

Another continental example of mismatch is found in
Russia, over the broader area around the Kursk mag-
netic anomaly. For this major magnetic anomaly (see, e.g.,
Taylor et al. 2003), the underlying hypotheses of the sta-
tistical expression may not hold.

A final example of a spectrum with low QI is for a cap
located over the Eastern Pacific Ocean. This spectrum is
in clear disagreement with the form given by the statisti-
cal expression. Further caps, mainly located over oceanic
regions, exhibit this behaviour. Testing different values for
the power law y does not improve the fit. This mismatch
could result from the extrapolation scheme used to fill in
oceanic areas void of direct marine measurements (see
Maus et al. 2009).

The above examples illustrate the spectral variability of
the NGDC-720 model, which depends on a multitude of
factors. Lack of aeromagnetic and marine data, incom-
plete data processing, and/or genuine geophysical fea-
tures are all possible sources of incompatibility between
the observational spectra and the statistical expression.
Clearer information about the underlying datasets would
help to discern the origin of the mismatch on a case-by-
case basis. In any case, for the purposes of our study, we
find that the QI index suitably accounts for various possi-
ble sources of incompatibility, and we use it as an indicator
for the degree of reliability of the magnetic thickness and
magnetization estimates.

The maps

Figures 9 and 10 show maps of the estimated mean
magnetic thickness and mean magnetization, respectively,
where mean stands for the average value over the area of
the spherical cap. These maps should be interpreted in
tandem with Fig. 6. On the magnetization map, brown
dots indicate the center of the caps for which a thickness
of less than 10 km was estimated (see section “Synthetic
analyses” regarding the depth resolution limit).

The point-to-point product of these two maps corre-
sponds to the vertically integrated magnetization (VIM)
and is given in Fig. 11a. VIM is a quantity calculated
in studies based solely on satellite data, as the effect of
magnetic thickness and magnetization on satellite mea-
surements are not fully separable (see, e.g., section 6.4
in Thébault et al. 2010). While near-surface data gaps
do not allow our magnetic thickness and magnetization
estimates to be globally reliable, satellite data are glob-
ally available. We therefore expect to be able to estimate
the VIM on a global scale based only on the satellite part
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Fig. 7 Examples of spectra for caps with a high Q. The regional spectra (blue curves), together with their best fit realization of the statistical
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Fig. 9 The mean magnetic thickness map. The map should be read together with the quality index map given at Fig. 6

of NGDC-720. We follow the same misfit procedure as
before, but this time, we fit the statistical expression only
to the degrees between 16 and 130 of the regional spec-
tra. The point-to-point product of the resulting magnetic
thickness and magnetization is shown in Fig. 11b. Inter-
estingly, both maps of Fig. 11 are very similar, indicating
that spectral analyses of satellite data can lead to VIM
estimates.

We then transform the magnetic thickness map into
spherical harmonics. Figure 12 shows the resulting SH
power spectrum (blue line), together with an uncertainty
estimate (light blue shaded curve). This uncertainty esti-
mate results from the combination of two types of errors.
The first type is the 95% confidence interval estimated
numerically by the misfit analysis. The second type corre-
sponds to the upper and lower boundary of the estimated
magnetic thickness when y = 1.29 and y = 1.5 are
considered instead of ¥ = 1.36. These two y values cor-
respond to the 95 % confidence interval found for y on a
global scale by (Thébault and Vervelidou 2015).

In Fig. 12, we see that the spectrum carries energy from
SH degree 0 to 36. The maximum SH degree that we
can recover is dictated by the spatial distribution of the
spherical caps over Earth’s surface. The more caps, the
denser the spatial sampling of the magnetic thickness and

therefore the higher the recovered maximum degree. For
our distribution of 2000 caps, the maximum SH degree is
equal to 36. Whether the thickness map has energy or not
up to that degree depends on the cap’s half-angle, since it
is this parameter that defines the actual spectral content
of our map. For the extreme case of 6y = 7, the magnetic
thickness would be a constant for the whole Earth and so
only SH degree 0 would carry energy. For 8y = 15, which
is our case, the thickness map carries energy up to degree
36. Even more interestingly, it also carries energy over SH
degrees 1-16, which correspond to wavelengths that are
absent from the known lithospheric magnetic field due to
the masking by the core field.

Discussion
The most prominent feature of the derived magnetic
thickness map (Fig. 9) is the dichotomy between the
oceans and the continents. The oceans are characterised
by a smaller magnetic thickness than the continents.
This is in agreement with our current understanding
about crustal thickness (see, e.g., the CRUST1.0 model,
Pasyanos et al. 2014). This dichotomy is visible in the map
as its spectral content starts from very low SH degrees.

In Fig. 12, we show the power spectra of two other
models: (1) the seismic crustal model CRUSTI1.0
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Fig. 10 The mean magnetization map. The brown dots correspond to the centres of the caps, for which a magnetic thickness of less than 10 km has
been estimated (see text for details). The map should be read together with the quality index map given at Fig. 6

180°

(Pasyanos et al. 2014, http://igppweb.ucsd.edu/~gabi/
crustl.html) (magenta line) and a recent version (pers.
comm. M. Purucker) of the magnetic thickness map based
on the methodology of Purucker et al. 2002, which was
applied over Antarctica by FoxMaule et al. 2005 and on a
global scale by FoxMaule et al. 2009 (cyan line). The sec-
ond model is based on the 3SMAC seismic model (Nataf
and Ricard 1996) for the SH degrees up to 15 and on the
lithospheric magnetic field model MF7 (see Maus et al.
2008 for the latest published version of the MF series) for
SH degrees larger than 15. We see that our model follows
very closely the spectra of the other two models from
SH degree 11 up to degree 18. It is, however, somewhat
more energetic than the other models from SH degree
1 up to SH degree 10. This probably results from the
overestimation of the magnetic thickness over large areas
such as Antarctica, Africa, and the Arctic (see section
“A quality index for the global maps” for an explanation).
A greater data coverage will allow more realistic estimates
for the magnetic thickness, and we believe it will lead to a
decrease in the energy of our power spectrum over these
wavelengths.

From SH degree 19 and onwards, the spectrum of our
model follows closely the spectrum of Fox Maule et al.
2009, while both of them are a little more energetic than

the spectrum of CRUST1.0. This could indicate the depth
of Moho is actually shallower than the depth of the Curie
isotherm over this waveband, and that parts of the upper
mantle are magnetized. However, both the spectrum of
the hybrid model of Fox Maule et al. 2009 and of the
crustal thickness model CRUST1.0 lie within the errors
of the spectrum of our model, indicating that these two
models are statistically equally energetic to ours.
Comparing our magnetic thickness and magnetization
maps, we observe differences in their main features. There
are three particularly notable examples. Australia’s mag-
netic thickness pattern is almost reversed with respect to
its magnetization pattern. The low magnetization feature
over China and parts of Indonesia does not correspond
to a particular feature on the magnetic thickness map.
The same is true for the low magnetization feature that
covers almost all of South America. Interestingly, the
low magnetization pattern over South America has also
been observed by Purucker and Whaler 2004 (see also
Purucker and Whaler 2015). Due to their methodology
(they transform the MF3 lithospheric field model (Maus
et al. 2006) to a minimum magnetization map (see Whaler
and Langel 1996), while considering the magnetic thick-
ness to be constant), their magnetization map is expected
to resemble more closely our VIM map rather than our
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a 0

for details)

Fig. 11 The estimated vertical integrated magnetization (VIM). a The VIM calculated as the product between our magnetic thickness and
magnetization estimates. b The VIM calculated by a misfit statistical analysis involving only SH degrees 16 to 130 of the NGDC-720 model (see text

magnetization map. Indeed, comparing their magnetiza-
tion map (see Fig. 10, Purucker and Whaler 2015) with
our VIM map (Fig. 11), we find common features that
include the signatures of the Bangui and Kursk magnetic
anomalies, but also, e.g., an anomaly over central Aus-
tralia and a dichotomy in the signals of North and South
America. Figure 11b also shows an apparent dichotomy
between West and East Antarctica. This feature could
have important implications for inferring the thermal
state of the crust in Antarctica and is in close agreement
with previous works (see, for instance Fig. 1 in Fox Maule
et al. 2005).

Conclusions

In this study, we present the surface spherical cap har-
monic power spectrum, based on the R-SCHA modelling
method (Thébault et al. 2006). It can be directly inter-
preted in terms of wavelengths, in the same way as the
SHA power spectrum. Such a regional spectrum can have
varjous applications that go beyond magnetic field studies,
as long as the signal under study averages to zero over
the spherical cap surface. It can also be applied on planets
other than Earth (see for example Lewis and Simons 2012
for an application of a different regional spectrum (Dahlen
and Simons 2008; Wieczorek and Simons 2007) for Mars).
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Fig. 12 The SHA power spectrum of our magnetic thickness model. The SHA power spectrum of our magnetic thickness model (blue line) together
with its uncertainty estimation (light blue shaded curve), of the crustal layer of the model CRUST1.0 (Pasyanos et al. 2014) (magenta line) and of a
recent version of the hybrid model of (Fox Maule et al. 2009) (cyan line)
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Here, we use this regional power spectrum to calcu-
late global maps of the large wavelengths of the mean
magnetic thickness and mean magnetization of Earth. We
do so by combining spherical cap observational spec-
tra with a recently proposed statistical expression for the
power spectrum of Earth’s lithospheric magnetic field
(Thébault and Vervelidou 2015). This expression depends
on the mean magnetic thickness, the mean magnetiza-
tion and a power law of the susceptibility power spec-
trum. The regional observational spectra are obtained
by inversion of the NGDC-720 lithospheric field model
(Maus 2010) over a series of spherical caps, covering the
whole Earth.

The NGDC-720 model relies on information from satel-
lite, aeromagnetic, and marine magnetic measurements.
The resulting regional power spectra therefore cover a
broad range of wavelengths. The first outcome of our
study is that by exploiting simultaneously satellite and
near surface information, separate estimates of the mean
magnetization and mean magnetic thickness are provided.

However, our estimates are not equally reliable glob-
ally. For this reason, we accompany them with a quality
index, called QI (see Fig. 6). This variability stems mainly
from incomplete, and inhomogeneous in terms of quality
and resolution, near-surface data coverage. For regions,
however, with dense coverage of good quality near-surface
data, a low QI can act as an indicator that the regional
properties of the magnetic sources are different from
the assumptions underlying the statistical expression of
Eq. 15, e.g., the assumption of purely induced magneti-
zation. Consequently, a second outcome of our study, as
illustrated through Figs. 7 and 8, is that the R-SCHA,
and its power spectrum offer a way to study and evaluate
regionally the spectral content of data compilations and
models over a large bandwidth. This can be very useful
for regional magnetic studies. The WDMAM project (see
Dyment et al. 2015a, 2015b for its recently published ver-
sion 2.0, which can be downloaded at www.wdmam.org)
and regional efforts to enrich the available near-surface
data sets (e.g., Gaina et al. 2011; Golynsky et al. 2013),
provide currently a favourable framework for such studies.

Maps of magnetic thickness and magnetization can be
valuable in understanding further the temperature, com-
position, and structure of Earth’s lithosphere. Efforts to
produce such maps are hindered because of the masking
effect of the core field on the large scales of the litho-
spheric magnetic field. A third outcome of our study, as
illustrated by Fig. 12, is the feasibility of estimating the
large scales of the magnetic thickness and magnetization
using magnetic data. Keeping in mind the uncertainties
involved, we conclude from Fig. 12 that the large scales
of the magnetic thickness are on average confined to a
layer that does not exceed the Moho. Updates to our
maps (Figs. 9 and 10), and consequently to the SH power
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spectrum shown in Fig. 12, are especially welcome, as
the worldwide compilation of magnetic data gets richer,
both in the spatial and the spectral domain. Both the
SWARM satellite mission (see, e.g., Olsen et al. 2013) and
the continuous updating of the WDMAM move in this
direction.
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