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Acceleration mechanism of radiation 
belt electrons through interaction 
with multi-subpacket chorus waves
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Abstract 

We conduct test particle simulations to examine the acceleration mechanism of relativistic electrons through interac-
tion with multi-subpacket chorus waves. As the analysis of recent observations reveals, amplitude of a rising tone 
element of chorus wave consists of many short wave packets. We call this single rising tone chorus element with the 
collective structure of multiple short wave packets as a multi-subpacket chorus wave. In this simulation, we develop 
the wave model with rapidly fluctuating amplitude and phase discontinuities across each subpacket, in order to 
examine how these features of multi-subpacket chorus wave influence the nonlinear trapping processes in efficient 
acceleration of relativistic electrons such as relativistic turning acceleration (RTA) and ultra-relativistic acceleration 
(URA). To conduct comprehensive examinations, we test more than nine million particles with various initial condi-
tions covering the energy range from 100 to 6 MeV, and the equatorial pitch angles from 10° to 89°. The test particles 
interact with a single rising tone element of multi-subpacket chorus wave set up with the maximum amplitude of 
about 2 nT and the frequency rise from about 1.3 kHz to 3.8 kHz over 0.25 s. Relativistic electrons are accelerated by 
about 160 keV under preferable conditions. The energy increase verifies the high efficiency of acceleration by the 
wave–particle interactions, based on the fact that it is achieved by a short time interaction less than 1 s with a single 
element of chorus wave. By analyzing the detailed behavior of the accelerated electrons, we find successive trapping 
of the resonant electrons resulting in the efficient accelerations from the consecutive multiple subpackets of a chorus 
wave element.

Keywords: Wave–particle interaction, Test particle simulation, Particle acceleration, Relativistic electrons, Radiation 
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Introduction
Prompt recovery of highly energetic (MeV) electron pop-
ulations in Earth’s outer radiation belt, the outermost of 
the twin torus-shaped rings of high-energy plasma sur-
rounding Earth, has been observed during geomagnetic 
storms (e.g., Foster et  al. 2017). The prompt recovery 
includes efficient acceleration of radiation belt electrons 
though interaction with chorus waves such as relativistic 
turning acceleration (RTA) and ultra-relativistic accel-
eration (URA) (Omura et al. 2007; Summers and Omura 

2007). Hence the wave–particle interaction and the con-
sequent acceleration of electrons have been a topic of 
interest (e.g., Baker et al. 2018) concerning the formation 
of the outer radiation belt in Earth’s magnetosphere.

As observed outside the plasmapause (Carpenter 1963) 
in Earth’s inner magnetosphere by spacecraft and on the 
ground (e.g., Golkowski et al. 2019; Hosseini et al. 2019; 
Demekhov et al. 2017; Hosseini et al. 2017; Li et al. 2011; 
Meredith et al. 2003), chorus wave is a rising tone elec-
tromagnetic emission which is generated by an instability 
driven by the temperature anisotropy of energetic elec-
trons (e.g., 10–100  keV) and propagates nearly parallel 
to Earth’s magnetic field B0 . When energetic electrons 
with the energy range of 10 keV to 10 MeV interact with 
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chorus wave at the resonance velocity VR , some of them 
fall into the wave potential, which is formed by Lorentz 
force of electron velocities perpendicular to Earth’s dipole 
magnetic field v⊥ and the wave magnetic field. These 
electrons continue to remain in resonance being phase-
trapped in the potential, resulting in efficient acceleration 
such as RTA and URA. This indicates that through the 
intermediary of chorus waves excited by resonant lower-
energy electrons, energy is transferred from lower-energy 
electron population to the MeV radiation belt electrons.

In the acceleration process, variation of the wave 
potential during the wave–particle interaction is a key 
factor for the electrons to be trapped and accelerated 
by the chorus waves. The wave potential significantly 
depends on the wave amplitude: larger wave amplitude 
results in expansion of the wave potential, and hence effi-
cient electron acceleration is more likely to occur (San-
tolík et al. 2014; Foster et al. 2017; Omura et al. 2019). An 
analysis of recent observation data by Van Allen probes 
(Santolík et  al. 2014; Foster et  al. 2017) shows a rising 
tone chorus element consists of many short wave pack-
ets with time scale of 10–30 ms. We call this single ris-
ing tone chorus element with the collective structure of 
multiple short waves as multi-subpacket chorus wave. 
Besides a rapid amplitude variation, another feature of 
multi-subpacket chorus wave is to have phase disconti-
nuities across each subpacket (Shoji and Omura 2013). 
Phase discontinuity here indicates that the chorus wave 
phase relative to the electron gyrophase is discontinu-
ously changed when an electron in resonance with a 
chorus subpacket encounters the next subpacket. In this 

study, we conduct simulations of wave–particle interac-
tion including the multi-subpacket wave structure and 
the phase discontinuities, and examine the efficiency 
of the electron acceleration processes (RTA and URA) 
under these conditions.

The simulation model of multi-subpacket chorus waves 
and conditions of relativistic electrons tested in the sim-
ulations are described in “Simulation method and wave 
model” section. In “Mechanism of efficient acceleration 
of relativistic electrons” section, to examine the accel-
eration mechanism, we analyze temporal variation of 
trajectory, energy and velocity of several representative 
electrons. Besides the representative electrons, it is also 
examined in “Comparison under different initial condi-
tions” section if the acceleration mechanism discussed 
in “Mechanism of efficient acceleration of relativistic 
electrons” section is applicable to electrons under dif-
ferent conditions such as different energy levels. Finally, 
we summarize our simulation results and conclude this 
study in “Summary and conclusion” section.

Simulation method and wave model
Simulation model of multi‑subpacket chorus wave 
elements
In the present simulations, a pair of multi-subpacket cho-
rus elements are generated on the equatorial plane (San-
tolík and Gurnett 2013) and propagate both northward 
and southward along B0 as shown in Fig.  1. The wave 
amplitude Bw and frequency ω are based on the chorus 
equations, which describe time evolution of wave ampli-
tude and frequency at the equator (Omura et  al. 2009). 

Fig. 1 Schematic illustration of generation and propagation processes of multi-subpacket chorus wave elements. A pair of multi-subpacket chorus 
wave elements are triggered on the equatorial plane. Each chorus wave element is assumed to propagate northward and southward nearly parallel 
to Earth’s dipole magnetic field B0
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Their time variations on the equator are shown in Fig. 2a, 
b. The vertical axes of the figures are normalized by B0 
and the equatorial cyclotron frequency Ωe0 . In our simu-
lation we assume these variables as 270 nT and 7.6 kHz , 
respectively, based on the recent observations (Omura 
et al. 2019). The horizontal time axes are also normalized 
by Ωe0 in the figures. The figures, therefore, represent 
the amplitude variation with its maximum peak of about 
2 nT and the frequency increase from 1.3 to 3.8 kHz over 
0.25 s approximately.

Figure  3 shows the generation process of a multi-
subpacket chorus wave element in our simulation. Each 
subpacket composing the wave element is triggered by 
a group of seed electrons in the equatorial region and 
slightly upstream from the equator. The wave ampli-
tude grows until it reaches the optimum amplitude 
(Omura and Nunn 2011) and starts decreasing down to 
the threshold level, which is the minimum value for sub-
packets to propagate. In our simulation, resonant seed 
electrons trigger a subpacket and are modulated by the 
subpacket during the interaction. The modulated elec-
trons then trigger the next subpacket by cyclotron reso-
nance when they are released by the previous subpacket. 
In Fig. 3, a group of resonant seed electrons which trigger 
packet 1 are accelerated through interaction with packet 
1 and triggers packet 2 by cyclotron resonance instantly 
after the electrons are released by packet 1. Multiple 
subpackets are generated continuously in this manner 
(Shoji and Omura 2013) to develop the wave amplitude 
model as shown in Fig.  2a. During the acceleration, the 

gyrophase of the seed electrons is modulated by the wave 
frequency. When the modulated seed electrons trigger 
the next subpacket, the frequency of the previous sub-
packet at the time of releasing the seed electrons is trans-
ferred to the next subpacket, which results in the gradual 
frequency increase as shown in Fig. 2b.

Another key assumption in this study is that a phase of 
each subpacket is randomized at each timing of packet 
generation in the simulation. Therefore, resonant elec-
trons undergo phase discontinuities at every beginning 
of interaction with a new subpacket. As shown in Fig. 3, 
the phase difference between packet 2 and the interacting 
electrons Z2 , for example, are discontinuously changed to 
Z3 when the electrons are released by packet 2 and start 
to interact with packet 3.

Simulations of wave–particle interaction for the test 
particles of comprehensive ranges of energy 
and equatorial pitch angle
In the present simulations, the motion of relativistic 
electrons is derived by relativistic equations of motion 
(Omura and Summers 2006) under the environment of 
Earth’s dipole magnetic field and multi-subpacket chorus 
waves propagating along the dipole field line. The time 
step and grid spacing are set as �t = 0.05 Ω−1

e0  and �h = 
0.05 c

/

Ωe0 , respectively, where Ωe0 and speed of light c 
are assumed as 1. We create a system of 7500 c

/

Ωe0 for 
a hemisphere in the spatial dimension. For a comprehen-
sive examination, the simulations are conducted for rela-
tivistic electrons under a wide range of initial conditions: 

a b

Fig. 2 The equatorial simulation wave model of amplitude Bw and frequency ω . a Multi-subpacket chorus wave amplitude Bw normalized by 
the external dipole magnetic field at the equator B0 . The model comprises eight subpackets with the largest peak value of about 2 nT over 0.25 s 
under assumption of B0 as 270 nT and Ωe0 as 7.6 kHz. b Multi-subpacket chorus wave frequency ω normalized by Ωe0 rising from 1.3 to 3.8 kHz 
approximately
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60 different initial energy levels from 100 to 6 MeV and 
43 cases for the initial equatorial pitch angles from 10° to 
89°. For each set of the initial energy and the equatorial 
pitch angle, 360 electrons with different gyrophases (the 
angle between electron velocity perpendicular to Earth’s 
dipole magnetic field v⊥ and wave magnetic field Bw ) 
shifted by 1° are set up for 10 different initial locations 
evenly distributed over the distance between the equator 
and the mirror point on the northern hemisphere.

Figure  4 is an overview of energy increase by wave–
particle interactions. An element of multi-subpacket 
chorus wave interacts with a group of electrons under 
each set of the initial conditions. We select the most suc-
cessfully accelerated electron, which results in the largest 
energy increase out of 3600 electrons under each set of 
initial conditions and visualize the energy increase of the 
most successful electron in Fig.  4. As the figure shows, 
relativistic electrons under some conditions are acceler-
ated by more than 100 keV. Such energy increase suggests 

the high efficiency of accelerations by the wave–parti-
cle interaction, since the interactions are with a single 
element of multi-subpacket chorus waves over a short 
period less than 1 s. For detailed examination of this effi-
cient acceleration process, several sample cases which 
resulted in a large energy increase (case 1, 2 and 3 in the 
figure) are featured in a later section.

Mechanism of efficient acceleration of relativistic 
electrons
In the examination of the acceleration process through 
wave–particle interaction, behavior of the wave poten-
tial becomes a key factor. What we define as the wave 
potential is the boundary condition and forms the trap-
ping region, where electrons are entrapped by the chorus 
wave. Since the wave potential and the trapping region 
are significantly influenced by the magnitude of chorus 
wave amplitude, the structure of multi-subpacket wave 
amplitude makes the trapping region expand and shrink 

Seed electron strigger packet 1

Wave-particle
interaction

Modulated electrons
trigger packet 2

Equatorial
Region

Example of phase discontinuity 

Fig. 3 Schematic diagram of generation process of subpackets in the equatorial region. Seed electrons generate a chorus wave subpacket (packet 
1) by cyclotron resonance. The resonant seed electrons are modulated by packet 1 through the interaction. The frequency of packet 1 at the timing 
of releasing the seed electrons is transferred to packet 2 when the modulated seed electrons trigger packet 2. Since phase of each subpacket is 
randomized in the simulation, phase difference between packet 2 and the resonant seed electrons gyrophase Z2 is discontinuously changed to Z3 
at the timing of being released by packet 2 and interacting with packet 3
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rapidly. It clearly affects the trapping process of relativ-
istic electrons. In this section, we discuss the behavior of 
the trapping region during the wave–particle interaction.

Theoretical background
Temporal and spatial variation of VR are discussed in this 
section. VR is given by:

where k is a wave number of a chorus wave, and Ωe 
and γ are gyrofrequency and Lorentz factor of an elec-
tron, respectively, given by Ωe = Ωe0

(

1+ ah2
)

 , where 
a is a curvature of Earth’s dipole magnetic field, and 
γ =

[

1−
(

V 2
R + v2⊥

)/

c2
]−1/2 . By substituting γ as a 

function of VR in Eq. (1), VR can be explicitly obtained as 
(Summers et al. 2012):

(1)VR = (ω −Ωe/γ )
/

k ,

(2)VR

c
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1
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Case3-2

Case3-1

Energy increase by
the RTA acceleration

Energy increase by
the URA acceleration

Initial energy [ ]
Fig. 4 Energy increase profile of the most successfully accelerated electron under each initial condition. Comprehensive simulations are 
conducted under various initial conditions: 60 energy levels and 43 equatorial pitch angles. Each condition is applied for 3600 electrons with 
different gyrophases and initial positions. The energy increase of the most successfully accelerated electron out of the 3600 electrons in each case 
is visualized in the colormap. The high energy increase range (colored in red) with lower initial energy electrons results from the RTA acceleration, 
whereas the range over MeV-class initial energy is due to the URA acceleration. The URA high energy range consists of two bands separated by 
a cavity at the initial pitch angle of around 70°. The upper band and lower band are formed by the different types of URA: overtaken URA and 
catching up URA, respectively. The cavity is the intermediate condition, where no efficient acceleration occurs
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where ξ and χ are dimensionless parameters given by 
ξ2 = ω(�e − ω)/ω(�e − ω)ω2

pe including electron 
plasma frequency ωpe , and χ2 = 1

/(

1+ ξ2
)

 . Since VR is 
a function of distance from the equator h and time t , the 
resonance velocity VR takes different values instantane-
ously at each location and timing of the wave–particle 
interaction.

Trapping region in the velocity phase space
The condition for electrons to be entrapped by chorus wave 
is described by the second-order nonlinear ordinary differ-
ential equation (Dysthe 1971; Nunn 1974; Matsumoto and 
Omura 1981; Omura et al. 2008, 2009):

where ωtr = χ
√

kV⊥0Ωw/γ  , and V⊥0 is the average per-
pendicular velocity of energetic electrons. The parameter 
S is an inhomogeneity factor given by:

where

(3)
d2ζ

dt2
=

ω2
t χ

2

γ
(sin ζ + S) = ω2

tr(sin ζ + S),

(4)S = −
1

s0ωΩw

(

s1
∂ω

∂t
+ cs2

∂Ωe

∂h

)

,

(5)s0 =
χ

ξ

V⊥0

c
,

and

where VP is the phase velocity of the chorus wave given 
by VP = cχξ . To interpret the trajectory of ζ in Eq.  (3) 
visually, we describe it in quadratic form by introducing 
a variable θ = dζ

/

dt . By substituting θ to Eq. (3) and tak-
ing integration, we obtain:

where C is an integral constant.
Figure  5 shows trajectories of Eq.  (8) in the ( θ − ζ ) 

space for various values of C with a fixed value of 
S = − 0.4. In the figure, some trajectories oscillate over 
0 ≤ ζ ≤ 2π (such as the blue open line), whereas some of 
them draw closed lines oscillating within a limited range 
of ζ (such as the red closed trajectory). The variation of 
the kinetic energy is given by (Omura et al. 2007):

where K  is energy of the electron. The integral of the 
sinusoidal term over 0 ≤ ζ ≤ 2π gives no energy to 

(6)s1 = γ

(

1−
VR

Vg

)2

,

(7)

s2 =
1

2ξχ

{

γω

Ωe

(

V⊥0

c

)2

−
[

2+
χ2(Ωe − γω)

Ωe − ω

]

VRVP

c2

}

,

(8)θ2 + 2ω2
tr(cos ζ − Sζ ) = C ,

(9)
dK

dt
=

eBw

k
v⊥sin ζ ,

Fig. 5 Trajectories of relativistic electrons in the (θ −ζ) phase space for S = − 0.4. The phase ζ of non-resonant electron oscillates between 0 and 2 
π (blue line), whereas the oscillation for resonant electrons ( v� ∼= VR or θ ∼= 0 ) draws closed trajectories (red trajectory). The region where electrons 
draw closed phase trajectories is called trapping region (colored in white), and the boundary of the region is defined as separatrix of the trapping 
region. Resonant electrons continue to gain energy while they are trapped within the region
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electrons on the open trajectories, whereas those on the 
closed trajectories continue to gain energy until they get 
off the loop. When electrons are in the closed trajectory 
region, the electrons are interpreted as being entrapped 
by chorus wave, and the region is called trapping region 
(white colored region). We define the trajectory which 
forms the boundary of the trapping region as separatrix. 
The integration constant of separatrix C|θ=0,ζ=ζ1 can be 
obtained by Eq. (8) and the trajectory can be given by:

In this paper, we examine the trapping process of elec-
trons in velocity phase space, and convert Eq.  (10) by 
simply substituting θ = k�v = k

(

v� − VR

)

:

We have introduced a parameter vα given by 
vα = Vtr

2

√
2[cos ζ1 − cos ζ + S(ζ − ζ1)] , where trapping 

velocity Vtr = 2ωtr

/

k . Equation (11) indicates resonant 
electrons with v‖ inside the separatrix ( 

∣

∣v� − VR

∣

∣ < vα ) 
are entrapped by chorus wave.

Successive trapping
In this section, we discuss the mechanism of efficient 
energy increase of electrons by interaction with multi-
subpacket chorus waves by tracking the relation between 
the trapping region in velocity phase space and the actual 
velocity of electrons v‖ at each moment of the wave–par-
ticle interaction. Figure 6 shows the trajectory and energy 
variation of a sample electron with the initial energy of 
500  keV and equatorial pitch angle of 60°. Figure  6a 
shows the trajectory of the electron, which starts gyro-
motion from the equator (1. starting point) and travels 
northwards until it changes the traveling direction at the 
mirror point (2. mirror point). The colormap in the figure 
represents the profile of a pair of multi-subpacket chorus 
elements generated at the equator. One of the elements 
has a positive velocity and propagates northward from 
the equator, while the other propagates southward with 
a negative velocity. Before the electron reaches location 
A in the figure, it interacts with triggering waves (colored 
in dark blue in the profile) with a constant amplitude and 
frequency in the simulation. The amplitude is 1.5× 10−4 
[ Be0 ] being slightly above the threshold value and the fre-
quency is 0.18 [ Ωe0 ]. The triggering waves are set up for 
the entire system space initially, in order to enable the 
wave elements to propagate through the space. The elec-
tron begins to interact with subpackets of a chorus wave 
element at location A and finishes the interactions with 
all the eight subpackets at location B.

(10)θs(ζ ) = ±ωtr

√

2[cos ζ1 − cos ζ + S(ζ − ζ1)].

(11)v�s(ζ ) = VR ± vα .

In Fig. 6b, the black line represents the variation of VR . 
The value of VR in the figure decreases over the trajec-
tory from the starting point to the mirror point due to 
increasing Ωe as the electrons travel to higher latitude 
regions. When the electron interacts with the multi-
subpacket chorus wave between location A and B, VR 
shows a rapid increase, as a result of the increasing wave 
frequency ω . The yellow region around the trajectory of 
VR is the trapping region, which is enclosed by separatrix 
v�s(ζ ) = VR ± vα from Eq.  (11). The region is propor-
tional to the square root of the wave amplitude Ωw in the 
form of trapping velocity vtr = χ

√

v⊥Ωw/kγ  . In the fig-
ure it is clearly seen that the trapping region is affected 
by the distinctive wave amplitude structure of multi-sub-
packet chorus waves, expanding during the wave ampli-
tude growth and shrinking during the wave amplitude 
drop. The blue line in Fig.  6b draws the variation of v‖ , 
which starts the adiabatic gyromotion from the equa-
tor with a positive velocity of around v� = 0.4 [ c] north-
wards. When the sample electron interacts with a wave 
subpacket at location A, the velocity v‖ is located within 
the trapping region and the electron is entrapped by the 
chorus wave. The process can be seen by the trajectory of 
the v‖ being disturbed to follow the variation of VR in the 
figure.

When energetic electrons interact with a single sub-
packet of a multi-subpacket chorus element satisfying 
∣

∣v� − VR

∣

∣ < vα , they fall into the trapping region. Some of 
the electrons get off the trapping region when it shrinks 
due to the wave amplitude drop, while some resonant 
electrons can remain in the shrinking region and con-
tinue to be accelerated until the end of the interaction. 
When the resonant electrons encounter the next wave 
subpacket, some of them again fall into the trapping 
region generated by the subpacket. In this manner elec-
trons are entrapped and detrapped at some possibilities 
at each interaction with the consecutive subpackets of a 
chorus element. The sample electron shown in Fig. 6 is an 
example which encounters the first subpacket of a multi-
subpacket chorus element at location A, and falls in the 
trapping region. The electron remains in the trapping 
region generated by all the eight subpackets it passed 
through. As a result, the energy level shown in Fig.  6c 
continues to increase more than 60 keV throughout the 
entire interaction with the chorus wave element. We 
define this trapping process by the consecutive multiple 
subpackets of chorus wave as successive trapping.

When an electron is under successive trapping, the 
angle between chorus wave and the electron ζ oscillates 
within a limited range such as ζ1 and ζ2 in Fig. 5. Figure 6d 
shows the variation of ζ against �v = v� − VR . When the 
electron is not in resonance with the multi-subpacket 
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chorus wave outside the trapping region ( |�v| > vα ), ζ 
rapidly oscillates between 0 and 2 π . When v‖ falls into 
the trapping region ( |�v| < vα ), the ζ oscillation is limited 
within a certain range to draw a closed trajectory. Once 
the electron is detrapped, ζ is back to the rapid oscilla-
tion between 0 and 2 π . Color of the dots in the figure is 
changed at each timing of the electron interacting with 
a new subpacket. In another word, the electron experi-
ences phase discontinuities at each color change. This 
verifies that an electron can be entrapped by a series of 
multiple subpackets involving phase discontinuities.

Comparison under different initial conditions
Successive trapping of relativistic electrons at different 
energy levels
In this section, occurrence of the successive trapping is 
examined under different initial conditions in addition 
to the case discussed in “Successive trapping” section. 
We introduce simulation results in three representative 
cases. Case 1 is the aforementioned case, in which the 
initial energy of test particles are set as 500 keV. In cases 2 
and 3, the initial energies are set as 2.1 MeV and 5.7 MeV, 
respectively. We include 3600 particles with the same 

a b

c d

E
ne

rg
y

Fig. 6 Simulation results of wave–particle interaction for a sample electron with the initial energy of 500 keV and the initial equatorial pitch 
angle of 60°. a Spatiotemporal profile of generation and propagation of multi-subpacket chorus wave amplitude and a trajectory (white line) of 
the sample electron. The adiabatic motion of the electron distorted by the wave–particle interaction over location A–B. b Variation of resonance 
velocity VR (black line) with the trapping region (yellow region) formed around it. The blue line shows the variation of the electron velocity v‖ . The 
trajectory of v‖ is clearly disturbed to follow the variation of VR over location A–B, indicating the electron is entrapped and accelerated by the chorus 
wave during the interaction. c Energy variation of the sample electron resulting in energy increase of more than 60 keV. d Trajectory of the electron 
in the (θ −ζ) phase space draws closed region, indicating the electron falls into the trapping region generated by the chorus wave. The dot color is 
changed at the points where the electron starts to interact with a new subpacket and experiences a phase discontinuity
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initial energy and equatorial pitch angle in each case of 
simulation, and the most successful electron resulting 
in the maximum energy increase of the 3600 particles 
is shown in Fig. 7. Each column of the figure shows the 
temporal variations of key parameters such as electron’s 
trajectory, energy increase and velocity v‖ in comparison 
with the trapping region.

As shown in case 1 described in “Successive trapping” 
section, the rows of v‖ in cases 2 and 3 show the occur-
rence of successive trapping by the variation of v‖ falling 
and remaining in the trapping region through the inter-
action with the entire rising tone element of multi-sub-
packet chorus wave. Energy increase can be seen in the 
raw of energy variation corresponding to the successive 

trapping processes in all the cases. The amount of the 
energy increases in cases 2 and 3, however, achieve 
more than double the result in case 1. This is due to the 
manners of acceleration defined as relativistic turning 
acceleration (RTA) in Omura et  al. (2007) and ultra-
relativistic acceleration (URA) in Summers and Omura 
(2007). Electrons with low energy levels can get in reso-
nance and entrapped when they interact with chorus 
wave traveling in the opposite direction to the wave 
propagation ( VR < 0). On the other hand, resonance 
and trapping for electrons with higher energy levels can 
occur when the electrons and chorus wave are moving 
in the same direction ( VR > 0 ), which enables a longer 
wave–particle interaction, and results in more efficient 

Fig. 7 Simulation results of wave–particle interactions for electrons under different initial conditions of the initial energy and equatorial pitch 
angle. Electrons interact with the chorus wave elements under three different initial conditions: (case 1) 500 keV-60°, (case 2) 2.1 MeV-80°, and 
(case 3) 5.7 MeV-86°. The energy variation shows that electrons in all the three cases gain energy (62.7 keV, 133.5 keV, and 154.4 keV, respectively). 
The velocity variation shows that the electron in case 1 is accelerated when v� ≈ VR < 0 (the RTA acceleration), whereas those in cases 2 and 3 are 
accelerated when v� ≈ VR > 0 (the URA acceleration). Energy increase is higher in the URA acceleration (cases 2 and 3) due to a longer passing 
time through the chorus wave element tpass
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energy increase. In the rows of v‖ variations in Fig. 7, it 
can be seen that the electrons are entrapped at VR < 0 
for case 1 and VR > 0 for the higher energy cases. Since 
the electrons in cases 2 and 3 are accelerated by the 
URA processes, they result in more efficient energy 
increase than those in case 1.

As a theoretical interpretation, the energy increase 
�K  is given by:

tpass is the time duration of electron passing the wave 
packets defined as (Hsieh and Omura 2017):

where �L is the spatial length of the wave packet regarded 
as a constant value in this simulation since all cases use 
the same wave model and take the identical value of �L . It 
is clear from the trajectories in Fig. 8 that passing time in 
case 1 (RTA) is shorter than those in cases 2 and 3 (URA). 
Since �K  is proportionally affected by tpass in Eq.  (12), 
the electron in case 1 results in less energy increase than 
those in cases 2 and 3.

Overtaken URA and catching up URA 
Energy gain of the most successful electrons by succes-
sive trapping under different initial conditions (energy 
and equatorial pitch angle) is summarized in the color 
map previously shown in Fig. 4. The high energy increase 
range (colored in red) with lower initial energy elec-
trons results from the RTA acceleration including case 1, 

(12)�K ∝ |E⊥|v⊥tpass.

(13)tpass =
�L

�V
,

whereas the range over MeV-class initial energy is due to 
the URA acceleration such as cases 2 and 3. In the fig-
ure, the URA high-energy range consists of two bands 
separated by a cavity at the initial pitch angle around 
70°. In the two bands (upper and lower bands), the URA 
acceleration occurs in a different manner. We take case 
3 as an example of the URA acceleration in the upper 
band. The trajectory of the most successful electron 
in case 3 is once again shown in Fig. 8a. The vectors in 
the figure, Vgand v‖ , are velocity vectors of chorus wave 
group velocity and electron velocity. Both velocities are 
assumed as nearly parallel to B0 in this study. As can be 
seen by the directions of the velocity vectors, the electron 
travels slower than the chorus wave propagation. The 
URA acceleration, therefore, occurs when the electron 
is overtaken by the chorus wave approaching from the 
behind. We define this manner of the URA acceleration 
as overtaken URA. As an example case in the lower URA 
band, we take the most successful electron with the same 
initial energy as case 3 (5.7 MeV) but a lower equatorial 
pitch angle of 62° (defined as case 3-1). The spatiotem-
poral trajectory of the electron is shown in Fig.  8b. As 
opposed to case 3, the velocity vectors in this case indi-
cate that the electron travels faster than the chorus wave 
propagation. As a result, the URA acceleration occurs 
when the electron catches up with the chorus wave ele-
ment. We defined this type of URA as catching up URA 
in contrast to the overtaken URA in case 3.

There is always the intermediate case between the 
overtaken URA and the catching up URA, in which elec-
trons travel at the velocity so close to the chorus wave 
propagation that no wave–particle interactions occur 

a Case 3 b Case 3-1 c Case 3-2

Fig. 8 Different types of the URA acceleration depending on the interrelation between v‖ and Vg . a Trajectory of the most successful electron in 
case 3 (5.7 MeV-86°) is again taken as an example. The electron travels slower than the chorus wave propagation ( v‖ < Vg ). The electron is accelerated 
by URA when it is overtaken by the chorus wave approaching from the behind (overtaken URA). b Trajectory in case 3-1 (5.7 MeV-62°). The electron 
travels with the velocity v‖ > Vg , and is accelerated by URA when it catches up with the chorus wave going ahead (catching up URA). c Trajectory 
in case 3-2 (5.7 MeV-74°). The electron travels with v� ≈ Vg and is neither overtaken nor catching up with the chorus wave, thus the efficient URA 
acceleration does not occur
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when electrons are traveling in the same direction as the 
wave propagation, resulting in no occurrence of the URA 
acceleration. This intermediate case can be seen as a cav-
ity of the energy color map in Fig. 4. As an example case 
of the cavity region, we take case 3-2 with the interme-
diate equatorial pitch angle (74°). The trajectory of the 
most successful electron in case 3-2 is shown in Fig. 8c. It 
is clearly shown in the figure that the electron is neither 
overtaken nor catching up on the chorus wave element. 
In this study, the cavity appears for electrons with the 
initial equatorial pitch angle of around 70°. However, the 
condition depends on the interrelation between veloci-
ties of the traveling electrons and the chorus wave propa-
gation. Therefore, the location of the cavity (the value of 
equatorial pitch angle) varies with parameters such as 
wave packet length.

Probability of successive trapping
In the previous sections, we have discussed the succes-
sive trapping in the RTA and URA acceleration processes 
by taking examples of the most successfully accelerated 
single particles. In this section, probabilities of occur-
rence of the successive trapping in the RTA and URA 
processes are examined: what fraction of particles besides 
the most successful particle undergo the successive trap-
ping and are accelerated in what degree. Figure 9 shows 
the temporal energy variations of 360 particles equally 
distributed in gyrophase under the initial conditions of 
case 1 (500  keV-60°), case 2 (2.1  MeV-80°), and case 3 
(5.7 MeV-86°) as defined in Fig. 7. The top line reaching 

the largest energy increase at the termination of the sim-
ulation in each case represents the most successful par-
ticle discussed in Fig. 7. The most successful electron in 
case 1, for example, has gained energy of �K = 62.7 keV 
by the interactions with eight wave subpackets. Since the 
gradient of the energy increase is almost uniform over 
the interactions with the eight wave subpackets as shown 
in Fig. 9a, we assume the energy increase from each sub-
packet as 7.84  keV by evenly dividing the final energy 
increase by the eight subpackets. Similarly Fig. 9b, c show 
case 2 and case 3, where the energy increases of the most 
successful electrons are achieved �K = 133.5 keV and 
154.4 keV , respectively, by interactions with seven wave 
subpackets. The energy gains per subpacket is assumed 
as 19.1 keV and 22.1 keV . Figure  10 shows histograms 
of the final energy levels of the 360 test particles in cases 
1, 2 and 3. From the histogram in Fig.  10a, a majority 
(about one-third) of the particles in case 1 are acceler-
ated by around 20  keV, which is interpreted as energy 
gain from two to three subpackets based on the assump-
tion that energy gain per subpacket is 7.84  keV. Rest of 
the particles also gain energies (less or more than 20 keV) 
depending on the number of the wave subpackets that 
each particle is entrapped by. The distribution of the his-
togram indicates that not only a small fraction of success-
ful particles, but also many other particles can experience 
successive trapping by several subpackets. This is also 
true for cases 2 and 3 as shown in Fig. 10b, c.

Figure 11 shows the transition of the number of elec-
trons being in resonance with the multi-subpacket 

a Case 1 b Case 2 c  Case 3

E
ne
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Fig. 9 Temporal energy variations of 360 particles under the initial conditions of case 1 (500 keV-60°), case 2 (2.1 MeV-80°), and case 3 (5.7 MeV-86°). 
The energy variations of the 360 particles in three cases by the interactions with the chorus wave. The top line reaching the largest energy increase 
at the termination of the simulation in each case represents the most successful particle discussed in Fig. 7. a The most successful electron in case 1 
gained energy of �K = 62.7 keV by the interactions with eight wave subpackets. The energy increase per subpacket, therefore, is 7.84 keV assuming 
a uniform gradient of the energy increase. b The energy increase of the most successful electron in case 2 is 133.5 keV through interactions with 
seven subpackets, hence the energy gain per subpacket is calculated as 19.1 keV . c Similarly, the energy increase of the most successful electron in 
case 3 is 154.4 keV through interactions with seven subpackets and the energy gain per subpacket is 22.1 keV



Page 12 of 14Hiraga and Omura  Earth, Planets and Space           (2020) 72:21 

chorus element in cases 1, 2, and 3. Figure  11a shows 
that out of 360 electrons initially in resonance with the 
chorus wave, only 304 electrons are entrapped by the 
first subpacket (packet 1), and 56 electrons are shortly 
detrapped and get off resonance in case 1. Therefore, 
packet 1 traps resonant electrons at the probability of 

84.4%. In the same manner, 260 electrons out of the 
304 electrons entrapped by packet 1 are consecutively 
entrapped by packet 2. Hence we obtain the trapping 
probability of 85.5% for packet 2. Similarly, the trapping 
probabilities for other packets are obtained as shown 
in Fig.  11a. Since we define in this study successive 

a Case 1 b Case 2 c Case 3

Energy Energy Energy
Fig. 10 Histograms of the final energy levels of 360 test particles in case 1 (500 keV-60°), case 2 (2.1 MeV-80°), and case 3 (5.7 MeV-86°). a Histogram 
in case 1. About one-third of the particles are accelerated by about 20 keV (energy gain by a few subpackets). Rest of the particles also gain energies 
less or more than 20 keV depending on the number of the wave subpackets that each particle is entrapped by. b Histogram in case 2, which forms 
a distribution with the first peak at �K ≈ 10 keV (energy gain by less than a single subpacket). The second peak is at �K ≈ 50 keV (energy gain by a 
few subpackets). c Histogram in case 3, which forms a distribution with the first peak at �K ≈ 10 keV (energy gain by less than a single subpacket). 
The second peak is at �K ≈ 50 keV (energy gain by a few subpackets). The third peak is at �K ≈ 100 keV (energy gained by four or five subpackets). 
These distributions indicate that not only a small fraction of successful particles, but also many other particles can be accelerated with various 
degrees of efficiency

a Case 1 b Case 2 c Case 3

Fig. 11 Transitions of number of the resonant electrons and trapping probability in case 1 (500 keV-60°), case 2 (2.1 MeV-80°), and case 3 
(5.7 MeV-86°). a In case 1, out of 360 electrons initially in resonance with the chorus wave, only 304 electrons are entrapped by the first subpacket 
(packet 1), and 56 electrons are shortly detrapped and get off resonance. Hence the trapping probability of packet 1 is 84.4%. In the same manner, 
260 electrons out of the 304 electrons are consecutively entrapped by packet 2. Hence the trapping probability of packet 2 is 85.5%. The probability 
of successive trapping (trapping by more than one subpackets) in case 1 is 72.2%. b Similarly, the trapping probabilities for each packet in case 2 are 
shown in the table, and the probability of successive trapping is 45.8%. c The trapping probabilities for each packet in case 3 are shown in the table. 
The probability of successive trapping in case 3 is 55.3%. It can be seen that the probability of successive trapping is higher in the lower energy case 
(RTA acceleration case) such as case 1
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trapping as the entrapment of electrons from the con-
secutive multiple (more than one) subpackets, the 
empirical probability of the successive trapping in case 
1 becomes 72.2%, calculated by 260 electrons entrapped 
by the first two wave subpackets out of 360 electrons. In 
the same method, the empirical possibilities for cases 2 
and 3 are obtained as 45.8% and 55.3%, respectively, as 
shown in Fig. 11b, c. By these results, we verify that the 
successive trapping occurs more frequently with lower 
energy electrons in the RTA acceleration (such as case 
1), although higher energy electrons (such as cases 2 
and 3) are more efficiently accelerated by URA at each 
trapping process as shown in Fig. 9.

Summary and conclusion
By recent observations from the Van Allen Probes (Foster 
et al. 2017; Omura et al. 2019), it is seen that amplitude 
of a single rising tone element of chorus wave consists of 
a large number of short wave packets, defined as multi-
subpacket chorus wave. Since the trapping region, where 
resonant electrons can be efficiently accelerated, depends 
on the wave amplitude, the multi-subpacket structure 
causes a rapid variation of the trapping region and hence 
affects the processes of trapping energetic electrons. In 
this study, we have applied a new wave model to repre-
sent the single rising tone element formed by a multi-
subpacket chorus wave. In the wave model, the amplitude 
rapidly fluctuates to form the multi-subpacket structure 
and the phase is randomized at the generation of each 
subpacket. As a result of comprehensive wave–particle 
simulations, an efficient trapping process defined as suc-
cessive trapping has been verified. When the successive 
trapping occurs electrons are continuously entrapped 
by consecutive multiple wave subpackets, which results 
in efficient energy increases of electrons up to 160  keV 
by the short interaction with a single rising tone chorus 
element.

In our simulation, acceleration by the successive trap-
ping has been seen for electrons with various energy 
levels from a few hundred keV to 6 MeV. The successive 
trapping occurs during both RTA and URA accelerations. 
Empirically it is verified that the successive trapping 
occurs at a higher probability in the RTA acceleration (a 
larger number of electrons undergo the successive trap-
ping in the RTA acceleration). Acceleration within each 
process of the successive trapping, however, is more effi-
cient in the URA acceleration (entrapped electrons are 
more likely to gain higher energy from the wave in the 
URA acceleration). It is also verified that the interrela-
tion between the velocity of chorus wave propagation 
and the electron velocity along Earth’s magnetic field is 
a key condition in the URA process. When these two 

velocities are nearly the same, chorus waves cannot inter-
act with electrons traveling in the same direction as the 
wave propagation, which is one of the basic conditions 
for the URA process. This condition occurs for electrons 
with an initial equatorial pitch angle of around 70°–75° in 
this study. Electrons with higher or lower initial equato-
rial pitch angles, however, interact with chorus wave by 
being either overtaken or catching up with chorus wave. 
We define the resultant accelerations as overtaken URA 
and catching up URA, respectively.

To conclude this study, electrons can be successfully 
entrapped and efficiently accelerated through interac-
tion with a multi-subpacket rising tone chorus element 
both in the RTA and URA acceleration processes. It is 
also remarkable that electrons can be entrapped by con-
secutive multiple subpackets with phase discontinuities 
between them. Regarding the occurrence probability of 
the successive trapping, although the degree of energy 
increase is varied depending on the duration of nonlinear 
trapping, we find that the successive trapping can occur 
not only for electrons under strictly limited conditions, 
but also for a large number of electrons under various 
conditions.
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RTA : relativistic turning acceleration; URA : ultra-relativistic acceleration.
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