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Abstract

In this research, a new numerical method, called the hybrid finite difference—finite element (hybrid FD-FE) method,

is developed to solve 2-D magnetotelluric modeling by taking advantage of both the finite difference (FD) and finite
element (FE) methods. With the hybrid FD-FE method, the model is first discretized as rectangular blocks and sepa-
rated into two zones: the FD and FE zones. The FD zone is set for the subregions where topography or bathymetry
does not appear. The FD approximation, which is fast, accurate and requires less memory resources, is then applied.
For the FE zones where topography or bathymetry exists, the rectangular blocks are transformed into quadrilateral
elements to handle the topography or bathymetry appropriately. Then, the FE approximation with quadrilateral ele-
ments, which is more accurate for topography or bathymetry zones, is applied. The system of equations for the hybrid
FD-FE method is then formed according to the FD and FE schemes. The obtained system is a combination of the FD
and FE equations. Three numerical methods are applied to test models with and without topography and bathymetry.
The accuracy and efficiency in terms of errors, computational time and memory storage are presented, compared and
discussed. The numerical experiments indicate that the FD scheme has a shorter computational time than the other
schemes when modeling without topography and retains accuracy equivalent to that of the FE method, whereas FE
is more practical when modeling with topography and bathymetry. However, our proposed hybrid FD-FE method

is efficient in both situations. Without topography or bathymetry, its efficiency and accuracy approach those of the

FD scheme. With topography and bathymetry, the hybrid FD-FE method is as accurate as FE, but its speed is slightly
slower than that of FD. In terms of memory storage, the hybrid FD-FE method consumes slightly more storage than
the FD method. This hybrid FD-FE method can be further extended and implemented for 3-D magnetotelluric mod-

eling for more efficient computation.
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Introduction

Topography or bathymetry zones may be encoun-
tered during magnetotelluric surveys. These zones
can affect the apparent resistivity and phase obtained
from two-dimensional magnetotelluric (MT) surveys
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and indicate if changes were made.

(Schwalenberg and Edwards 2004; Wannamaker et al.
1986). On land, a ridge causes a low apparent resistiv-
ity zone beneath it, whereas its foothill causes a high
resistivity zone. These effects are observed in the trans-
verse electric (E-polarization) and transverse magnetic
(H-polarization) modes. However, the effects of a ridge
on the apparent resistivity are greater for E-polarization
than for H-polarization. The effects of the ridge on the
phase are similar to the effects on the apparent resistivity
for both E- and H-polarizations. Furthermore, the effects
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of a ridge also depend on the period of the EM field to be
considered. The effects of a ridge are greater in a short
period and reduced for longer periods. The effect of a val-
ley on land is opposite that of a ridge. Beneath the sea,
the effects of ridges and valleys on the responses calcu-
lated for both the E- and H-polarizations are the con-
verse of those calculated on land. These effects can result
in misleading interpretations but can be corrected with
some techniques (Baba and Chave 2005; Matsuno et al.
2007; Nam et al. 2008; Singer 1992). These techniques
are approximations and yield numerical errors. There-
fore, the appropriate incorporation of topography and
bathymetry with less consumption of memory storage
and computation time during modeling is necessary to
avoid these artifacts and to enable efficient forward mod-
eling for the inversion process.

Finite difference (FD) and finite element (FE) methods
are mostly developed and applied as the main process of
forward calculation for 2-D and 3-D inversions (Egbert
and Kelbert 2012; Franke et al. 2007; Key and Weiss 2006;
Kordy et al. 20164, b; Lee et al. 2009; Mackie et al. 1993;
Nam et al. 2007; Ren et al. 2013; Sarakorn 2017; Sharma
and Kaikkonen 1998; Siripunvaraporn et al. 2002; Usui
2015; Usui et al. 2017, 2018; Wannamaker et al. 1986,
1987). The FD method is accurate for simple modeling
and, because of the limitation of the structured rectan-
gular mesh, consumes less memory storage and com-
putation time. The FE method is accurate for real-world
complex modeling, especially topography and bathym-
etry, because of the greater flexibility of mesh schemes
(Franke et al. 2007; Grayver and Kolev 2015; Grayver
2015; Key and Weiss 2006; Kordy et al. 20164, b; Lee et al.
2009; Nam et al. 2007; Ren et al. 2013; Sarakorn 2017;
Sharma and Kaikkonen 1998; Usui 2015; Usui et al. 2017,
2018; Wannamaker et al. 1986, 1987). However, the dis-
advantages of FE are greater consumption of memory
storage and longer computation time. Thus, combining
these two methods to exploit their advantages for solving
magnetotelluric modeling is of interest and a challenge.

In this paper, we present a hybrid finite difference—
finite element method (or hybrid FD—FE method, abbre-
viated HB) to incorporate topography and bathymetry for
2-D magnetotelluric modeling. The rectangular blocks
around the topography (or bathymetry) zone are trans-
formed to quadrilateral elements to perform FE approxi-
mation, whereas the FD approximation is performed
outside. The system of equations for the hybrid FD-FE
method is a combination of the FD and FE systems of
equations. FE is mostly used only around the topogra-
phy zone. Otherwise, the FD method is applied, and the
hybrid FD-FE system of equations is, therefore, closer to
the FD system of equations. For the same mesh, the com-
putational time of hybrid FD-FE is, thus, closer to that of
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ED, whereas the accuracy of the hybrid FD—FE method is
the same as that of FE.

Within the scope of this work, we begin by review-
ing the 2-D magnetotelluric governing equation. Then,
the processes of the common FD and FE methods are
described, and a theoretical comparison of these methods
is discussed. Next, the compatibility conditions between
the FD and FE methods are confirmed to construct the
hybrid FD-FE scheme. Then, the main concept of the
hybrid FD-FE method for 2-D magnetotelluric forward
modeling is introduced and explained in detail, and the
validity of the hybrid method is confirmed with numeri-
cal experiments. Here, the simple automatic mesh algo-
rithm used for these experiments is introduced. Next,
the accuracy in terms of relative errors and efficiency in
terms of computation time and consumption of memory
resources of the hybrid FD-FE method on both nontopo-
graphic or nonbathymetric models and topographic or
bathymetric models are presented and discussed in com-
parison with those of the common FD and FE methods.
Finally, some conclusions and important remarks are
given.

Two-dimensional magnetotelluric modeling
Governing equations

For MT modeling, the natural electromagnetic (EM)
wave usually acts as a plane wave and harmonic diffu-
sion. In addition, the displacement currents are neglected
and the time-dependent e ! is assumed, where  is time
and w is an angular frequency (w = 27 /T, T is a period).
Assuming a strike direction that parallels the x- direc-
tion, i.e., p = p(y,2), the governing equation, in general
form, is given by

3/ 9\ 9 [ 9o B

The coefficients a and b and the variable ¢ are notations
that depend on the two polarizations:

¢=E, a=1 b=iou/p

(2)

E-polarization:

H-polarization: ¢ =H,, a=p, b=iovug,

(3)

where E, and H, are the electric and magnetic fields in
the x-direction, respectively, and ¢ is the magnetic per-
meability in free space (Vs/Am). The bounded region D
is defined by D=D; UDyUT" U rint where Dy is the
air subregion, D, is the earth subregion, I" is the outer
boundary and I''™ is the air—earth interface, where the
electrical conductivity p is discontinuous. An exam-
ple of domain D with terrain is shown in Fig. 1 (top).
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The governing equation (1) is subjected to the Dirichlet
boundary conditions

¢ =¢o(y,z) on I, (4)

where ¢ (y, z) is approximated by solving the one-dimen-
sional MT modeling. The solution to (1) can be treated
using analytical methods if the D, or earth subdomain
includes some simple subregions such as halfspace,
horizontal layered, simple topography and bathymetry
interfaces (Schwalenberg and Edwards 2004). However,
numerical methods are practical and appropriate when
some complex subregions and irregular interfaces appear
in the model.

Hybrid finite difference-finite element method
Finite difference method

The FD method is a well-known numerical scheme that
is used to approximate the solution of partial differential
equations by estimating some derivative terms in the dis-
crete difference equations. To briefly describe the pro-
cedure of the FD scheme for treating (1), let us consider
a given resistivity model with some terrains, shown in
Fig. 1 (top). For the first step, the given continuous model
is discretized or meshed into rectangular blocks. With
the limitation of rectangular grids, some topography or
bathymetry appearing in the model with slope cannot
be handled perfectly. Consequently, some slopes need to
be truncated into many steps. The discretized model is
shown in Fig. 1 (left bottom). Then, the governing equa-
tion in (1) is transformed to the difference equations, and
its derivative terms are approximated by using the central
difference. The obtained difference equation at node (i, j)
is given by

ALGij1 + Alpior; + Aldij + Abirr + Ajdiji1 =0,
(5)

where A?, AZ, AZ and Ag are the coefficients between
the central node (i, j) and the top node (i,j — 1), left
node (i —1,/), right node (i +1,j) and bottom node
(i,j + 1), respectively. The remaining coefficient A% is a
self-coefficient at node (i, j). Note that these coefficients
are expressed in terms of block sizes and block resistiv-
ity. Finally, applying the Dirichlet boundary conditions
obtained by solving the 1-D problem, rearranging and
grouping all coefficients in (5) together, the obtained sys-
tem of equations is given by

Ad =s, (6)

where the coefficient matrix A is sparse, symmetric and
contains five bands with complex number coefficients
but is not Hermitian. ® is the unknown interior field vec-
tor, and s is a source vector. Equation (6) can be solved
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by either a direct or iterative solver. Here, we use the
direct solver for a sparse matrix in MATLAB to obtain
the solution to (6). Finally, the MT responses including
impedances, apparent resistivity and phases at each site
for each EM period are calculated by

E-polarization: Z,, = ﬁ, Pxy = i|Z¢cy|2,
Hy wp
Ory = arg(Zyy), (7)
H-polarization: ~ Z, = ﬂ, Pyx = ilzyx|2,
Hx ol
Dyx = arg(Zyx). (8)

Quadrilateral element-based finite element method

In addition to the FD approach, the FE scheme is a pow-
erful numerical method that is used to approximate the
solution of boundary-valued problems of partial differen-
tial equations. Similar to the FD method, the FE method
begins with meshing. In contrast to the FD method, the
mesh algorithm for FE approximation is not restricted
to only a rectangular mesh. A resistivity model can be
meshed into either triangular or quadrilateral elements.
Furthermore, the pattern of mesh can be designed
as structured and unstructured meshes. With these
enhanced features, the discrete model can handle some
topography, bathymetry and irregular subregions inside
the model more appropriately. This work focuses on the
FE method with quadrilateral elements. An example of a
quadrilateral mesh is illustrated in Fig. 2 (left). Next, the
approximated solution ¢ to (1) for each quadrilateral ele-
ment is expressed as a linear combination of four basis
functions and unknowns at four nodes. Applying the
weighted residual Galerkin’s method to (1), integrating
the resulting weight function over the whole domain and
setting to zeros, and simplifying this for each element
(4, /) and its neighbor, we obtain the discrete equation

Bl $i1j-1+ Blrdij-1 + Bhrbis1j-1 + Bl i1, + Bliy
+ Bi$is1) + B]gbi—141 + Blpbijr1 + BRgbit1 1 =( 0),
9

where B, Bl-r, By, B}, By, Bl g, Blg, and Kpp are the
coefficients between the center node (i, j) and left-top
node (i —1,j — 1), center-top (i,j — 1), right-top node
(i +1,j — 1), left-center node (i — 1,j), right-center node
(i+1,j), left-bottom node (i—1,j+ 1), center-bot-
tom node (i,j + 1) and right-bottom node (i +1,j + 1),
respectively, and Blé is a self-coefficient. As with the FD
approach, these coefficients are all expressed in terms
of element size and element resistivity. For the last step,
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four neighbor nodes is demonstrated (right bottom)

Fig. 1 The resistivity model with terrain (top). The discrete model with rectangular blocks (left bottom). The approximation of field ¢ by using the

$i j—1 ‘

Pi-1,j-1

™ ¢ ~i+l,j

applying Dirichlet boundary conditions and assembling
coefficients and unknowns, the obtained system of equa-
tions is given by

B® =s. (10)

The coefficient matrix B is large, sparse and symmet-
ric and contains nine bands with complex number but
is not Hermitian. ® is the unknown vector, and s is the
source vector corresponding to the boundary conditions.
As with FD, the direct solver in MATLAB is also used to
solve (10). Then, the impedances, apparent resistivity and
phases are finally computed at each site.

Theoretical comparison of the FD and FE methods

As shown in Figs. 1 and 2, both the FD and quadrilat-
eral-based FE methods define electric (magnetic) fields
at each node with the same coordinates. Then, the num-
bers of unknowns ¢ generated by the FE and FD methods

are, therefore, identical when their meshes are the same.
Furthermore, the coefficient matrices A and B have the
same dimension. However, the matrix A has only five
bands, whereas the matrix B has nine, and the number
of nonzero coefficients of A is, therefore, less than that of
B. Thus, the FD method requires less memory resources
than the FE method. In addition, the calculation time
required by the direct solver in MATLAB to solve (6) is
expected to be less than that for (10).

Concept of the hybrid method

In many previous works, the solutions to (1) obtained
by the FD and FE schemes are not very different when
the models do not include topography and bathymetry.
However, when topography or bathymetry appears in the
model, the FE scheme with relaxed elements, i.e., trian-
gular or quadrilateral elements, is more suitable for han-
dling an interface with topography or bathymetry than
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Fig. 2 The discretized model with quadrilateral elements (left). The approximation of field ¢ by using the eight neighbor nodes is demonstrated

(right)

] |
e ¥
I~ /
$i-1,500 i, i+1,4-1
Pi-15-1 | Pij-1

i,

the rectangular blocks of the FD scheme. This advantage
can be seen in Fig. 2. The FE method may be more accu-
rate than FD. Evidence in support of this advantage has
been provided by 2-D resistivity modeling (Erdogan et al.
2008). For these reasons, it is interesting and challenging
to introduce a hybrid FD-FE method that can combine
the advantages of the FD and quadrilateral element-based
FE methods while avoiding their deficiencies. Hybrid
FD-FE approaches are not new and have been proposed
and applied to solve various science and geoscience prob-
lems. Evidence of their applications can be found in elas-
tic wave modeling (Galis et al. 2008; Jianfeng and Tielin
2002), hydrology (Simpson and Clement 2003) and direct
current resistivity modeling (Vachiratienchai et al. 2010).

Usually, the dimensions of the systems of equations gen-
erated for the same discrete model by the FD and FE meth-
ods are identical. The obtained approximated solutions at
each node should be similar. There is some evidence that
the FE and FD methods provide similar discrete approxi-
mate solutions when applied to the same mesh (Zienkie-
wicz and Cheung 1965), supporting the construction of
a hybrid method. If there are greater differences between
the two approximations, then a hybrid method will require
a transition zone from FE to FD or vice versa to ensure
validity during modeling (Galis et al. 2008).

In this work, the hybrid FD-FE method is constructed
to solve 2-D magnetotelluric modeling without any tran-
sition zone. For the application of the hybrid FD-FE
method to 2-D direct current resistivity modeling (Vachi-
ratienchai et al. 2010), the FD approach with rectangles
and FE approach with right triangles are compared.
The right triangles are applied on the interface where
the topography is included. The hybrid FD—FE method

provides good accuracy when the angle of the triangle or
slope of the topography does not exceed 75°. For large-
scale MT modeling, some steep terrain may appear in the
model. A hybrid FD-FE approach with such a composi-
tion may cause and increase numerical errors. To avoid
and prevent unpredictable errors, the hybrid FD-FE
method with a conformal shape is used.

In this work, the construction of the hybrid FD-FE
method begins by separating a given model into FD
and FE zones. As shown in Fig. 3 (left), some FE zones
are set for any topographic and bathymetric zones and
optimized. Note that separated multiple FE zones can be
allowed during modeling. By contrast, the FD zone is set
in a simple or flat zone where topography and bathym-
etry do not exist. Next, the initial mesh with rectangular
blocks is generated and applied in the FD zones. Then,
the rectangular blocks located in the FE zones are relaxed
to the quadrilateral shapes to handle topography and
bathymetry appropriately. Examples of meshes for the FD
and FE zones are shown in Fig. 3 (right). Note that the
number of quadrilateral elements in the FE zone is equal
to the initial number of rectangular blocks.

The FE and FD approximations are derived indepen-
dently for their zones. Thus, the linear combination of
(6) and (10) forms the single system of equations for the
hybrid FD—FE method:

(@A + B)p =,

where a and f are the diagonal matrices such that

1
aiiz{o

(11)

ifnode i islocated in the FD zone,
otherwise,
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FD zone

whereas rectangular blocks are used for the FD zone

Fig. 3 The model with setting of the FD and FE zones (left). The FE zone is set and optimized for the terrain zone (light green), whereas the FD
zone is set for the simple zone without terrain. Design of the mesh of the FD and FE zones (right). Quadrilateral elements are used for the FE zone,

and

ﬂii={(1)

Note that the system of equations derived by the hybrid
FD-FE method in (11) is not symmetric. Note that if
the FE zone is not inserted into the model, the system
(11) is reduced and becomes (6). An example of a spar-
sity pattern resulting from the hybrid FD-FE method is
shown in Fig. 4. For this case, the domain is discretized
into 1378 nodes, and some FE zones are inserted into the
model. Similar to the common FD and FE schemes, the
direct solver in MATLAB is also used to solve (11). Con-
sequently, the MT responses are estimated for each site.

ifnodeiislocated in the FE zone,
otherwise.

Numerical experiments

In this section, numerical experiments are designed to
investigate the accuracy and efficiency of the hybrid FD—
FE method. Experiments are performed on both non-
topographic and topographic models. The two-layered
model is used for the nontopographic case. The topo-
graphic and bathymetric models including two models,
land topographic and bathymetry models are selected as
the case studies.

For each model, the mesh algorithm, which is the first
process and plays an important role in both the accuracy
and efficiency of the three numerical methods, needs to
be considered. If the mesh generation generates a mesh
with many nodes, then good accuracy is obtained, but
the efficiency is worse because it requires more memory

resources, such as for storing mesh data and nonzero
coefficients in coefficient matrices. Furthermore, more
operations are required during the formation and solu-
tion of the system of equations. In this work, the mesh
algorithm used to generate the discrete model for the
three numerical methods is a simple nonuniform rectan-
gular mesh. For the case where topography or bathym-
etry exists in the model, the generated rectangular mesh
inside those subregions is transformed into the quadri-
lateral mesh to handle topography or bathymetry. This
transformation is only required for the FE and hybrid
FD-FE methods. To generate the mesh, the lengths of the
edges of consecutive blocks in the y- and z-directions are
automatically generated by

8 =rsi1, (12)

fori=1,2,3,..., where Sg is the initial length, r is the
growth rate and p = y or z. The upper bound of 8’; must
be set to prevent a huge mesh size. If 6{; is greater than
the size of some subregions or the site distance, then it
is divided by an appropriate proportion. Generating the
sequence in (12) for the y- and z-directions transforms
the continuous model into a discrete model with rectan-
gular blocks. Clearly, the parameters in (12) control the
roughness or fineness of the mesh inside the discrete
model and directly affect the number of nodes and rec-
tangular blocks in the domain. Thus, the selection of
these parameters to generate mesh data requires opti-
mization to produce a trade-off between accuracy and
efficiency. When the three numerical methods finish
the task completely, the obtained numerical results are
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Fig. 4 Sparsity pattern in the matrix derived by the hybrid FD-FE method. The cluster of FE nonzeros is inserted in the coefficient matrix

presented, compared and discussed. Note that the com-
puting tool used for executing FD, FE and hybrid FD-FE
codes in all experiments is a MacBook Pro with CPU 2.3
GHz Core i5 and RAM 8 GB.

Nontopographic model

The two-layered model illustrated in Fig. 5 is used as an
example for nontopographic case. It is supposed that
the resistivity model includes two layers. The thickness
of the top layer is 1 km, and its resistivity is assumed to
be 100 ohm-m. For the bottom layer, its thickness and

resistivity are assumed to be 99 km and 1 ohm-m, respec-
tively. The size of the model is set as 50 km x 100 km.
The total number of sites used to calculate the appar-
ent resistivity and phase is 11 sites and those lie on the
flat air—earth interface with an equal distance of 2 km.
The locations of the sites are marked by red triangles.
The periods of the EM field used to test this model are
T = 0.1 and 10 s. For information for mesh generation,
we set the initial mesh size &, = 8¢ = 32,64, and 160 m,
which are approximately 1/50, 1/25 and 1/10 of the short-
est penetration depth of the EM field on the top layer,

Depth (km)

3
-25 -20 -15 -10 -5

100 ohm-m

0 5 10 15 20 25

Fig. 5 The nontopographic model with two layers. The locations of the sites are marked as red triangles
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respectively, and r = 1.1,1.2,1.3,1.4. All this informa-
tion is used for FD, FE and hybrid FD-FE methods. Since
these are nontopographic models, the FE zone is set as
the small subregion that covers all nodes on the flat air—
earth interface that are in range between the first and
last sites. Therefore, the accuracy of the three methods
is only focused in this section. To consider the accuracy
of numerical methods, we measure the relative error (%)
of the apparent resistivity and phases, respectively. The
obtained relative errors of the apparent resistivity (%) are
shown in Fig. 6.

For all cases, the FE method provides the lowest aver-
age relative error, whereas the FD method provides the
highest. The errors of the hybrid FD-FE method are
closer to those of the FD method than the FE method
because the FE zone is very small compared with the FD
zone. The errors calculated by the FE method are approx-
imately 1/3 those of the FD and hybrid FD-FE methods.
The lowest error for each method is observed at 7 = 10s
in the case where r = 1.1, §§ = 32m, in which the mesh
of the model is finest. By contrast, the highest error
for each method occurs at 7 = 0.1s in the case where
r =1.2,8% = 160 m. For fixed r, the error of each method
increases when &7 increases. For fixed &, the error
increases when r increases. Thus, both r and §§ affect the
accuracy of the three methods. However, 80 appears to
play a significantly more important role than the growth
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rate. Next, the relative errors of the phases are considered
and shown in Fig. 7.

The errors of the phases are less than 0.35% and small
compared to those of the apparent resistivity. Similar to
the errors of the apparent resistivity, the FE method is
more accurate than the FD and hybrid FD-FE methods.
The errors obtained by the hybrid FD-FE method are
also more similar to those obtained by the FD than the
FE method. The mesh parameters r and 8§ both still affect
the accuracy of the three methods.

Topographic and bathymetric models

In this section, two more complex and realistic 2-D mod-
els with topography and bathymetry are designed and
used in numerical experiments. The accuracy in terms of
numerical errors is estimated, compared and discussed,
whereas the efficiency in terms of CPU time and con-
sumption of memory resources is collected, compared
and discussed.

Topographic model

The first model with topography is shown in Fig. 8. There
are two irregular anomalies embedded in the 100 ohm-m
halfspace. The first anomaly with 1000 ohm-m is buried
beneath the mountain at left, whereas the second with
1 ohm-m is buried beneath the valley at right. The bases
of these anomalies are at a depth of 3 km. The top of the

T=0.1s
M FD FE HB
~ 7 7 74
X
‘é’ 5.6 5.6 5.6
2 42 42 4.2
'§ 2.8 2.8 2.8
% 1.4 I 1.4 I I 14
Moo H o H 0
r=11 r=12 r=13 r=14 r=1.1 r=12 r=13 r=14 r=1.1 r=12 r=13 r=14
32m. 64 m. 160 m.
T=10s
M FD FE HB
o 1.5 1.5 1.5
<
- 1.2 1.2 1.2
£ 09 0.9 0.9
)
2 06 I 0.6 I 0.6 I
5 03 I 0.3 I 0.3
)
S o M o I
r=11 r=12 r=13 r=11 r=12 r=13 r=1.1 r=12 r=13
32m. 64 m. 160 m.
Fig. 6 Relative errors (%) of apparent resistivity calculated at T = 0.1(top) and 10 s (bottom) for the two-layered model
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T=0.1s
MFD [ FE | HB

~ 0.35 0.35 0.35
X

> 028 0.28 0.28
S

g 021 0.21 0.21
)

2 014 0.14 0.14
S 007 0.07 0.07
) 0 0

r=11 r=12 r=13 r=14 r=1.1 r=12 r=13 r=14 r=11 r=12 r=13 r=14
32 m. 64 m. 160 m.
T=10s
MFD [ FE | HB

~ 02 0.2 0.2
X

o 0.16 0.16 0.16
S

g 012 0.12 0.12
)

4 0.08 0.08 0.08
= 004 0.04 0.04
S — 0 .-.—.-.—.-.l-l 0

r=1.1 r=12 r=13 r=14 r=1.1 r=12 r=13 r=14 r=1.1 r=12 r=13 r=14
32 m. 64 m. 160 m.

Fig. 7 Relative errors (%) of phases calculated at T = 0.1(top) and 10 s (bottom) for the two-layered model

1000 ohm-m 1 ohm-m

Depth (km)

100 ohm-m

-40 -30 -20 -10 0 10 20 30 40
Fig. 8 Topographic model with mountain and valley (top). The sites marked as red triangles lie on the air—earth interface

mountain is 600 m, whereas the deepest part of the val-  over these topographic zones and some surrounding flat
ley is 500 m. The size of the model is set as 100 km x  zones. The periods of the EM field used to calculate the
300 km. The 31 sites with different distances are spread  responses are 7 = 0.1,1,10and 100s.
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To compare the accuracy of the numerical schemes, the
responses calculated by the FE method with a fine mesh
are used as a benchmark. The fine mesh includes 47,952
elements and 48,675 nodes. The hybrid FD-FE and FE
methods use the same mesh with 17,995 elements and
18,352 nodes. The number of FE nodes inserted in the
hybrid FD-FE to cover topographic zone is only 2448,
which is approximately 13% of the total nodes. Therefore,
the number of nonzeros in the coefficient matrix of the
hybrid FD-FE method increases by 9792 nonzeros com-
pared with FD. The mesh for the FD method is quite dif-
ferent from those of the other methods. More refinement
of the mesh is required to handle topography. The total
numbers of rectangular blocks and nodes are 93,625 and
94,336, respectively. The comparison of the responses
calculated for T = 105 is shown in Fig. 9.

The hybrid FD-FE scheme provides responses that
are very close to the benchmark as well as those of the
FE method. For the FD method, some large discrepancies
occur at a few sites, even though a very fine rectangular
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mesh is applied around the topographic zone. The total
CPU times required to finish the task for 4 periods are
shown in Fig. 10.

The hybrid FD-FE approach takes the shortest time
to complete the task for 4 periods, whereas FD takes the
longest time. Note that the FE with fine mesh is excluded
in this comparison. These results indicate that the hybrid
method is more powerful than the FE and FD methods
when topography exists in the model.

Bathymetric model

The bathymetric model is shown in Fig. 11. The base of
the flat seafloor is designed at a depth z = 500 m, and
the resistivity of the sea is set as 0.2 ohm-m. The curve of
bathymetry is designed by mixing Gaussian distribution
functions. There are three types of trenches. The widest
trench is located at left, the narrowest trench is located
near the center, and the middle trench is located at right.
The deepest part of the sea is 1.5 km. For the earth sub-
surface beneath the sea, two anomalies are buried in the
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Fig. 10 The total CPU times required by the FE, HB and FD methods
for the topographic model

100 ohm-m halfspace. The first one is a rectangular block
with 5 ohm-m and a thickness of 500 m that extends
from the center to the left boundary at a depth of 2 km.
The other is a 5 km x 3.5 km rectangular block with 500
ohm-m that is buried at a depth of 2-5 km. The 20 sites
with nonuniform distance are spread over this bathym-
etry and some portions of the flat seafloor. The peri-
ods of the EM field used to calculate the response are
T =0.1,1.0,10and 100s.

To compare the accuracy of the numerical schemes, the
FE method with fine mesh includes 84,018 elements and
84,638 nodes. The hybrid FD-FE and FE methods use
the same mesh with 25,132 elements and 25,461 nodes.
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Note that the vertical mesh in the sea layer is the same
in the three schemes because the penetration depth of
EM in this layer is reduced dramatically and affects the
accuracy of these numerical schemes. The number of FE
nodes inserted in the hybrid method in some parts of the
sea layer and covering the bathymetric zone is approxi-
mately 6273 (approximately 25% of the total nodes). As a
result, the number of nonzeros in the coefficient matrix
of hybrid FD-FE increases, with 25,092 nonzeros. The
mesh for the FD method is still quite different from those
of the other methods. Refinement of the mesh is required
to handle bathymetry. The total numbers of rectangular
blocks and nodes are 104,832 and 105,501, respectively.
The comparison of the responses calculated at 7' = 1 and
10 s is shown in Fig. 12.

The hybrid FD-FE scheme provides responses that are
very close to those of the benchmark as well as those of
the FE method. For the FD method, some large discrep-
ancies occur at many sites, even though a very fine rec-
tangular mesh is applied around the bathymetric zone,
particularly for H-polarization. The total CPU times
required to finish the task for 4 periods are shown in
Fig. 13.

The hybrid FD-FE method still takes the shortest
time to complete the task for 4 periods, whereas the FD
method still takes the longest time. These results also
indicate that the hybrid method is more powerful than
the FE and FD methods when bathymetry exists in the
model.
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Fig. 11 Bathymetric model with mixing of Gaussian distribution functions. The sites marked as red triangles lie on the sea—earth interface
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for the bathymetric model

Conclusions

In this paper, a hybrid FD-FE method is developed. The
common FD method and the FE method with quadrilat-
eral elements are used to construct the hybrid method.
The FD method is applied in areas where topography and

bathymetry do not exist. By contrast, the FE method is
applied around topography and bathymetry zones. The
characteristics of the resulting system of equations of 2-D
magnetotelluric modeling are a combination of those of
the FD and FE methods. The hybrid FD-FE method is
validated and compared to the common FD and FE meth-
ods. The accuracy and efficiency of the hybrid method in
terms of relative errors and memory storage and in terms
of calculation time, respectively, are presented for vari-
ous models, including nontopographic model with two
layers, topographic models and bathymetric models.
For nontopographic models, the efficiency and accuracy
of the hybrid FD-FE method are close to those of the
FD method. For topographic and bathymetric models,
the hybrid FD-FE method can handle topography and
bathymetry appropriately as well as the FE method. Fur-
thermore, the hybrid FD-FE method can provide accu-
racy equivalent to the FE method, but the calculation is
dramatically reduced compared to that of the FE scheme.
By contrast, the FD method provides poor accuracy and
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requires more calculation time even though a mesh with
a huge number of nodes and blocks is used.

Based on these results, the hybrid method may rep-
resent a new, better option for the forward calculation
routine for 2-D magnetotelluric inversion to interpret
real field magnetotelluric data in the future. Note that
the hybrid FD-FE method that has been presented uses
a structured mesh. Some extra mesh refinement can
appear in the projective subregion where topography
or bathymetry exists. This extra mesh refinement will
not appear when an unstructured quadrilateral mesh is
applied in the FE zone instead. The unstructured quad-
rilateral mesh has a local refinement mesh as well as an
unstructured triangular mesh but provides better accu-
racy without adaptive routines (Sarakorn 2017). The size
of the elements around the boundary of the FE zone is
optimized nearly equally. The connected rectangular
blocks in the FD zone then have a conformal shape and
a good edge ratio. Thus, the hybrid method is enhanced
by this feature. However, some procedures, such as mesh
generation and node and element numbering, need to be
revisited and modified. Furthermore, the concept of the
hybrid FD-FE method can be extended and applied to
solve 3-D MT modeling in the future.
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