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Abstract 

Observations of the ionosphere with the airglow, GPS-TEC, and HF radar techniques reveal a resonant response of the 
middle and upper atmosphere to broad-band excitation by earthquakes, volcano eruptions, and convective storms. 
The resonances occur at such frequencies that an atmospheric wave, which is radiated at the ground level and is 
reflected from a turning point in the middle or upper atmosphere, upon return to the ground level satisfies bound-
ary conditions on the ground. Using asymptotic and numerical models of atmospheric waves, this paper investigates 
atmospheric resonances and their excitation by seismic waves and infragravity waves in the ocean. It is found that 
“buoyancy” resonances with periods up to several hours arise in addition to “acoustic” resonances with periods of 
about 3–5 min. The acoustic and buoyancy resonances occur, respectively, on the acoustic and gravity branches of 
the dispersion curve of acoustic-gravity waves. Buoyancy of the atmosphere is important for the resonances of both 
kinds. Acoustic resonances are found to be sensitive to the temperature profile, especially around mesopause and 
tropopause, and are predicted to be a seasonal phenomenon in polar atmosphere. Unlike acoustic resonances, buoy-
ancy resonances exhibit high sensitivity to the wind velocity profile and its variations. The resonances correspond to 
most efficient coupling between the atmosphere and its lower boundary and are promising for detection of such 
coupling.
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Introduction
Atmosphere is known to respond in a resonant way to 
broad-band excitation associated with earthquakes (Shi-
nagawa et  al. 2007; Choosakul et  al. 2009; Saito et  al. 
2011; Rolland et al. 2011; Ogawa et al. 2012; Cahyadi and 
Heki 2014; Jin 2018), volcanic eruptions (Widmer and 
Zürn 1992; Kanamori et al. 1994; Tahira 1995; Zürn and 
Widmer 1996; Watada and Kanamori 2010; Aoyama et al. 
2016; Nakashima et  al. 2016), turbulence in mountain 
regions (Bedard 1978), and severe meteorological events 
such as convective storms (Chimonas and Peltier 1974; 
Jones and Georges 1976; Pilger et al. 2013) and tornados 

(Nishioka et  al. 2013). The resonances are manifested 
as narrow frequency bands of greatly amplified oscilla-
tions and have periods of 3–5  min. Although the reso-
nances are referred to as acoustic resonances, buoyancy 
effects are not negligible at such frequencies (Gossard 
and Hooke 1975; Jones and Georges 1976; Godin 2015). 
In addition to transient responses of the atmosphere to 
an impulsive excitation, acoustic resonances are promi-
nent in long-term averages of the seismic noise spectrum 
(Nishida 2014). Theoretical considerations and observa-
tional evidence indicate that acoustic resonances are also 
present in the solar atmosphere (Taroyan and Erdélyi 
2008; Yuan et  al. 2016). Simultaneous post-earthquake 
observations of sharp peaks in the frequency dependence 
of barometric signals on the ground and magnetic signals 
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due to field-aligned currents in the ionosphere (Iyem-
ori et  al. 2013) provide a direct proof that on Earth the 
atmospheric oscillations in acoustic resonances extend 
from the ground to the upper atmosphere. Most of the 
available experimental data on acoustic resonances origi-
nates from ionosphere sounding with ground-based HF 
radars (Jones and Georges 1976; Bedard 1978; Tahira 
1995; Ogawa et al. 2012), measurements of variations of 
the slant total electron content (TEC) using signals from 
GPS satellites (Choosakul et al. 2009; Rolland et al. 2011; 
Saito et al. 2011; Ogawa et al. 2012; Nishioka et al. 2013; 
Cahyadi and Heki 2014; Aoyama et al. 2016; Nakashima 
et al. 2016; Reddy et al. 2016; Jin 2018; Liu and Jin 2019), 
and measurements of nocturnal airglow emissions (Pilger 
et al. 2013). All these measurements rely on the physical 
processes in the upper and middle atmosphere.

Strong excitation of atmospheric oscillations in the 
1–3  mHz band, which lies below the frequencies of 
acoustic resonances, was observed (Rolland et  al. 2011) 
over Pacific off Japan after the 2011 Tohoku-Oki earth-
quake (Ozawa et al. 2011) and associated with the earth-
quake-generated tsunami. Spectrum of the observed 
atmospheric oscillations lies above the frequency band, 
where most of the tsunami energy was concentrated 
(Heidarzadeh and Satake 2013). We believe that the 
atmospheric oscillations in the 1–3 mHz band observed 
by Rolland et al. (2011) are an expression of a resonance 
or resonances of the atmosphere with frequencies lower 
than those of the acoustic resonances. Another possible 
manifestation of low-frequency atmospheric resonances 
was found (Zabotin et al. 2016) in long-term averages of 
background wave activity in the thermosphere over the 
US East Coast.

Analytic and semi-analytic approaches (Jones and 
Georges 1976; Tahira 1995; Matsumura et  al. 2009) to 
prediction of acoustic resonances often assume verti-
cal propagation of AGWs in the atmosphere and relate 
occurrence of the resonances to waves reaching an alti-
tude, where their frequency equals the acoustic cutoff 
frequency (Gossard and Hooke 1975). Any upward prop-
agating atmospheric wave with a finite speed of propaga-
tion along the ground surface reaches a turning point, 
where it travels horizontally, before reaching the cutoff 
(Hines 1965; Godin 2015). This makes the assumption 
of vertical propagation questionable. Atmospheric reso-
nances also emerge in numerical models of the wave field 
generated by a compact source (Matsumura et  al. 2011, 
2012), particularly in the models that are based on sum-
mation of normal modes of the coupled solid Earth–
ocean–atmosphere system (Lognonné et  al. 1998; Artru 
et al. 2001, 2004; Kobayashi 2007; Watada and Kanamori 
2010; Rolland et  al. 2011). The numerical models, while 
very powerful in many respects, disregard the effect of 

the background wind on waves in the atmosphere and are 
not well suited to study and provide physical insights into 
the influence of geographic and temporal variations of 
the temperature profile and winds in the atmosphere on 
the properties of its resonances.

In this paper, we investigate resonant oscillations of 
the atmosphere from the viewpoint of their excitation by 
extended sources in the solid ground, ocean, or its ice cover. 
The sources are modeled as vibrations of the lower bound-
ary of the atmosphere. We apply the consistent Wentzel–
Kramers–Brillouin (WKB) approximation (Godin 2015) to 
study atmospheric resonances, their geographic and tem-
poral variability, and the atmospheric properties that lead 
to occurrence of the resonances. The asymptotic theory 
is supplemented by direct numerical solution of the wave 
equation when necessary. Using asymptotic and numeri-
cal models of atmospheric waves, we quantify the effects 
of wind velocity and temperature profiles on the properties 
of the atmospheric resonances and relate the amplitudes 
of ground-level excitations and upper atmosphere mani-
festations of the resonances. The analysis is not limited to 
acoustic resonances but extends to lower frequency reso-
nances with periods as long as several hours.

The paper is organized as follows. In “Asymptotic mod-
eling of atmospheric resonances”, the WKB approximation 
for AGWs (Godin 2015) is used to quantify the conditions 
necessary for resonances to occur in a continuously strati-
fied atmosphere with gradually varying temperature and 
wind velocity and to determine the frequency of resonant 
oscillations of the atmosphere excited by waves traveling 
along its lower boundary. Excitation of atmospheric reso-
nances by finite sources is also considered in that section. A 
simple numerical model of excitation of atmospheric oscil-
lations by ground-level vibrations is presented in “Atmos-
pheric resonances at high and mid-latitudes”. The numerical 
approach serves to verify the asymptotic theory and relax 
the assumption of gradual variation of atmospheric param-
eters with altitude. The numeric and asymptotic approaches 
are employed in subsections “Acoustic resonances” and 
“Buoyancy resonances” to investigate atmospheric reso-
nances under mid-latitude and polar conditions, using Wal-
lops Island, Virginia, and McMurdo, Antarctica, as specific 
examples. The choice of locations is motivated by previ-
ously reported long-term observations of wave activity in 
the middle and upper atmosphere at these sites (Chen et al. 
2016; Chen and Chu 2017; Godin et al. 2015; Zabotin et al. 
2016). In “Coupling to infragravity waves in the ocean”, we 
show that certain atmospheric resonances can be readily 
excited by long surface gravity waves in the ocean and that 
such excitation provides a possible explanation of some of 
the previously reported robust features of wave activity in 
the middle and upper atmosphere observed at Wallops 
Island. “Conclusion” summarizes our findings.
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Asymptotic theory of atmospheric resonances
Environmental model and wave description
Consider acoustic-gravity waves (AGWs) in an atmos-
phere with sound speed c, background flow velocity 
(wind) u, and density ρ. The atmosphere is an ideal gas 
with the ratio γ of specific heats at constant pressure and 
constant volume. Introduce a Cartesian coordinate sys-
tem r = (x, y, z) with horizontal coordinates x and y and 
a vertical coordinate z increasing upward. Parameters of 
the atmosphere are assumed to be functions of altitude z. 
The quantity

where g is the apparent acceleration due to gravity, will be 
referred to as the scale height. In the isothermal atmos-
phere, the density decreases with altitude by the factor 
e over the distance h. The lower boundary of the atmos-
phere is located at z = 0 and can represent either solid 
ground, ocean surface, or ice. Because of the large density 
contrast with the air, the boundary is modeled as a rigid 
surface.

We consider linear waves, use complex notation for 
the wave field, and imply the exp(− iωt) dependence on 
time t in monochromatic waves. We assume that waves 
in the atmosphere are generated by wave processes at 
z < 0. Here, the source of waves in the atmosphere is rep-
resented by vibrations of its lower boundary, with vertical 
displacements of the boundary having the dependence 
exp

(

−iω
(

t − x
/

V
))

 on time t and horizontal coordi-
nates. For normal modes, V represents their phase speed. 
AGW boundary conditions require that the vertical 
displacement of air at z = 0 equals that of the boundary 
(Gossard and Hooke 1975; Godin 1997).

AGWs in the atmosphere will be modeled in the WKB 
approximation (Budden and Smith 1976; Godin 2015). 
The approximation represents a systematic asymptotic 
solution of equations of hydrodynamics for linear waves 
and should be distinguished from ad hoc approximations 
(Pitteway and Hines 1965; Einaudi and Hines 1970; Gos-
sard and Hooke 1975; Jones and Georges 1976; Fritts and 
Alexander 2003) using the same name. Lagrangian pres-
sure perturbations in upward- and downward-propagat-
ing waves are given by (Godin 2015)

(1)h = c2
/

γ g ,

(2)

p̃(z) =p̃(0)

√

ρm(0)
(

ω2
d − g2k2

/

ω2
d

)

ρ(0)m
[

ω2
d(0)− g2k2

/

ω2
d(0)

]

× exp (±i[ϕ(z)+ χ(z)]),

Here φ, χ, and m are the phase integral (also referred 
to as eikonal), Berry phase, and vertical component 
of the wave vector, k is the horizontal wave vector, 
ωd = ω − k · u is the intrinsic wave frequency, and

The intrinsic frequency has the meaning of wave fre-
quency in the reference frame moving with the local 
wind. For definiteness, we assume that m > 0 when m2 > 0 
and Im m > 0 when m2 < 0. In upward- and downward-
propagating waves, vertical displacement of fluid parti-
cles is given by

The Lagrangian pressure perturbation (i.e., the pres-
sure perturbation due an AGW in a moving fluid parcel) 
and the Eulerian pressure perturbation p (i.e., the wave-
induced pressure change at a fixed point in space) are 
related by the equation p̃ = p− ρgw (Godin 1997).

The two signs in Eqs.  (2) and (6) refer to waves either 
propagating upward and downward (at an angle to the 
vertical) or evanescent in the direction of increasing or 
decreasing altitude. For positive m2, the wave carries 
energy upward, if the upper sign is chosen in Eqs. (2) and 
(6) when ω2

d > Ω2(i.e., on the acoustic branch of AGWs). 
Lower signs should be chosen when ω2

d < N 2
0  (i.e., on 

the gravity branch of AGWs) (Godin 2015). Here Ω and 
N0 are the acoustic cutoff and smoothed buoyancy, or 
Brunt–Väisälä, frequencies:

From the boundary condition w = 0 at a stationary rigid 
surface z = 0 and Eqs. (1) and (6), it follows that the ratio 
of pressures at the boundary of the downward propagat-
ing wave, p̃i, and in the reflected, upward propagating 
wave, p̃r , is

(3)ϕ(z) =

z
∫

0

m(z1)dz1,

(4)

χ(z) =

z
∫

0

dz1

2m

[

gk2

ω2
d

d

dz1
ln

(

h

ω4
d − g2k2

)

+
1

2h

d

dz1
ln

(

ω4
d − g2k2

ω2
d

)]

.

(5)m2 =
ω2
d

c2
− k2 −

γ 2g2

4c4
+

(γ − 1)g2k2

ω2
dc

2
.

(6)w(z) =
gk2ω−2

d ± im− 1
/

2h
(

ω2
d − g2k2ω−2

d

)

ρ
p̃(z).

(7)Ω =
γ g

2c
, N0 =

√

γ − 1
g

c
, 0 < N0 < Ω .
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where the upper and lower signs correspond to propagat-
ing AGWs on the acoustic and gravity branches, respec-
tively. Reflection coefficient of sound waves at a rigid 
surface is 1 (Brekhovskikh and Godin 1999). Equation (8) 
shows that, unlike sound, AGWs experience a phase shift 
at reflection from a rigid boundary.

In the atmosphere, waves are reflected and switch their 
direction of propagation with respect to vertical at the 
altitude where m = 0. Within the WKB approximation, 
reflection at the turning point is accompanied by π/2 
phase loss (gain) on the acoustic and gravity branches, 
respectively (Godin 2016). Let m(zt) = 0 and m > 0 at 
0 < z < zt. Then, away from the turning point zt, on the 
acoustic branch we have (Godin 2016)

Here A is a constant. On the gravity branch, i should be 
replaced with (− i) in Eq. (9).

Resonance condition
Atmospheric resonances occur when the wave launched 
by ground-level oscillations is reflected in the atmos-
phere, and the superposition of the direct and reflected 
waves satisfies the boundary condition on the rigid 
surface.

Let m2(z) > 0 at 0 < z < zt, i.e., AGWs are propagating 
between the ground level and an elevated turning point. 
Calculating the wave-induced vertical displacement 
using Eqs.  (6) and (9), we find that the boundary condi-
tion at z = 0 is met when

Here n = 1, 2, … The resonance condition (10) applies 
to AGWs on both acoustic and gravity branches. Using 
Eq.  (8) for the reflection coefficient from a rigid bound-
ary, it is straightforward to verify that condition (10) has 
a simple physical meaning: a resonance occurs when 
waves with different numbers of reflections from the 

(8)

R =
p̃r

p̃i
= exp

[

±2i arctan

(

g

m

(

k2

ω2
d

−
γ

2c2

))]

,

(9)

p̃(z) = A

√

√

√

√

ρ

m

(

ω2
d −

g2k2

ω2
d

)

×
{

exp [iϕ(z)+ iχ(z)]

− i exp [2iϕ(zt)+ 2iχ(zt)− iϕ(z)− iχ(z)]
}

.

(10)

ϕ(zt)+ χ(zt) = π

(

n−
3

4

)

− arctan

[

g

m(0)

(

k2

ω2
d(0)

−
γ

2c2(0)

)]

.

ground and the turning point interfere constructively. 
Indeed, Eq. (10) shows that the phase advance of a wave, 
which propagates upward, is reflected at z = zt and z = 0, 
and returns to the original altitude, is 2π(n − 1).

Let the x coordinate axis be chosen in the direction of 
the horizontal wave vector k. Then k = (ω/V, 0, 0) and 
ωd = ωβ , β = 1− ux

/

V , where ux is the x-component 
of the wind velocity. V has the meaning of the trace veloc-
ity of the wave, i.e., the velocity with which phase of the 
wave propagates along the ground surface and any other 
horizontal plane. In terms of the trace velocity, Eq. (5) for 
the vertical component of the wave vector becomes

At any given altitude, for propagating (m2 > 0), as 
opposed to evanescent, AGWs V is larger (smaller) than 
the effective sound speed c + ux on the acoustic (gravity) 
branch, respectively (Hines 1965; Gossard and Hooke 
1975; Godin 2015).

Equation  (11) shows that Eq.  (10) is a characteristic 
equation that relates wave frequency and V. Solution 
fn(V) of the characteristic equation gives resonance fre-
quency as a function of the trace velocity V and reso-
nance order n. Only the wind velocity component in the 
direction of the vector k enters the characteristic equa-
tion. For typical seismic and volcanic wave sources, V 
is large compared to the wind velocity and sound speed 
in air. Then AGWs are on the acoustic branch, m2 in 
Eq.  (11) and the resonance frequency are insensitive to 
wind and the specific value of V. This resonance is known 
as the acoustic resonance. When V is smaller than the 
effective sound speed c +ux at the ground level, Eq. (10) 
predicts that resonances occur on the gravity branch. 
We will refer to such solutions as buoyancy resonances. 
Solutions to Eq.  (10) are illustrated in Figs.  1, 3, and 5 
to be discussed later. The conditions of existence of the 
acoustic and buoyancy resonances and their properties 
in polar and mid-latitude atmosphere will be discussed in 
“Atmospheric resonances at high and mid-latitudes” .

In the analysis presented above, we neglected the iner-
tial effects resulting from Earth’s rotation. This is justi-
fied when wave periods are small compared to the period 
Te = 24  h of Earth’s rotation. The inertial effects can be 
readily included in the WKB theory (Godin and Zabotin 
2016) in the f-plane approximation (Gill 1982). However, 
the basic assumption of the stationary environment, i.e., 
of the temperature and wind profiles being independent 
of time, becomes questionable for long-period waves in 
the atmosphere. In this paper, we will disregard the iner-
tial effects, which limits our analysis of buoyancy reso-
nances to waves with periods less than about 6 h.

(11)m2 = ω2

(

β2

c2
−

1

V 2

)

−
γ 2g2

4c4
+

(γ − 1)g2

β2c2V 2
.
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Excitation of atmospheric waves
Consider AGW excitation by vertical motion of the lower 
boundary of the atmosphere, which can represent ocean 
surface, ground, or an ice shelf. Here again the lower 
boundary of the atmosphere is treated as a rigid surface, 
so that its motion is not affected by perturbations in the 
atmosphere. This idealization is justified by the large dif-
ference in densities of air and the medium (water, ice, or 
solid ground) at z < 0.

Let the vertical displacement of the surface from its 
time-averaged position z = 0 be

where w0 is the amplitude of the monochromatic plane 
wave propagating along the boundary and generating 
atmospheric waves. The frequency and horizontal wave 
vector of the resulting AGWs will be ω and k = (ξ, 0, 0), 
respectively. Using Eqs.  (6) and (9) and imposing the 
boundary condition of continuity of the normal displace-
ment at the boundary, we find w(z) = w0 W(ξ, z), where

(12)w = w0 exp (iξx − iωt),

(13)

W (ξ , z) =

√

ρ0m0

(

ω2
d0 − g2k2

/

ω2
d0

)

ρm
(

ω2
d − g2k2

/

ω2
d

)

[

gk2

ω2
d0

−
1

2h0
+ im0 − iB

(

gk2

ω2
d0

−
1

2h0
− im0

)]−1

×

{

eiϕ(z)+iχ(z)

(

gk2

ω2
d

−
1

2h
+ im

)

− iBe−iϕ(z)−iχ(z)

(

gk2

ω2
d

−
1

2h
− im

)}

.

Here subscript 0 indicates the values of respective 
quantities at z = 0, and

Dependence of B, φ, and χ on ξ is implied and not 
shown explicitly. Note that Eq.  (13) gives w(0) = w0, as 
expected.

When ω and V = ω/ξ satisfy the characteristic Eq.  (10), 
we have resonance excitation. Then the quantity in the 
square brackets in the right side of Eq.  (13) is zero, and 
Eq. (13) predicts infinite values of AGW displacement and 
velocity amplitudes at z > 0. Finite AGW amplitudes at res-
onance are obtained if one accounts for AGW dissipation 
or otherwise model finite quality factor of the resonance by 
assigning either V or ω a finite imaginary part.

The formally infinite wave amplitude at resonance indi-
cates a strong amplification of the atmospheric wave gen-
eration around the resonance frequency and should be 
contrasted with the case, where there are no turning points, 
and the amplitude of a radiated wave is always finite.

Consider now a more realistic scenario, where vibra-
tions of the lower boundary occur in a finite (with respect 
to coordinate x) region. Let the vertical displacement of the 
surface z = 0 be

The function w0(x) is supposed to be integrable and may 
have a finite support (i.e., have non-zero values only in a 
finite range of x values), as is the case, e.g., for AGW radia-
tion by an ice shelf or a wave packet of infragravity waves 
in the ocean. Under these assumptions, the boundary 

(14)B = exp [2iϕ(zt)+ 2iχ(zt)].

(15)w = w0(x) exp (−iωt).

Fig. 1 Vertical displacements in a mid-latitude atmosphere due to vibrations of its lower boundary. a Displacement amplitude, |w|, at altitude 
z = 180 km in a wave with trace velocity V = 3000 m/s. Atmospheric resonances manifest as peaks of the displacement’s frequency dependence. b 
Variation with altitude of the amplitude of the reduced vertical displacement Q, Eq. (23), at frequencies of the first three atmospheric resonances. 
c Variation of the resonance frequency and quality factor of acoustic resonances with the trace velocity of excitation. Color shows displacement 
amplitude at z = 180 km. The red line is the WKB predictions for the frequency of the first acoustic resonance and is obtained from Eq. (10). 
Monochromatic ground-level displacements and summer conditions over Wallops Island (Virginia, USA) are assumed in all simulations. The 
displacement and reduced displacement amplitudes are normalized by their values at z = 0 and are dimensionless. Resonance orders n = 1, 2, 3 are 
indicated in all figures
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displacement amplitude can be represented as a Fourier 
integral:

Using the superposition principle, the solution for the 
vertical displacement in AGWs is easily found in terms 
of the spectrum Φ of the boundary displacement and the 
solution W(ξ, z), Eq. (13), for plane-wave excitation:

The integrand in Eq. (17) becomes infinite at ξ = ξn ≡ ω/
Vn(ω), where Vn(ω) are solutions of the characteristic 
Eq. (10). Resonance contributions to the AGW field can be 
calculated as contributions of poles at ξ = ξn to the integral 
in Eq.  (17), see, e.g., Brekhovskikh and Godin (1999). By 
calculating the residue in the respective pole, for the contri-
bution of the nth resonance at x > 0, we find

Here k = (ξx/|x|, 0, 0) and

In the WKB approximation, one should differentiate 
only the phase integral in B, Eq. (14), when calculating 
the derivative in Eq. (19) (Godin 2015). Then Eqs. (14) 
and (19) give an explicit equation for D:

We have considered a two-dimensional (2-D) excita-
tion problem; the boundary displacement Eq.  (15) and 
the resulting AGW field were assumed to be independ-
ent of the horizontal coordinate y. In 3-D problem, 

(16)w0(x) =

∞
∫

−∞

exp (iξx)Φ(ξ)dξ .

(17)w(x, z) =

∞
∫

−∞

exp (iξx)Φ(ξ)W (ξ , z)dξ .

(18)

wn(x, z) =

√

ρ0m0

(

ω2
d0 − g2k2

/

ω2
d0

)

ρm
(

ω2
d − g2k2

/

ω2
d

) [D(k)]−1 exp (iξn|x|)Φ(ξn)

×

{

eiϕ(z)+iχ(z)

(

gk2

ω2
d

−
1

2h
+ im

)

− iBe−iϕ(z)−iχ(z)

(

gk2

ω2
d

−
1

2h
− im

)}

.

(19)

D =

(

∂

∂ξ

[

gk2

ω2
d0

−
1

2h0
+ im0

− iB

(

gk2

ω2
d0

−
1

2h0
− im0

)])

ω

.

(20)

D = −

(

m0 − i
gk2

ω2
d0

+
i

2h0

)

zt
∫

0

{[

1−
(γ − 1)g2

c2ω2
d

]

k +

[

1−
(γ − 1)k2g2

ω4
d

]

ωdk · u

kc2

}

dz

m
.

w0(x) in Eq.  (15) is replaced with w0(x, y), and Fourier 
integrals in the counterparts of Eqs.  (16) and (17) 
involve integration over both components of the hori-
zontal wave vector k. As in the 2-D problem, atmos-
pheric wave field due to a finite source is expressed via 
the source spatial spectrum and the wave field W(k, z), 
Eq. (13), due to a plane-wave excitation. Analytical cal-
culation of the resonance contribution to the 3-D wave 
field in the moving (windy) atmosphere in terms of 
known solutions W(k, z) of the 1-D (vertical) wave 
equation is discussed in (Brekhovskikh and Godin 
1999). In the absence of winds, the 3-D resonant contri-
bution in the far field of the source differs from the 2-D 
result Eq.  (18) by replacement of exp (iξnx) with the 
Hankel function H

(1)
0

(

ξn
(

x2 + y2
)1/2

)

 and a factor 
describing source directionality in the horizontal plane, 
while winds contribute additional azimuthal anisotropy 
of the atmospheric wave field, see Brekhovskikh and 
Godin (1999).

Atmospheric resonances at high and mid‑latitudes
Modeling of the atmosphere response to vibrations of its 
lower boundary
Accuracy of the WKB theory is known to increase 
rapidly with increasing order of a resonance but the 
approximation has limited applicability to low-order 
resonances (Brekhovskikh and Godin 1999). Acoustic 
resonances of practical interest correspond to lowest 
values n = 1, 2, and possibly 3 in Eq.  (10). Under these 
conditions, the height of the turning point is of the 
order of the vertical wavelength of the resonant AGW, 
and validity of the WKB approximation, which formally 
relies on the wave field varying with height much faster 
than the environment, is questionable. This fact was 
first pointed out by Jones and Georges (1976). Thus, it 
is necessary to verify the WKB results against an exact 
solution.

Consider linear AGWs with harmonic depend-
ence on horizontal coordinates and time, where 
w
(

x, y, z, t
)

= W (z) exp (ik · r − iωt) , in a horizontally 
stratified atmosphere with time-independent parameters. 
The vertical displacement of fluid particles satisfies the 
1-D wave equation (Godin 2015)

(21)

d

dz

[

ρω2
ddW

/

dz

ω2
dc

−2 − k2

]

+

[

ω2
d −

g2k2

ω2
d − k2c2

−
g

ρ

d

dz

(

ρk2

ω2
dc

−2 − k2

)]

ρW = 0
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as well as a boundary condition at the ground level (z = 0) 
and a radiation condition at high altitudes (at z → + ∞). 
The radiation condition ensures that the wave field either 
vanishes at or transports energy towards z → + ∞.

Because of the exponential decrease of the air density ρ 
with altitude, coefficients in Eq. (21) may vary by several 
orders of magnitude between the ground level and upper 
atmosphere, and the solution W may increase exponen-
tially with z. Numerical solution of the wave equation is 
simplified if Eq. (21) is cast in an equivalent form

in terms of the reduced vertical displacement

In Eq.  (23), the displacement is normalized to com-
pensate for the density-related exponential increase of 
its amplitude with altitude. Unlike Eq. (21), there are no 
exponentially small and exponentially large coefficients in 
Eq. (22), which makes it more suitable for solving numer-
ically. Since Q = W at z = 0, the boundary condition for 
the reduced displacement at a stationary or vibrating 
rigid ground surface is the same as for W.

Assuming that AGW reflection in the upper atmos-
phere becomes negligible at altitudes above certain alti-
tude H, Eq. (22) needs to be solved numerically only in a 
finite interval 0 < z < H. Details of wind velocity and tem-
perature profiles at z > H have no effect on the AGW field 
at z < H and on occurrence of the resonances. We model 
the non-reflecting part of the upper atmosphere as an 
isothermal, uniformly moving half-space z > H, with the 
wind velocity and air temperature at z = H being extrapo-
lated to z > H.

The scale height h, sound speed c, intrinsic frequency 
ωd, and vertical component of the wave vector m Eq. (5) 
are all constant in an isothermal, uniformly moving half-
space. Then the wave Eq. (22) simplifies and has linearly 
independent solutions Q = exp (±imz) . For evanescent 
waves, where m = i|m|, and propagating AGWs on the 
acoustic branch, only solutions Q = const.× exp (imz) 
meet the radiation condition. With Q known at z > H, the 
conditions of continuity of Lagrangian pressure pertur-
bation and vertical displacement at z = H (Godin 1997) 
can be written as the one-sided boundary condition

(22)

d

dz

{

ω2
d

ω2
dc

−2 − k2

[

dQ

dz
+

Q

2h

(

1+
dh

dz

)]

}

−
1

2h

(

1+
dh

dz

)

ω2
d

ω2
dc

−2 − k2

[

dQ

dz
+

Q

2h

(

1+
dh

dz

)]

+

{

ω2
d +

gk2

ω2
dc

−2 − k2

[

1

h

(

1+
dh

dz

)

−
g

c2
+

d

dz
ln

(

ω2
dc

−2 − k2
)

]

}

Q = 0

(23)Q(z) =

√

ρ(z)
/

ρ(0)W (z).

for the wave field at z < H. Note that h−1 dh/dz in the 
right side of Eq. (24) equals the value of the logarithmic 
derivative, T−1 dT/dz, of the absolute temperature, T, just 
below the interface z = H. Equation (23) and the relation 
(Godin 2015)

between the vertical displacement and pressure pertur-
bation were used in derivation of the boundary condition 
(24).

To model AGW field, wave Eq. (22) was solved numeri-
cally at 0 ≤ z < H with the initial conditions

for a set of wave frequencies ω and horizontal wave vec-
tors k. The initial conditions (26) ensure that the radia-
tion condition is satisfied. In terms of the numerical 
solution Q1(z), the vertical displacement in the wave gen-
erated by the lower boundary vibrations with the vertical 
displacement amplitude w0 is given by

The vertical component of the power flux density in 
AGWs is (Godin 1997)

Using Eqs.  (25) and (28), for the time-averaged verti-
cal component of the power flux density in a monochro-
matic wave we find

Here and below asterisk denotes complex conjugation. 
With the vertical displacement given by Eq. (27), Eq. (29) 
becomes

In an atmosphere without dissipation, Iz is constant, 
and the right side of Eq. (30) should be independent of z. 

(24)
1

Q

dQ

dz
= im−

1

2h

dh

dz
, z = H − 0

(25)p̃ = ρ

(

k2

ω2
d

−
1

c2

)−1(

∂w

∂z
−

gk2

ω2
d

w

)

(26)Q1 = 1,
dQ1

dz
= im−

1

2h

dh

dz
, z = H − 0,

(27)w = w0

√

ρ(0)

ρ(z)

Q1(z)

Q1(0)
exp (ik · r − iωt).

(28)Iz = p∂w
/

∂t.

(29)

Iz =
ω

2
Im

(

p∗w
)

= −
ωρ

2

(

k2

ω2
d

−
1

c2

)−1

Im

(

w∗ dw

dz

)

.

(30)

Iz = −
ωρ(0)

2

∣

∣

∣

∣

w0

Q1(0)

∣

∣

∣

∣

2
(

k2

ω2
d

−
1

c2

)−1

Im

(

Q∗
1

dQ1

dz

)

.
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This property was used to verify the validity and accuracy 
of the numerical solutions Q1(z).

In the first WKB approximation, the vertical power flux 
density Eq. (29) in the wave launched upwards by oscilla-
tions of the lower boundary is

We assume here that m2 > 0 at z = 0. The total vertical 
power flux density is generally less than Iin because of the 
downward power flux in reflected waves. Iz = 0 at a per-
fect resonance when all radiated energy is reflected back 
to the ground level. When a fraction of energy escapes 
and is radiated towards z → + ∞, the ratio

quantifies radiation losses. The ratio takes values 
0 ≤ r ≤ 1. In the WKB approximation r = 1 in the absence 
of a turning point, and r = 0 when m2 < 0 at all altitudes 
above the turning point.

Consider an atmosphere where, in a certain range of ω 
and k, there are propagating AGWs at 0 < z < zt1 and z > zt2, 
while the waves are inhomogeneous (evanescent) at 
zt1 < z < zt2. If an AGW is launched from the ground level, 
it will be partially reflected around the lower turning 
point zt1 and will also generate a propagating wave above 
the upper turning point zt2. The latter wave will propagate 
towards increasing z, i.e., upwards. Between the turn-
ing point altitudes, AGW field is a superposition of two 
evanescent waves with the opposite signs of their (imagi-
nary) vertical component of the wave vector. Similar to 
the quantum mechanical counterpart of this problem, 
transmission of wave energy through the “potential bar-
rier” zt1 < z < zt2 will be referred to as tunneling. In appli-
cation to acoustic resonances, the tunneling proves to be 
very important for two reasons. First, the “potential bar-
rier” is typically not thick on the scale of AGW vertical 
wavelength (see “Acoustic resonances”), which makes it 
penetrable. Second, as discussed in “Introduction”, most 
of the reported observations of atmospheric resonances 
are related to their manifestations at ionospheric alti-
tudes at z > zt2. The strength of tunneling is controlled by 
the absolute value of the phase integral, |ϕ(zt2)− ϕ(zt1)|, 
between the turning points, see, e.g., Godin and Naugol-
nykh (2005) for an analysis of tunneling of infrasound in 
the atmosphere. In this paper, AGW tunneling will be 
quantified using numerical solutions of Eq. (22).

(31)Iin =
ωρm

2

(

1

c2
−

k2

ω2
d

)−1
∣

∣

∣

∣

∣

∣

z=0

∣

∣

∣
w2
0

∣

∣

∣
.

(32)r ≡
Iz

Iin
=

1

m(0)
Im

(

1

Q1

dQ1

dz

)∣

∣

∣

∣

z=0

Acoustic resonances
We illustrate properties of acoustic resonances of a 
mid-latitude atmosphere and their tunneling to upper 
atmosphere by modeling AGWs under conditions char-
acteristic of Wallops Island (37.94 °N 75.47 °W), Vir-
ginia, USA, where NASA’s Wallops Island Flight Facility 
is located. Observations of AGWs at this location with 
a Dynasonde HF radar system have been previously 
described in Godin et al. (2015) and Zabotin et al. (2016). 
Figure 1 presents results of numerical modeling of atmos-
pheric oscillations generated by a periodic displacement 
of the boundary z = 0. Air temperature profile in summer 
atmosphere (specifically, for 14 July 2014) was generated 
by the atmospheric model NRLMSISE-00.2 (Picone et al. 
2002) (Fig.  2). Profiles of the wind velocity components 
were generated using NRL’s Horizontal Wind Model 
HWM14 (Drob et al. 2015). In the AGW simulations, the 
trace velocity of the boundary vibrations was given val-
ues larger than the sum of the wind velocity and sound 
speed in air at the ground level, so that near the bound-
ary, propagating (as opposed to evanescent) AGWs could 
be generated only on the acoustic branch.

As a function of frequency, response of the upper 
atmosphere (Fig.  1) and all the way down to the tropo-
sphere showed strong increases at several frequencies in 
the mHz range. The first, lowest frequency resonance, 
at Wallops Island occurs at frequencies from about 
3.74 mHz to 3.88 mHz depending on the trace velocity. 
The second and third acoustic resonances have frequen-
cies from about 4.60 to 4.75  mHz and 5.4–6.0  mHz, 
respectively. The resonance frequencies decrease with 
increasing trace velocity. The same trend is predicted by 
the WKB approximation (Eq.  (10)), see Fig. 1c. The ver-
tical dependence of the reduced displacement in the nth 
resonance, n = 1, 2, 3, has n maxima (Fig.  1b) in agree-
ment with the WKB Eqs.  (10) and (13). The asymptotic 
result for the frequency of the first resonance, which is 
shown by the red curve in Fig. 1c, reproduces the numer-
ical result very accurately. For the second and third reso-
nance, AGWs prove to be evanescent near the boundary 
z = 0 under the specific atmospheric conditions consid-
ered. Then the asymptotic resonance condition Eq. (10), 
which assumes that m2(0) > 0, cannot be used to calculate 
the resonant frequencies. Numerical solution of the wave 
equation (Fig. 1) shows, however, that appearance of the 
additional, low-altitude turning point does not prevent 
occurrence of the acoustic resonances.

The quality factor of the resonances, which is inversely 
proportional to their frequency extent (at fixed V) and 
directly proportional to the resonant amplification of 



Page 9 of 19Godin et al. Earth, Planets and Space          (2020) 72:125  

wave amplitude, rapidly decreases with increasing order 
of acoustic resonances (Fig. 1a, c). When AGW absorp-
tion at altitudes below the upper turning point zt2 is 
negligible, the quality factor is limited only by radiation 
losses due to AGW tunneling. As the order of the reso-
nance increases, the turning points approach the top of 
the “potential barrier,” i.e., the minimum of m2(z), the 
barrier becomes thinner and lower, and reflection from 
the barrier becomes weaker. This can be also seen in 
the vertical dependence of the reduced displacement 
(Fig.  1b). In the case of total reflection from the lower 
turning point zt1, amplitudes of the waves propagating 
up- and downward are equal at z < zt1, and the displace-
ment equals zero at interference minima. According to 
Eqs.  (10) and (13) the first resonance does not have an 
interference minimum at z > 0, in agreement with Fig. 1b. 
Interference minima of the vertical dependence of the 
reduced displacement in the second and third resonances 
in Fig.  1b do not extend to zero because of only partial 
AGW reflection from the “potential barrier.” The ratio of 
the values of the reduced displacement amplitudes at the 
interference minima and maxima can serve as a measure 
of the fraction of the AGW power flux that is radiated 
into the upper atmosphere above the upper turning point 
in respective resonant oscillations.

Comparison of the results of simulations in atmos-
pheres with and without wind shows that properties of 
the acoustic resonances, including their frequencies, 

are insensitive to wind, especially at large trace veloci-
ties. This is a consequence of the trace velocities being 
large for ground level vibrations that excite acous-
tic resonances. As discussed above in connection 
with Eq.  (11), wind velocity enters the wave equation 
and boundary conditions via the intrinsic frequency 
ωd = ωβ , β = 1− ux

/

V , where ux = k · u
/

k is the 
projection of wind velocity on the direction of the hori-
zontal wave vector. Obviously, the wind effect is negligi-
ble when |ux| ≪ V.

Figure  1 refers to summer conditions. Simulations’ 
results obtained for winter conditions at the Wallops 
Island (Fig. 2d) prove to be similar and are not shown.

Consider now excitation of a polar atmosphere oscil-
lations by vibrations of its lower boundary, which may 
be caused, e.g., by seismic waves propagating over solid 
ground or vibrations by large ice shelves. As an example 
of a high-latitude environment, we choose McMurdo, 
Antarctica (77.84 °S, 166.67 °E), because of the previ-
ously reported observations (Chen et al. 2016) of persis-
tent, large-amplitude atmospheric waves at this location. 
To generate air temperature and wind velocity profiles at 
McMurdo we again used atmospheric models NRLM-
SISE-00.2 (Picone et al. 2002) and HWM14 (Drob et al. 
2015). Results of numerical modeling of atmospheric 
oscillations at McMurdo, which are generated by peri-
odic displacement of the boundary z = 0 with supersonic 
trace velocities, are illustrated in Fig. 3. Figure 3 refers to 

Fig. 2 Summer and winter atmospheric conditions at McMurdo (Antarctica) and Wallops Island (Virginia, USA). Hourly absolute temperature 
profiles generated using the atmospheric model NRLMSISE-00.2 (Picone et al., 2002) are shown by blue lines for a 14 July 2014 (winter) at McMurdo; 
b 15 January 2014 (summer) at McMurdo; c 14 July 2014 (summer) at Wallops Island; and d 15 January 2014 (winter) at Wallops Island. Time 
averages of the hourly temperature profiles are shown in red
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the atmospheric conditions at noon on 15 January 2014 
during the Southern hemisphere summer. Diurnal varia-
tions of the atmosphere (Fig. 2b) proved to have a negli-
gible effect on the forced oscillations illustrated in Fig. 3 
and are not shown there.

The acoustic resonances of summer atmosphere at 
McMurdo (Fig.  3) are similar to resonances at Wal-
lops Island (Fig.  1). Depending on the trace velocity 
of the excitation, the first three resonances occur at 
frequencies approximately 3.64–3.79, 4.55–4.80, and 
5.6–6.0  mHz. Resonance frequencies of the first two 
resonances are within 0.1  mHz of the values found 
for mid-latitude atmosphere at Wallops Island. The 
third resonance has a small quality factor and is poorly 
defined at McMurdo although not quite as poorly as 
at Wallops Island. Resonant frequencies increase with 
decreasing trace velocity (Fig.  3c). The “potential bar-
rier,” which is responsible for strong AGW reflection 
back to the ground, is located around the mesopause (at 
ztp ≈ 90 km altitude in Fig. 2b). For each of the acoustic 
resonances, turning points occur above and below the 
mesopause; zt1 < ztp < zt2. The WKB resonance condition 
Eq.  (10) rather accurately predicts the frequencies of 
the first two resonances, for which m2(0) > 0. The agree-
ment with exact numerical solutions of the wave equa-
tion would not be possible without taking into account 
the Berry phase and the AGW phase shift at reflection 
from a rigid boundary in the asymptotic resonance 
condition Eq. (10).

While the first resonance is predicted to provide more 
than an order-of-magnitude amplification in a nar-
row frequency band and the second resonance is also 
well defined both in terms of the significant amplifica-
tion and frequency selectivity (Fig. 3a, c), the third reso-
nance would be much harder to identify in observations, 

especially when the power spectrum of the excitation is 
not flat.

The differences between the vertical structure of reso-
nant wave fields at mid- and high latitudes is more pro-
nounced than the difference in resonance frequencies (cf. 
Figs. 1b and 3b). When excited at their resonant frequen-
cies with the same amplitude at the ground level, the first 
and second resonances at McMurdo have higher peak 
amplitudes of the reduced vertical displacements and 
stronger manifestations at altitudes above 150  km than 
the corresponding atmospheric resonances at Wallops 
Island.

It should be emphasized that, because of tunneling 
through the “potential barrier,” amplitudes of the reduced 
displacement Q(z), Eq.  (23), have significant values and 
decrease only slightly above the upper turning point of 
the respective resonance (see Figs.  1b and 3b) The ver-
tical displacement W(z) increases exponentially above 
the upper turning point and reaches very high values 
(Figs. 1a and 3a).

Unlike the summer conditions discussed above, no 
acoustic resonances of atmospheric oscillations are found 
under winter conditions at McMurdo (Fig. 2a). The char-
acteristic Eq.  (10) has no solutions for any supersonic 
trace velocities V that result in the occurrence of a turn-
ing point. This can be traced back to a specific seasonal 
change in the thermal structure of the polar atmosphere, 
namely the absolute minimum of temperature occurs 
at the mesopause in summer and at the tropopause in 
winter.

As has been already pointed out, winds have a small 
effect on acoustic resonances at large supersonic trace 
velocities and, therefore, can be neglected in a qualita-
tive discussion. Then existence and altitudes of turn-
ing points are determined by the sound speed profile. It 
follows from the AGW dispersion relation Eq. (11) that, 

Fig. 3 Vertical displacements in a high-latitude atmosphere due to vibrations of its lower boundary. Same as in Fig. 1 but summer conditions over 
McMurdo (Antarctica) are assumed in all simulations. The WKB predictions for the frequencies of the first and second acoustic resonance are shown 
in (c) by the red and white lines, respectively
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at the low frequencies representative of the acoustic 
resonances, m2 decreases with decreasing sound speed 
and, hence, decreasing temperature. (This is in contrast 
to the high-frequency behavior, where m2 increases 
with decreasing sound speed as is does for sound). In 
the acoustic resonance, an upward propagating AGW 
is reflected back to the ground from a turning point in 
the mesosphere due to negative temperature gradient. 
For an AGW to propagate from the ground level to the 
mesosphere and back to the ground, temperature at the 
mesospheric turning point needs to be lower than in the 
tropopause. This is the case at Wallops Island (Fig. 2c, d) 
and at McMurdo in summer (Fig. 2b). During Antarctic 
winter, when temperature at the tropopause is lower than 
at the mesopause, the AGWs, which would have a turn-
ing point in the mesosphere, are reflected in the tropo-
sphere on their way up from the ground level. With the 
turning point occurring at relatively low altitude, the 
AGW phase advance on its way from the ground level 
to the turning point, φ(zt)+ χ(zt), proves too small to sat-
isfy the resonance condition Eq. (10) and, hence, for the 
acoustic resonance to form.

The discussion in “Asymptotic theory of atmospheric 
resonances” and the calculations illustrated in Figs. 1 and 
3 do not take into account wave dissipation in the atmos-
phere. Using the theories (Golitsyn 1965; Godin 2014) 
of AGW dissipation due to air viscosity and thermal 
conductivity, we have evaluated the wave dissipation for 
the acoustic resonances shown in Figs. 1 and 3. Dissipa-
tion causes losses of less than 0.1  dB on the round-trip 
propagation path between the ground level and the lower 
turning point. The dissipated energy is small compared to 
the wave energy radiated into the upper atmosphere as 
a result of the AGW tunneling. Thus, the effect of wave 
dissipation on acoustic resonances was found to be negli-
gible under the mid-latitude and polar atmospheric con-
ditions considered in this paper.

Buoyancy resonances
When the trace velocity V is subsonic (more precisely, 
less than the sum of the sound speed and the projec-
tion of the wind velocity on the direction of the hori-
zontal wave vector k), propagating AGWs belong to the 
buoyancy (also referred to as gravity) branch and have 
intrinsic frequencies below the smoothed buoyancy, or 
Brunt–Väisälä, frequency N0, see Eq.  (7) (Gossard and 
Hooke 1975; Godin 2015). Using the asymptotic theory 
[Eq.  (9)], Fig. 4 illustrates response of the summer mid-
latitude atmosphere (Fig. 2c) to the excitation with a sub-
sonic trace velocity (Fig. 4a, b) and of the summer polar 
atmosphere (Fig. 2b) to harmonic excitation of its lower 
boundary with a supersonic trace velocity (Fig. 4c).

Amplitude of the reduced vertical displacement, as 
given by Eqs.  (13) and (23), is shown in Fig.  4 between 
the ground level and AGW turning point. Interference 
pattern between an upward propagating AGW and the 
downward propagating AGW reflected from the turn-
ing point is clearly visible and represents a standing wave. 
Atmospheric resonances manifest in the figure as a large 
increase of the displacement amplitude in a narrow fre-
quency band. Acoustic and buoyancy resonances occur 
in distinct frequency bands but are qualitatively simi-
lar in terms of the altitude and frequency dependencies 
of the wave field. Figure  4 clearly shows that the reso-
nances emerge when a null of the interference pattern 
approaches the ground level. The number of the nulls 
equals the order n of the resonance in Eq.  (10). Unlike 
acoustic resonances (Figs.  1, 3, and 4c), buoyancy reso-
nances are not restricted to the lowest orders 1 ≤ n ≤ 3 
and can have a higher order n (Fig. 4a, b). Note that, in 
contrast to acoustic resonances, some buoyancy reso-
nances in Fig. 4 have their lowest turning point above the 
mesopause and can propagate to thermospheric altitudes 
without tunneling.

Numerical simulations show that the frequencies and 
the vertical structure of buoyancy resonances are much 
more sensitive than of acoustic resonances to diurnal and 
other moderate variations of the temperature profile. In 
terms of the AGW dispersion equation, it can be traced 
back to the terms with k2 in the right side of Eq. (5) being 
no longer small compared to ωd

2/c2 and γ2g2/c4. Buoy-
ancy resonances are also much more sensitive to the 
wind velocity profile. Ultimately, the increased sensitiv-
ity is due to the fact that the trace velocity V is smaller 
for the buoyancy resonances than for acoustic ones and 
can be comparable to the wind speed. Relative changes 
in the wind velocity are typically much larger and tend 
to occur on shorter timescales than changes in the abso-
lute temperature, which also contributes to temporal 
variability of the buoyancy resonances. Moreover, sensi-
tivity to the wind velocity profile leads to anisotropy of 
the atmospheric response in the horizontal plane. For 
a given wind velocity profile and trace velocity magni-
tude, resonance frequencies depend on the direction 
of the horizontal wave vector, see Eq.  (5), where wave 
propagation direction enters via the intrinsic frequency 
ωd = ωβ , β = 1− k−1

k · u
/

V  . Comparison of Fig. 4a, 
b shows that the resonance frequencies and even the 
number of the excited buoyancy resonances are differ-
ent for different directions of propagation of the excita-
tion along the lower boundary of the atmosphere. The 
altitudes of the turning points also change significantly 
(Fig. 4a, b). The trace velocity, V = 200 m/s, in Fig. 4a, b 
is representative of the tsunami speed in the open ocean, 
and the figures illustrate that modeling of ionospheric 
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effects of tsunamis without account for wind (Rolland 
et  al. 2011) can reproduce the observed effects only 
qualitatively.

Dependence of the frequencies of buoyancy resonances 
on trace velocity is illustrated in Fig.  5 for winter and 
summer temperate atmosphere. Two times of day and 
two directions of wave propagation are shown in each 
of the two seasons. The background atmospheric con-
ditions at Wallops Island, Virginia, are simulated using 
the NRLMSISE-00.2 (Picone et  al. 2002) and HWM14 
(Drob et al. 2015) models. Under the atmospheric condi-
tions considered, buoyancy resonances can have turning 
points in (and, hence, extend from the ground level to) a 
wide range of mesospheric and thermospheric altitudes 
(Fig.  5). AGW absorption (Golitsyn 1965; Godin 2014) 
on the propagation path from the ground level the turn-
ing point typically increases and the quality factor of the 
resonance decreases with increasing turning point alti-
tude. Resonances having a low quality factor are hardly 
observable. Figure 5 shows only well-defined resonances 
with the absorption not exceeding 1 dB on the path from 
the atmosphere’s lower boundary to the turning point, 
where the wave is reflected back to the ground level. The 
resonance frequencies are predicted using the asymptotic 
resonance condition Eq. (10). The resonances having two 
or more turning points, which are not reliably described 
using Eq. (10), are not shown. No resonances exist at the 
highest subsonic trace velocities above about 250  m/s 
(Fig. 5).

As for the acoustic resonances, a verification of the 
asymptotic theory’s predictions of the buoyancy reso-
nances can be obtained by a direct numerical solution of 
the AGW wave Eq.  (21) with boundary conditions (26). 
In contrast to acoustic resonances, the oscillations that 
excite buoyancy resonances travel with subsonic, rather 
than supersonic, speeds along the lower boundary of the 
atmosphere. At such trace velocities, a resonant response 
of the atmosphere proves to occur, when AGWs are eva-
nescent at high altitudes. Physically, it implies that, in 
contrast to acoustic resonances, there is no tunneling. 
Mathematically, for the evanescent waves, im = –|m| in 
the second boundary condition in Eq. (26).

Results of the direct numerical simulations of the 
response of a temperate atmosphere to the excitations 
with subsonic trace velocities are illustrated in Fig. 6. In 
the figure, atmospheric resonances manifest themselves 
as sharp increases of the oscillation amplitude in the 
upper atmosphere at a discrete set of frequencies for a 
given trace velocity V (cf. Figs. 1c and 3c for the acous-
tic resonances). Positions of the resonance frequencies at 
different trace velocities form lines, which correspond to 
solid lines in Fig. 5a. AGW dissipation is not accounted 
for in the wave Eq.  (21). Therefore, resonance frequen-
cies appear in Fig.  6 in a wider frequency band and up 
to higher resonance order than in Fig.  5a, which shows 
only well-defined resonances obtained under the same 
atmospheric conditions but with the dissipation taken 
into account. In addition to lines with a strong amplitude 

Fig. 4 Response of the atmosphere to monochromatic vibrations of its lower boundary. The amplitude of the reduced vertical displacement is 
shown on logarithmic scale,  log10|Q(z)/Q(0)|, as a function of altitude and the frequency of oscillations. Displacement amplitude is normalized by its 
value at the ground level. Atmospheric waves are excited by vibrations that travel a eastward with subsonic trace velocity V = 200 m/s; b westward 
with subsonic trace velocity V = 200 m/s; and c southward at supersonic trace velocity V = 3000 m/s. Conditions at Wallops Island, Virginia, on 14 
July 2014 are assumed in a and b; conditions at McMurdo, Antarctica, on 15 January 2014 are assumed in c 
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amplification and a high frequency selectivity, there are 
wider bands with smaller peak amplitudes, which extend 
to lower frequencies in Fig.  6. These bands represent 
resonances with a low quality factor and are apparently 
caused by the partial reflections in the atmosphere that 
are not captured in the asymptotic theory. With these 
caveats, comparison of Figs. 5a and 6 shows a qualitative 
agreement between the asymptotic theory and numerical 
results for the lowest order resonances and a very good 
quantitative agreement for resonances of the order n > 3.

The resonance order n, the number of buoyancy reso-
nances, and resonant frequency tend to increase with 
decreasing trace velocity (Figs. 5 and 6). With a possible 
exception for the n = 1 resonance, well-defined buoyancy 
resonances are found in Fig. 5 at frequencies from 1 mHz 
to below 3 mHz. The lower bound of the frequency band 
depends on the season and the time of day, see Fig.  5, 
where Fig.  5a–d and e–h refers to the January and July 
conditions, respectively.

The lower bound depends also on the time of day. 
Comparison of Fig. 5a with 5b, 5c with 5d, 5e with 5f, and 
5g with 5 h illustrates the extent of diurnal variations of 
the buoyancy resonances. The first figure in each pair is 

Fig. 5 Predicted buoyancy resonances of a mid-latitude atmosphere and their variability. Frequencies of buoyancy resonances of orders n from 
1 to 15 are shown by solid lines, with black lines corresponding to n = 1, in a wide range of trace velocities. Color scale represents the altitude of 
AGW turning point. The overlaid dashed lines show dispersion curves of infragravity waves in the ocean with depth of 150 m (yellow), 2649 m 
(red), 4300 m (top white) and 5900 m (bottom white). The background atmospheric temperature and wind velocity profiles used in the simulations 
are obtained for Wallops Island, Virginia, with the NRLMSISE-00.2 (Picone et al. 2002) and HWM14 (Drob et al. 2015) models for two specific dates 
corresponding to winter and summer seasons: 15 January 2014 (a–d) and 14 July 2014 (e–h). For each date two times of the day, GMT 06:00 (a, c, e, 
g) and GMT 18:00 (b, d, f, h), and two directions of the wave propagation, eastward (a, b, e, f) and westward (c, d, g, h) are shown

Fig. 6 Full-wave simulations of the oscillations in the thermosphere 
due to ground-level vibrations. Oscillations are generated by 
monochromatic vertical displacements of frequency f traveling 
with the subsonic velocity V along the lower boundary of the 
atmosphere. Color shows the amplitude of the vertical displacement 
at z = 180 km. The displacement amplitudes are normalized by their 
values at z = 0 and are dimensionless. The simulation assumes the 
same winter atmospheric conditions over Wallops Island (Virginia, 
USA) and propagation direction of the excitation as in Fig. 5a
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obtained for conditions at GMT 06:00, and the second 
one—at GMT 12:00 on the same day. Diurnal variations 
of the background atmospheric conditions prove to have 
a strong effect on the buoyancy resonances, including 
the number of the well-defined resonances (Fig.  5e, f ), 
the range of their trace velocities (Fig.  5c, d), resonant 
frequencies of particular resonances, and the frequency 
range, where resonances occur (Fig. 5g, h). Our simula-
tions suggest that the strongest diurnal effects tend to 
occur for higher order resonances and at trace veloci-
ties below about 100  m/s, with diurnal variability being 
stronger in summer (Fig. 5e–h) than in winter (Fig. 5a–d).

The scenarios modeled in Fig. 5a and 5c, 5b and 5d, 5e 
and 5g, 5f and 5h differ only by the propagation direction 
of the excitation, with atmospheric conditions being the 
same for the two figures in each pair. The first figure in 
each pair represents buoyancy resonances for eastward 
and the second figure—for westward propagation of the 
excitation. The figures show that reversal of the propa-
gation direction has as strong an effect on the buoyancy 
resonances as diurnal variations, if not stronger (compare 
Fig.  5a with Fig.  5b and c). The strong dependence on 
the propagation direction demonstrates, again, the sig-
nificance of proper modeling of wind for prediction and 
understanding of the buoyancy resonances.

Additional physical characteristics of the resonances 
occurring under atmospheric conditions and excitation 
conditions explored in Fig. 5a, b are shown in Figs. 7a–c 
and 7d–e, respectively. These characteristics have been 
calculated in the ray approximation (Georges 1972; Gos-
sard and Hooke 1975; Godin 2015) using the AGW dis-
persion relation Eq.  (5) and the asymptotic resonance 
condition Eq.  (10). Wave dissipation (Fig.  7a, d) tends 
to increase with the resonance order and can reach 
extremely high values for higher order resonances. This 
can be understood, qualitatively, as resulting from the 
higher order resonances having shorter vertical wave-
lengths than low-order resonances. Figure  7a, d illus-
trates how imposing the limit of 1 dB on the absorption 
restricts the well-defined resonances shown in Fig. 5a, b 
to n ≤ 15. Dependence of the absorption on frequency 
is more complicated than on n. For a given resonance 
order, the change in resonance frequency is accompanied 
by changes in the trace velocity V and the turning point 
altitude (Fig. 5). Under atmospheric conditions of Fig. 5a, 
various effects nearly cancel each other, leaving only a 
relatively weak trend of absorption increasing at the reso-
nance frequencies approaching their upper limit (Fig. 7a). 
Under atmospheric conditions of Fig.  5b, this trend is 
complemented by a much faster absorption increase at 
the resonance frequencies approaching their lower limit 

Fig. 7 Properties of buoyancy resonances in a mid-latitude atmosphere. AGW attenuation, travel time, and distance between consecutive returns 
to the ground level (skip distance) are calculated asymptotically in the ray approximation (Georges 1972; Gossard and Hooke 1975; Godin 2015) for 
a discrete subset of resonance frequencies under the atmospheric conditions at Wallops Island, Virginia, at GMT 06:00 (a–c) and GMT 18:00 (d–e) on 
15 January 2014. The background atmospheric temperature and wind velocity profiles used in the simulations are obtained with the NRLMSISE-00.2 
(Picone et al. 2002) and HWM14 (Drob et al. 2015) models, respectively. Different orders n of the resonances are distinguished by color of symbols 
and indicated in the figures. a, d Wave attenuation due to air viscosity and thermal conductivity (Godin 2014) on the path from the ground level to 
the turning point is shown in dB for resonances with n ≤ 20. b, e AGW propagation time from the ground level to the turning point is shown for the 
well-defined resonances with the attenuation not exceeding 1 dB. c, e Same as in b, e but for the skip distance of AGW rays corresponding to the 
resonances
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(Fig. 7b), which limits the frequency range where the res-
onances with n = 6–8 are well-defined.

Atmospheric resonances have been modeled assum-
ing time-independent environmental conditions. Tem-
poral variability of the atmosphere limits the physical 
significance of the predicted buoyancy resonances. For 
a particular resonance to be observable, its frequency 
should be large compared to the reciprocal of the time 
Tvar it takes for the frequency to change appreciably. 
Moreover, for individual resonances to be resolvable, the 
difference between resonance frequencies of consecu-
tive resonances (at a given trace velocity) should be also 
large compared to 1/Tvar. In the Wallops Island examples 
considered above, with a possible exception for the fun-
damental (n = 1) buoyancy resonance, the resonances 
shown in Fig. 5 have periods less than 17 min, which is 
small compared to the representative timescale of the 
resonance frequency variation. The round-trip time 
between the ground level to the turning point at z = zt, 
which equals twice the AGW propagation between alti-
tudes z = 0 and z = zt and can be viewed as the minimum 
time necessary for a resonance to manifest itself, is also 
within several hours (Fig. 7b, e). Hence, the assumption 
of time-independent atmospheric conditions appears to 
be reasonable for prediction of the buoyancy resonances 
of temperate atmosphere. On the other hand, frequen-
cies of certain buoyancy resonances, especially at smaller 
trace velocities of tens of m/s, may become separated by 
less than 0.1  mHz (Fig.  5), which is too close for these 
resonances to be individually resolved over the period 
of observation of several hours, or about  104 s, when 
variations of the resonance frequencies remain relatively 
small.

Waves travel along the rays that correspond to the 
resonances, from the ground level upward to the turn-
ing point, then from the turning point back to the ground 
level, are reflected there, and the process repeats. The 
rays are spatially periodic curves, and the length of the 
spatial period, which is usually referred to as the skip dis-
tance or the ray cycle length, can be calculated as the dis-
tance between two consecutive reflection points at z = 0 
[see, e.g., Chap. 5 in Brekhovskikh and Godin (1999)]. 
Our asymptotic theory and numerical models assume 
horizontally invariant atmosphere. For the results to be 
applicable to real atmosphere, the skip distance should 
be small compared to the representative spatial scale of 
environmental variations in the horizontal directions 
[see, e.g., Chap. 7 in Brekhovskikh and Godin (1999)]. 
In the Wallops Island examples considered above, the 
skip distances vary between about 100–350 km (Fig. 7c, 
f ). Away from mountain ranges and similarly strong 
topographic features, the assumption of the background 
atmosphere being horizontally invariant within a few 

degrees in longitude and latitude appears reasonable for 
prediction of the atmospheric resonances.

Coupling to infragravity waves in the ocean
Recent theoretical analyses and comparison with obser-
vations (Godin et  al. 2015; Zabotin et  al. 2016) indi-
cated that infragravity waves in the ocean can be major 
sources of wave activity in the middle and upper atmos-
phere. Analyses in (Godin et  al. 2015; Zabotin et  al. 
2016) assumed simplified atmospheric models, where 
AGWs radiated at the ocean surface level travel upwards 
through the atmosphere without any appreciable reflec-
tion. Here we discuss qualitatively the implications that 
properties of the atmospheric resonances, which are 
described above, have on this mechanism of excitation of 
the background atmospheric wave activity.

When atmospheric resonances are excited, the ampli-
tude of atmospheric oscillations increases in a wide 
range of altitudes (Figs.  1b, 3b, and 4). Efficient excita-
tion of resonances of the atmosphere by waves propagat-
ing along its lower boundary requires that, for the trace 
velocity of the wave, the frequencies of the excitation and 
a resonance coincide. Velocities of the infragravity waves 
are less than the sound speed in air (Webb et  al. 1991; 
Herbers et al. 1995; Godin et al. 2015). Hence, only buoy-
ancy resonances can significantly affect AGW generation.

In the open ocean, phase speed of infragravity waves 
(IGWs), which are surface waves with periods longer 
than 30  s (Webb et al. 1991; Herbers et al. 1995; Godin 
et al. 2014), is a continuous function of their frequency. 
IGW phase speed steadily increases with water depth and 
decreases with frequency. For waves in the atmosphere 
above the ocean, the IGW phase speed serves as the trace 
speed, and the AGW–IGW coupling is strongly affected 
by bathymetry. Distribution of water depths in the north-
west Atlantic is bimodal (Fig. 8a, b) with the two highest 
peaks of the probability density function corresponding 
to the coastal ocean and the open ocean. IGW disper-
sion curves are shown in Fig. 5a–h for four water depths. 
One of these depths, 150  m, is a representative value 
of the water depth in the coastal areas (see yellow lines 
in Figs.  5 and 6b). White lines in Fig.  5a–h correspond 
to the depths of 4300  m and 5900  m, which bound the 
range of typical abyssal plain depths. 55% of the north-
west Atlantic seafloor (by area) is within this depth range 
(Fig.  8b). The fourth IGW dispersion curve (red lines 
in Fig.  5a–h) is for the depth of 2649  m at the location 
of NDBC station 44402, where long time series of IGW 
measurements with a seafloor pressure sensor are avail-
able (Zabotin et al. 2016).

IGWs in the ocean generate AGWs in the atmosphere 
regardless of existence of atmospheric resonances. How-
ever, if buoyancy resonances are present, the amplitude 
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of the atmospheric response increases sharply (Fig.  4) 
when IGW frequency coincides with a resonance fre-
quency. Using Wallops Island atmospheric conditions as 
an example, Fig.  5 shows that, in a wide range of water 
depths, the IGW dispersion curve intersects disper-
sion curves of several buoyancy resonances of the mid-
latitude atmosphere. Figure  5 indicates that, for a given 
direction of IGW propagation, atmospheric oscillations 
would be preferentially excited by oceanic waves at sev-
eral discrete frequencies within approximately 1–3 mHz 
frequency range. However, IGW field in the ocean is usu-
ally diffuse, with waves propagating in various horizontal 
directions, at least when observed over time periods of 
weeks and months (Godin et al. 2014). For each atmos-
pheric resonance, its frequency at the IGW trace velocity 
depends on the IGW propagation direction (see Fig. 5). 
Hence, for diffuse IGWs, the selected frequencies of 
enhanced (resonance) AGW excitation become selected 
frequency bands of enhanced excitation.

Comparison of long-term, concurrent observations 
of thermospheric wave activity with observations of 
infragravity waves in the ocean show strong correla-
tion of these wave processes (Zabotin et  al. 2016). Fig-
ure  8c, which is adapted from that reference, illustrates 
the correlation of the power spectrum density of ther-
mospheric waves, as measured by a Dynasonde radar 
system located at Wallops Island, with the power spec-
trum density of IGWs measured at a Deep-ocean Assess-
ment and Reporting of Tsunamis (DART) station 44402 
located in northwest Atlantic 415 km from the Wallops 
Island at depth of 2649  m. The data used to produce 
Fig. 8c were collected continuously from 6 May 2013 to 

31 January 2014 and analyzed in 12-h sliding windows 
with 1-h step, resulting in a high statistical significance 
of the correlation coefficient values shown in the figure 
(Zabotin et  al. 2016). High correlations of spectral den-
sities of mesospheric and oceanic wave activities are 
expected when oscillations of the ocean surface lead to 
a strong excitation of atmospheric waves, which propa-
gate to the upper atmosphere. Note several bands of high 
correlation between 1 mHz and 3.2 mHz in Fig. 8c. Col-
lectively, these bands occupy the range of frequencies 
where excitation of atmospheric resonances by IGWs is 
expected (Fig.  5). The band structure itself is also con-
sistent, at least qualitatively, with what is expected from 
excitation of buoyancy resonances by a diffuse IGW field. 
Hence, atmospheric resonances may provide a possible 
explanation of the previously unexplained observations 
of the band structure of the IGW–AGW correlations. 
Further research is necessary to determine whether the 
difference in the altitude extent of the high correlation 
bands below and above ~ 1.6 mHz in Fig. 8c is related to 
the change in the position of AGW turning point in the 
buoyancy resonances.

Conclusion
Resonance oscillations occur in the atmosphere when 
upward propagating waves are strongly refracted by 
temperature and wind velocity gradients, reach a turn-
ing point at some altitude, and the resulting combination 
of the upward and downward propagating waves satis-
fies the boundary conditions at the lower boundary of 
the atmosphere. Resonances occur on both acoustic and 
gravity (or buoyancy) branches of the dispersion curve 

Fig. 8 Bathymetry of northwest Atlantic and correlation of the oceanic and atmospheric wave activity observed in the area. a Bathymetry map of 
northwest Atlantic. b Probability density function of water depths in the part of the Atlantic Ocean depicted in a. Depth distribution is calculated in 
the area from 20° to 50° N and from 40° to 80° W using the satellite altimetry-derived global 2-min bathymetry dataset (Smith and Sandwell 1997) 
provided in MATLAB. The four water depths indicated by color, 150 m (yellow), 2649 m (red), 4300 m and 5900 m (white), are the depth for which 
the infragravity wave dispersion curves are shown in Fig. 5. c Correlation coefficient of spectral amplitudes of the wave activities observed in the 
Atlantic Ocean at the location of NDBC Station 44402 (39.30 °N 70.66 °W) and in the thermosphere over the Wallops Island, Virginia (c is adapted 
from (Zabotin et al. 2016).)
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of acoustic-gravity waves (AGWs). Accurate prediction 
of resonance frequencies requires a careful account for 
the phase changes that AGWs experience at propagation 
from the ground level to the turning point, at the turning 
point, and at reflection from the lower boundary. Reso-
nance frequencies are not directly related to the acoustic 
cutoff frequency or buoyancy frequency at any particular 
altitude. Atmospheric resonances can be viewed as those 
normal modes of the coupled atmosphere–ocean–solid 
earth system that are predominantly concentrated in the 
atmosphere.

Atmosphere typically supports a few low-order acous-
tic resonances with periods of 3–5 min and more numer-
ous lower frequency buoyancy resonances with periods 
from about 5.7 min to several hours. Inertial effects due 
to Earth’s rotation significantly affect buoyancy reso-
nances with periods longer than about 4  h. Acoustic 
resonances are found to be sensitive to the neutral tem-
perature profile in the atmosphere, especially around 
mesopause and tropopause, and are insensitive to wind. 
In contrast, buoyancy resonances exhibit high sensitivity 
to the wind velocity profile and its variations, in addition 
to the temperature profile sensitivity. Our model predicts 
significant variations of buoyancy resonances on diurnal 
timescales, which are primarily caused by wind varia-
tions. Individual buoyancy resonances can be resolved 
and have a direct physical meaning only as long as the 
resonance frequencies and the difference of frequen-
cies of consecutive resonances are large compared to the 
inverse of the temporal scale of the resonance frequency 
variation.

Wave activity in acoustic resonances extends from the 
ground level to the middle and upper atmosphere. Cor-
responding AGWs have a mesospheric turning point. 
The low-temperature layer around the mesopause is 
a “potential barrier” for the AGWs, where the waves 
become evanescent. The finite vertical extent of the bar-
rier plays a dual role in the acoustic resonances. On the 
one hand, the barrier ensures a strong reflection from the 
mesospheric turning point, which is necessary for a well-
defined resonance to occur. On the other hand, the AGW 
tunneling through the barrier into the thermosphere cou-
ples ground-level vibrations with upper atmosphere and 
underlies most of the observed ionospheric manifesta-
tions of the acoustic resonances.

Acoustic resonances are predicted to be a seasonal 
phenomenon in Antarctic atmosphere. This is traced 
back to the tropopause temperature dropping below the 
mesopause temperature in winter.

Theoretical analysis and numerical modeling show 
that the strongest coupling of the wave activity in the 
middle and upper atmosphere with waves propagating 
along the lower boundary of the atmosphere occur when 

atmospheric resonances are excited. In mid-latitude 
atmosphere, dispersion curves of several well-defined 
buoyancy resonances are found to intersect with disper-
sion curves of infragravity waves (IGWs) in the ocean in 
a wide range of ocean depths. The exact resonance order 
and frequency of the intersection depend on the ocean 
depth and, at a given location, on the direction of IGW 
propagation. The intersections result in the resonance 
excitation of atmospheric waves over oceans by IGWs in 
several frequency bands within approximately 1–3 mHz 
frequency range. Excitation of atmospheric resonances 
by IGWs provides a possible explanation of the observa-
tions (Zabotin et  al. 2016) of the bands of high correla-
tion between spectra of IGWs off the US East Coast and 
wave activity in the ionosphere above Wallops Island, 
Virginia.

Waves in the atmosphere are excited by vertical dis-
placements of its lower boundary most efficiently at the 
resonance frequencies. However, the resonances exist 
regardless of a particular way of the wave generation. 
Same resonances will be also excited by sources within 
the atmosphere, with the efficiency dependent of the 
source type and altitude. The long vertical wavelength 
of acoustic resonances (Figs.  1 and 3) indicates that, in 
agreement with observations (Bedard 1978; Jones and 
Georges 1976; Nishioka et  al. 2013; Pilger et  al. 2013), 
these resonances will be excited by sources in the trop-
osphere nearly as efficiently as by sources at the ground 
level.
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Wentzel–Kramers–Brillouin.
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