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Abstract 

Measurement of turbulent magnetic field is presented from the Earth magnetotail crossing of the Cluster spacecraft 
on August 25, 2006, as an ideal case study of magnetohydrodynamic turbulence in the plasma sheet boundary layer 
on a spatial scale of about 10,000 km. The fluctuation energy of the magnetic field is evaluated in both the frequency 
and wavevector domains. The observed plasma sheet turbulence event shows anisotropy in the wavevector domain 
with a spectral extension perpendicular to the mean magnetic field. The analyses of the dispersion relation and phase 
speed diagrams indicate that the coherent wave components should be regarded as a set of the linear-mode waves 
and the other fluctuation components in magnetohydrodynamics. Although the magnetic field fluctuation ampli-
tudes are sufficiently small compared to the large-scale field strength, there is no clear indication of the linear-mode 
dominance in the plasma sheet. As a lesson, magnetohydrodynamic turbulence must be modeled by including both 
linear-mode waves and nonlinear wave components such as sideband waves.
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Introduction
Plasma sheet surrounding a current sheet occur in many 
places in space plasmas such as planetary magneto-
spheres, heliosphere, and solar atmosphere, whenever a 
shear or anti-parallel magnetic field geometry appears. 
The plasma sheet, together with the current sheet, sus-
tains anti-parallel magnetic fields through Ampère’s law. 
It has been pointed out that the plasma sheet devel-
ops into turbulence (Vörös et al. 2004, 2007a, b). Earlier 
measurements have indicated the existence of turbulence 
or turbulent fluctuations in the plasma sheet. The ISEE-3 
observations show turbulent activities in the distant geo-
magnetic tail from 60 to 240 Re (Tsurutani et  al. 1984), 
where 1Re = 6378 km is the Earth radius, and a broad-
band spectrum which extends to a power-law spectrum at 
frequencies higher than 0.1 Hz with both incompressible 

(like circularly polarized, parallel-propagating waves) and 
compressible fluctuations (Tsurutani et  al. 1986). Also, 
ISEE-3 data show that variations of the magnetic field 
in short period (less than 1  min) increase with higher 
geomagnetic activity (Tsurutani et  al. 1987). On spatial 
scales larger than ion gyro-radius, the disturbance of the 
plasma and the magnetic field may be regarded as a reali-
zation of magnetohydrodynamics (MHD) turbulence. 
The current sheet is a very thin region where the mag-
netic field reverses direction, and is typically surrounded 
on both sides by a much wider plasma sheet, e.g., in the 
Earth distant tail (Tsurutani et al. 1984a, c; Baumjohann 
et al. 1989) and in the heliospheric current sheet (Smith 
et al. 1978; Winterhalter et al. 1994). The magnetic field 
decrease is caused by a diamagnetic effect from the hot 
plasma in the plasma sheet.

Many ideas and models have been proposed to describe 
MHD turbulence, e.g., phenomenological models for 
isotropic turbulence (Iroshnikov 1964; Kraichnan 1965) 
and anisotropic turbulence (Goldreich and Sridhar 1995, 
1997), closure theory of MHD turbulence (Yokoi et  al. 
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2008), and field-theoretic perturbative theories (Kaburaki 
and Uchida 1971; Verma 2004). Above all, it is essential 
to know how the wavevector anisotropy is organized in 
the energy spectrum (which indicates the sense of energy 
cascade) and if the turbulent fluctuations follow disper-
sion relations for the linear modes.

The goal of this manuscript is to observationally evalu-
ate the spatio-temporal properties of magnetohydrody-
namic turbulence in the plasma sheet boundary layer in 
the Earth magnetotail at a distance of about 16 Re such as 
the energy spectrum and the wave characteristics (linear 
modes or sideband waves, dispersion relations, propaga-
tion directions, and phase speed distribution) using the 
measurement by the Cluster mission (Escoubet et  al. 
2001). As a result, constraints on MHD turbulence in the 
plasma sheet boundary layer are given such that not only 
the linear-mode waves but also sideband wave compo-
nent needs to be included in constructing or improving 
MHD turbulence theories.

Magnetotail crossing
Cluster observation on August 25, 2006, 1300–1500 UT 
is selected for the study of MHD turbulence in the plasma 
sheet boundary layer. This interval represents the longest 
interval of the Cluster observation in the Earth magne-
totail plasma sheet. Figure 1 displays the time series data 

of the sunward component (GSE-X) and the magnitude 
of the magnetic field, the ion density, the ion bulk speed, 
and the ion temperature measured by Cluster-3 fluxgate 
magnetometer (Balogh et al. 2001) and ion spectrometry 
(Rème et al. 2001) along its trajectory from the northern 
lobe (0600–1000 UT) to the plasma sheet (1000–1500 
UT) and further to the southern lobe region (1500–1800 
UT). The interval 1000–1230 UT represents a crossing 
of the current sheet with a decrease of the magnetic field 
magnitude and a shear in the sunward component. The 
interval 1300–1500 UT shows a crossing of the outer part 
of the plasma sheet with a nearly constant magnetic field 
(Fig.  2) and represents a plasma sheet boundary layer 
with an about 10  % decrease from the magnetic field 
magnitude in the lobe region.

The interval 1300–1500 UT is chosen for a test of mag-
netohydrodynamic turbulence against the Cluster data. 
The four Cluster spacecraft form a nearly regular tetra-
hedron with the configuration index QG close 3 (Robert 
et al. 2001; von Stein et al. 1992). The inter-spacecraft dis-
tance is about 10, 000 km, which is about 10 times larger 
than the local ion gyro-radius and ideal testing for MHD 
turbulence in the plasma sheet. The mean values and 
the root-mean-square values of the magnetic field and 
the ion velocity moments are summarized in Table 1. In 
Fig. 1, from 1000 to 1230 UT, the magnetic field Bx com-
ponent changes from a positive value to a negative one. 
This transition is identified as the current sheet. A statis-
tical study on the current sheet shows that there are dif-
ferent types of the current sheets. Some have a width of 
below 2000 km and the others a width of about 4000 km 
(Runov et al. 2006). From 1000 to 1230 UT on the ana-
lyzed interval, Cluster cross a distance of about 10,250 
km in the GSE-Z direction. Therefore, this interval rep-
resents a thick current sheet event. Also coincident with 
this field rotation there is a large magnetic field decrease. 
This is identified as the plasma sheet. In the case of the 
analyzed interval, the width of the plasma sheet is nearly 
the same as the current sheet.

The plasma sheet boundary layer has been noted to have 
distinct magnetosonic mode waves generated by energetic 
ion beams during intervals of magnetic reconnection in 
the distant tail (Cowley et  al. 1984; Tsurutani and Smith 
1984; Tsurutani et al. 1985; Gary et al. 1985). The interval 
of the plasma sheet crossing is associated with geomag-
netically quiet one or only moderately active. The AE index 
(provisional data) reaches 101 nT (hourly averaged) at 1400 
UT, and otherwise the index is below 100  nT on August 
25, 2006. The ion spectrogram at Cluster-3 shows that 
there are two ion populations: the main component asso-
ciated with the bursty bulk flows at an energy of 1–10 keV 
and the other component with a lower density and a lower 
energy of about 100 eV in the tailward direction.

Fig. 1  Cluster-3 plasma sheet crossing on August 25, 2006, showing 
the magnetic field GSE-X component, the magnetic field magnitude, 
the ion density, the ion bulk speed, and the ion temperature as a 
function of time. CS stands for the current sheet, and PSBL the plasma 
sheet boundary layer. The analyzed time interval is PSBL
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As the first step in the turbulence study, the energy 
spectrum is evaluated for the magnetometer data in 
the spacecraft-frame frequency domain for the interval 
1300–1500 UT (Fig.  3) using the fast Fourier transform 
algorithm. Both the compressible and incompressible 
fluctuation powers (Ppara and Pperp, respectively) are in 
comparable order at low frequencies up to 4 × 10−3 Hz . 
Computation of the two fluctuation powers is easily done 
in the mean-field-aligned (MFA) coordinate system with 

the z axis in the direction of the mean magnetic field and 
the x–z plane containing the GSE-X direction, and is 
tractable to see whether the plasma and the associated 
fluctuations are treated as incompressible.

The incompressible power Pperp dominates the spec-
trum above that frequency. The total fluctuation power 
(Ptrace = Pperp + Ppara) shows a power law with an index 
close to −5/3 up to 7× 10−2 Hz and breaks into a steeper 
spectrum at higher frequencies. Naively speaking, the 
formation of the power-law spectrum with an index of 
−5/3 and the dominance of incompressible fluctuations 
in the spectrum are reminiscent of Alfvén waves as the 
primary fluctuation components of the observed plasma 
sheet turbulence. This expectation can be examined 
in more detail using the full potential of the four-point 
measurements in space as follows.

Multi‑point turbulence analysis
The Multi-point Signal Resonator (MSR) algorithm is 
used in the analysis (Narita et  al. 2011). Various meth-
ods have been proposed to detect wave modes through 
wave vector analysis: six-component method (Storey 
and Lefeuvre 1979, 1980), eigenvalue and eigenvec-
tor decomposition (Schmidt 1986) and its generaliza-
tion to the problem to the unknown numbers of signals 
(Choi et  al. 1993), minimum variance projection (Neu-
bauer and Glassmeier 1990; Pinçon and Lefeuvre 1991; 
Motschmann et  al. 1995, 1996; Glassmeier et  al. 2001). 
MSR is unique in that it combines two distinct projection 
methods from spatial coordinates into wavevectors. The 
first projection is the wave telescope algorithm which is 
the maximum likelihood method for a Gaussian likeli-
hood function. The second projection is Multiple Signal 
Classification (MUSIC), which is an eigenvector analysis 
method. The wave telescope method is an application 

Fig. 2  Magnified view of the fluctuations of the magnetic field mag-
nitude, the ion density, the ion bulk speed, and the ion temperature 
from Cluster-3 from 1300 to 1500 UT for the data shown in Fig. 1

Table 1  Mean values (denoted by  the angular bracket 
�· · · �) and  root-mean-square (denoted by  σ(· · · )) of  the 
magnetic field �B, the ion bulk velocity �U, the ion number 
density n, and the ion temperature T on the interval 1300 
to 1500 UT on August 25, 2006 (Cluster-3 data)

The magnetic field and the bulk velocities are represented in the GSE coordinate 
system

〈Bx〉, 〈By〉, 〈Bz〉 −15.66 nT −2.31 nT 2.01 nT

�|�B|� 16.10 nT

〈Ux〉, 〈Uy〉, 〈Uz〉 25.27 km/s 9.05 km/s 12.89 km/s

�|�U|� 85.76 km/s

〈n〉 0.064 cm−3

�T��, �T⊥� 18.88 MK 12.38 MK

〈T 〉 14.54 MK

σ(Bx), σ(By), σ(Bz) 0.97 nT 0.92 nT 1.98 nT

σ(|�B|) 1.03 nT

σ(Ux), σ(Uy), σ(Uz) 81.27 km/s 39.00 km/s 29.12 km/s

σ(|�U|) 50.01 km/s

σ(n) 0.026 cm−3

σ(T�), σ(T⊥) 11.26 MK 7.14 MK

σ(T ) 7.76 MK

Fig. 3  Magnetic energy spectrum in the spacecraft-frame frequency 
domain for the trace of cross-spectral density matrix (in black), and 
the parallel (in dark gray) and the perpendicular (in thin gray) fluctua-
tions to the large-scale magnetic field direction. The spectral curves 
are obtained on the time interval 1300–1500 UT and are averaged 
over four spacecraft of Cluster
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of the minimum variance estimator [also called the 
least square estimator or the Capon estimator (Capon 
1969)] to the four-spacecraft measurements in space. 
The method is a projection of the vectorial quantity (e.g., 
magnetic field) sampled at four spatial points from the 
spatial coordinates onto the three-dimensional wavevec-
tor domain (Glassmeier et al. 2001) The method plays a 
role of the Fourier transform to the wavevector domain. 
In contrast to the Fourier transform, the wave telescope 
method estimates the fluctuation amplitudes in the 
wavevector domain by fitting with a set of plane waves 
under the constraint of minimizing the isotropic noise in 
the data. Mathematically, the wave telescope method or 
the minimum variance estimator is regarded as the maxi-
mum likelihood method assuming a Gaussian shape for 
the likelihood function. The effect of the finite noise is 
eliminated by employing an extended form of the MUSIC 
algorithm (Schmidt 1986) and coupling it to the wave 
telescope projection. The MSR method was developed 
particularly for studying waves and turbulence using 
four-point magnetic field data and makes extensive use of 
the 12-by-12 covariance matrix (three components of the 
magnetic field measured at four spacecraft) by combining 
the minimum variance projection with the MUSIC algo-
rithm. The MSR technique is based on the assumption 
that the measured fluctuations represent a set of plane 
waves (both coherent and incoherent wave components) 
and that the fluctuations contain small-amplitude iso-
tropic noise. The energy spectrum is obtained as a func-
tion of spacecraft-frame frequencies and wavevectors. 
The 12-by-12 matrix is from the magnetic field measure-
ments. Therefore, electrostatic fluctuations cannot be 
studied, which is a weakness. However, degeneration due 
to the multiple waves at one frequency does not apply 
here because the 12-by-12 matrix (which is determined 
in the frequency domain) is projected onto the 3-D 
wavevector domain, which is a strength of the method.

The multi-point turbulence analysis includes three 
methods: (1) energy spectrum in the wavevector–fre-
quency domain, (2) dispersion relation diagram (wave-
number dependence of frequencies and propagation 
angles), and (3) phase speed diagram for coherent wave 
components. The spectral analysis (method 1) uses both 
coherent and incoherent wave components, and the 
wavenumber dependence and the phase speed analyses 
(methods 2 and 3, respectively) use the coherent wave 
components. Here, the coherent wave components are 
defined as fluctuations for local peaks of the energy spec-
trum in the three-dimensional wavevector domain, and 
the incoherent components as the other fluctuations. For 
example, Fig.  4 shows a reduced spectrum obtained by 
selecting the maximum fluctuation energy over the solid 
angles as a function of the wavenumbers (or wavevector 

magnitudes) at a frequency of 6.1× 10−2 Hz. The peak 
wavenumber of the reduced spectrum is regarded as a 
coherent wave component and is registered into the data-
base for the coherent wave analysis.

Energy spectrum
The spectrum estimated by the MSR algorithm is an 
energy distribution in the four-dimensional spectral 
domain (as a function of the frequencies and the three 
components of the wavevectors). The spectrum is visu-
alized in two different ways to reduce onto two-dimen-
sional spectra. First, the spectrum is reduced by slicing 
along the sunward, the dawn-to-dusk, and the northward 
directions in the GSE (geocentric-solar-ecliptic) system 
as a function of the wavevector components and the fre-
quencies (top panels in Fig. 5), which is suited to test for 
the wavenumber–frequency dependence in search of an 
organization like dispersion relations. Most of the fluc-
tuation energy is limited to low frequencies irrespective 
of the wavevectors (below 0.05�p, where �p denotes the 
proton gyro-frequency). Second, the spectrum is inte-
grated over the frequencies to obtain the spectrum in 
the three-dimensional wavevector domain (bottom pan-
els in Fig. 5). The fluctuation energy peaks in the positive 
z direction, indicating that the fluctuations propagate 
toward the center of the plasma sheet (northward propa-
gation in the southern outer sheet) with a moderate incli-
nation to sunward and duskward.

The spectrum is also visualized in the mean-field-
aligned (MFA) system in Fig. 6, spanning the mean mag-
netic field direction (the parallel direction) and the flow 
direction (in the perpendicular-1 and parallel plane) in 
the same panel style as Fig.  5. Again, there is no clear 
organization in the wavenumber–frequency diagram (top 
panels). The wavevector spectrum in the MFA coordinate 
system indicates that a large amount of the fluctuation 

Fig. 4  Energy spectrum in the wavenumber (the magnitude of the 
wavevector) domain obtained by the MSR technique at a spacecraft-
frame frequency of 0.0611 Hz. The maximum energy over the 
wavevector shell |�k| is plotted
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energy is associated with the wavevectors that are mark-
edly perpendicular to the mean magnetic field and in the 
nearly streamwise sense (in the perpendicular-1 direc-
tion). It is interesting to observe that the gyrotropy (axial 
symmetry around the mean magnetic field) is broken. 
The spectral energy shows an extension in the oblique 
direction from the flow direction. This direction happens 

to be the sunward and northward (toward the center of 
the plasma sheet) in the GSE coordinate representation 
(see Fig. 5).

The interpretation of the perpendicular extension of 
the wave energy spectrum as an erroneous estimate of 
the wave propagation direction due to the group speed 
interference as discussed in the chorus wave study (Gold-
stein and Tsurutani 1984) is worthwhile for further stud-
ies involving multi-point measurement techniques, since 
neither MSR nor the method by Goldstein and Tsurutani 
(1984) assumes one wave at one frequency and can iden-
tify individual wave vectors by modeling the measured 
fluctuations as a set of unspecified discrete waves and 
isotropic noise at each frequency.

Dispersion relation diagram
To further verify the existence of the linear wave modes, 
the coherent wave components are studied using the dis-
persion relation diagram and the phase speed diagram 
for comparison with the MHD linear-mode waves. The 
dispersion relation diagram presents the distribution of 
frequencies and the wavevector angles from the mean 
magnetic field for the local spectral peaks as a function 
of the wavenumbers (Fig. 7). The dotted line in the wave-
number–frequency diagram (top panel) represents a ref-
erence dispersion relation. Field-aligned Alfvén waves 
with the relation ω = kVA are taken for the reference dis-
persion relation. The Alfvén speed is estimated around 
VA = 1390.6 km/s. The Doppler shift (which is at most 
a few hundreds of km/s, see Fig. 2) is not significant as 
the flow speed is sufficiently below the Alfvén speed. The 
coherent waves show both higher and lower frequencies 
than that of the Alfvén waves (on the reference disper-
sion relation in the top panel), and the wavevector angles 

Fig. 5  Four-dimensional magnetic energy spectrum projected 
onto three planes spanning the wavevector components and the 
spacecraft-frame frequencies in the GSE coordinate system by aver-
aging over the wavevector components orthogonal to the planes 
(top panels), and that projected onto the three wavevector planes by 
integrating over the frequencies and averaging over the wavevector 
components. The wavevectors and the frequencies are normalized to 
the ion inertial length and the proton gyro-frequency, respectively

Fig. 6  Four-dimensional energy spectrum in the mean-field-aligned 
(MFA) coordinate system spanning the mean magnetic field (the 
parallel direction) and the two perpendicular directions to the mean 
field (of which the perpendicular-1 is the closest to the mean flow 
direction) in the same format as in Fig. 5.

Fig. 7  Distribution of the local energy peaks in the Fourier domain 
spanning the wavevector magnitudes and the spacecraft frequencies 
(top) and distribution of the wavevector directions from the large-
scale magnetic field (bottom). The dotted line indicates the dispersion 
relation with a slope of the Alfvén speed, VA = 1390.6 km/s
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are broadly distributed including quasi-parallel, oblique, 
quasi-perpendicular, and quasi-anti-parallel directions 
with respect to the mean magnetic field (bottom panel).

It is unlikely that kinetic modes are present besides 
MHD modes because even kinetic modes show a sys-
tematic organization of the wave data in the dispersion 
relation diagram. For quasi-perpendicular wavevectors 
(with respect to the mean magnetic field), the candidate 
kinetic-wave modes for a Maxwellian velocity distribu-
tion function on the spatial scales of interest (20 % of ion 
inertial wavenumber) are only whistlers and ion Bern-
stein modes (both of which become the fast magneto-
sonic mode in MHD), kinetic Alfvén (which becomes the 
obliquely propagating Alfvén mode in MHD), and kinetic 
slow modes (which becomes the slow mode in MHD). 
Another possibility that the beam resonant mode might 
exist is again unlikely because the beam resonant mode 
has a quasi-parallel propagation.

Phase speed diagram
The phase speed diagram is presented in Fig. 8. The phase 
speeds of the detected coherent waves are determined 
using the frequencies and the wavevectors as a vectorial 
quantity as �vph = ω

k

�k
k
, where k = |�k|, and are projected 

onto a two-dimensional plane spanning the phase speeds 
parallel and perpendicular to the mean magnetic field by 
multiplying the sign of the sine of the azimuthal angle 
measured from the projection of the flow direction onto 
the perpendicular plane (in the direction to (�B× �U)× �B ) 
as

where sgn(sin φ) = sin φ/| sin φ|. In other words, posi-
tive and negative values in vph⊥ have the sense of the flow 
direction and its opposite direction, respectively. The 
phase speeds are normalized to the Alfvén speed. The 
diagram is compared with the phase speeds of the Alfvén 
mode (the inner circles in gray) and the fast magnetosonic 
mode (the outer circle in gray). The phase speeds of the 
coherent waves do not agree with that of the MHD linear-
mode waves. Both the directions and the magnitudes of 
the phase speeds are broadly distributed. A reasonably 
good agreement with the MHD linear-mode can be found 
only for the coherent waves with small phase speeds 
(below the Alfvén speed) propagating in quasi-perpendic-
ular directions to the mean magnetic field. Errors in the 
phase speed estimate mostly come from the flow velocity 
fluctuations, which causes Doppler shift and broadening 
of frequencies (shown as a cross at the bottom right cor-
ner in Fig.  8). The errors are not significant because the 
flow velocities are well below the Alfvén speed. The phase 
speed diagram indicates that the coherent wave compo-
nents contain both linear-mode fluctuations and nonlin-
ear ones appearing as sideband or nonlinear waves.

Conclusion and discussion
The picture of linear modes does not hold even if the 
amplitude appears to be sufficiently small, δB/B0 ≃ 1/16 . 
Rather, turbulent fluctuations in magnetohydrodynam-
ics should be regarded as a set sideband waves that have 
frequencies off from the linear modes. For incoherent 
waves, the energy spectrum is anisotropic and exhib-
its an extension in the quasi-perpendicular direction to 
the large-scale magnetic field. The axial symmetry of the 
energy spectrum around the large-scale field is broken, 
and the spectrum is extended in the direction from the 
southern lobe to the plasma sheet center (Fig.  9). The 
fluctuation energy is large at very low frequencies and 

(1)(vph�, vph⊥) = (vph cos θ , vph sin θ sgn(sin φ)).

Fig. 8  Phase speed diagram of the observed fluctuations as a func-
tion of the phase speeds parallel (the vertical axis) and perpendicular 
(the horizontal axis) to the large-scale magnetic field. The phase 
speeds are normalized to the Alfvén speed. The gray curves indicate 
the phase speeds of the Alfvén mode (inner circles) and the fast most 
(outer circle). The error bars are shown at the bottom right corner, repre-
senting the flow speed variation

Fig. 9  Schematic view of MHD turbulence with sideband waves 
propagating toward the center of plasma sheet in the magnetotail
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decays monotonously toward higher frequencies irre-
spective of the wavevector directions. The spectrum 
in the wavenumber–frequency domain shows no clear 
organization of dispersion relation. Perhaps the distinct 
linear modes may exist near the source and they have 
decayed into turbulence before observed by Cluster. 
However, this statement remains only speculative.

For coherent waves, the dispersion relation diagram 
and the phase speed diagram do not show a positive 
evidence for the existence of the linear modes in mag-
netohydrodynamics. The wavevector distribution is 
nearly isotropic and the average phase speed is of the 
order of the Alfvén speed. Yet, there is a weak indication 
of the linear MHD modes in the quasi-perpendicular 
directions.

It is worth noting that there are many possibilities for a 
Kolmogorov-type spectrum, e.g., eddies splitting, Alfvén 
wave scattering when combined with the critical bal-
ance model (Goldreich and Sridhar 1995; Tsurutani et al. 
1995). Kinetic-wave mode interpretation is in principle 
possible, but kinetic-wave modes such as whistler and 
beam resonant modes appear as particularly clear disper-
sion branches (Narita et al. 2003), which is not the case in 
the obtained results. Also, the spatial scales of the wave 
observation are below the ion kinetic one. However, a 
solid answer needs a further study involving full kinetic 
instability analysis with a proper measurement of velocity 
distribution functions such as a bump-on-tail shape.

Appearance of higher frequencies than that of the lin-
ear modes can be interpreted as cascading three or mul-
tiple wave interactions using the matching conditions 
for frequencies (ω1 + ω2 = ω3 + · · ·) and wavevectors 
(�k1 + �k2 = �k3 + · · ·) in a perturbation way. For example, 
one may construct a scenario such that a forward-prop-
agating Alfvén wave (e.g., with respect to the large-scale 
magnetic field) interacts with a backward propagating 
slow mode, generating sideband waves at a low wave-
number and a higher frequency. This type of interaction 
explains the fluctuations at higher frequencies. One may 
also couple the Alfvén wave with the zero-frequency 
mode (which represents a standing wave) to generate the 
sideband waves at low frequencies and high wavenum-
bers. The sideband waves cannot survive for a long time, 
but can interact with the other wave components (both 
linear-mode and sideband waves) within the lifetime to 
generate sideband waves even at higher frequencies or 
wavenumbers. Such wave nonlinearities or wave–wave 
couplings can be tested using higher-order statistics such 
as bispectrum for three-wave interactions. Fortunately, 
the bispectral method is applicable in both the frequency 
and the wavevector domain using the four-spacecraft 
data and will be a target of intensive studies to reveal the 
detailed fluctuation processes in MHD turbulence.

Three-wave resonance has in fact been observed par-
tially. For example, the frequency matching was suc-
cessfully tested by Spangler et al. (1997), and the parallel 
wavenumber matching has also successfully been tested 
by Narita et  al. (2008). On the other hand, in most of 
observations, wave–wave coupling process has not been 
observed in space plasmas probably because the plasma 
does not have enough time to develop into turbulence 
through wave–wave couplings (Tsurutani et  al. 1997). 
Determination of the wave helicity will help to uniquely 
identify the type of wave–wave coupling. The wave heli-
city is measurable using four-point magnetic field data 
(Narita et  al. 2009). A search for simultaneous match-
ing of both frequencies and wavevectors is an important 
subject and still needs to be done, which requires a more 
sophisticated analysis method using multi-spacecraft 
data.

A possible scenario is that sideband wave formation 
plays an important role in MHD turbulence and is moti-
vated by the recent observational confirmation about 
the existence of sideband waves adjacent to the linear-
mode branch in solar wind turbulence (Perschke et  al. 
2013, 2014) Energy transport in the frequency domain 
represents generation of sideband waves. For quasi-per-
pendicular propagations, the fast mode has finite fre-
quencies, while the other two MHD wave modes, Alfvèn 
and slow, have zero frequency. Sideband waves develop in 
such a way that the energy stored along the linear-mode 
branches flows toward sideband waves. The wave study 
shown in this manuscript indicates that it is unlikely to 
excite sideband waves toward higher frequencies. The 
energy transport in the frequency domain is slower than 
the transport in the wavenumber domain. Therefore, 
most of the fluctuation energies is constrained to lower 
frequencies, e.g., up to the frequencies of the fast mode. 
The sideband formation influences the wavevector ani-
sotropy, as well. The observational result that most of the 
fluctuation energies are associated with quasi-perpendic-
ular wavevectors to the mean magnetic field indicates a 
scenario that the sideband wave formation is not an iso-
tropic process but anisotropic, presumably because the 
zero-frequency or nearly zero-frequency mode as real-
ized by the perpendicular wavevector limit of the Alfvén 
and the slow modes are more essential in MHD turbu-
lence. The wave evolution scenario into turbulence is 
illustrated in Fig. 10.

It is also important to estimate turbulent transports 
such as the turbulent magnetic diffusivity, evaluation of 
timescale as well as the energy spectra (in the wavevec-
tor domain) from the observations. Yet, to the author’s 
knowledge, there is no established method available 
to directly determine the diffusivity or timescale. For 
example, the wavevector anisotropy or the shape of the 
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wavevector spectrum for MHD turbulence is still one of 
the actively studied topics, e.g., Narita (2015). Such a task 
requires a construction of a proper model (called the esti-
mator) to derive the physically relevant quantities from 
the observation and will be a subject of intensity study.
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