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Abstract

A magma plumbing system with dual magma chambers beneath active volcanoes is commonly observed through
petrological and geophysical measurements. This paper developed a physical model for the dynamics of a dual-
magma-chamber system during volcanic eruptions. The model consists of the plumbing system where two elasti-
cally deformable magma chambers are connected in series with non-deformable conduits. Based on this model, we
obtained an analytical solution that describes temporal changes in pressures at the two chambers accompanied by
the eruption. The analytical solution showed that the feature of the chamber pressure changes is mainly controlled by
two non-dimensional numbers C' and Q. Here, C is the ratio of the parameter controlling the magnitude of pressure
change in the shallower chamber to that in the deeper chamber, and €' is the ratio of conduit’s conductivity (inverse
of resistivity to magma flow) between the shallower chamber and the surface to that between the chambers. For
smaller C" and €/, the shallower chamber’s pressure is kept constant during the decrease in the pressure at the deeper
chamber in the initial phase of the eruption. This corresponds to a deformation pattern commonly observed in some
eruptions, in which the deflation of the deeper chamber was predominant. The estimation of C’ and " based on the
parameters related to magma properties and geometries of the chambers and the conduits revealed that the smaller
(" and €' conditions are satisfied under realistic magmatic and geological parameters. This indicates that the magma

dynamics in the dual-chamber system generally cause the dominance of the deeper chamber’s deflation.
Keywords: Volcanic eruption, Magma chamber, Mamga dynamics, Geodetic observation

Introduction

A magma plumbing system beneath an active volcano
shows a wide variation in size, geometry, and magma
properties inside it. This variation causes complex fea-
tures of geodetic and petrological observations dur-
ing volcanic eruptions (e.g., Dvorak and Dzurisin 1997;
Cashman et al. 2017; Edmonds et al. 2019). To retrieve
information about the eruption dynamics from the
observations, it is necessary to understand the rela-
tionship between the magma plumbing system and
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observed signals. The simplest magma plumbing sys-
tem is composed of a single and elastically deformable
magma chamber connected to the surface by a volcanic
conduit, in which inflation or deflation of the magma
chamber is caused by a balance between a magma influx
from depth to the chamber and a magma outflux from
the chamber to the conduit. In this case, the inflation/
deflation of the magma chamber, which can be detected
by the geodetic observations of the surface deforma-
tion, is straightforwardly linked with the magma activity
in the plumbing system (e.g., Mogi 1958; Dzurisin 2003;
Segall 2013). When additional effects such as magma lat-
eral migration from the magma chamber and viscoelastic
deformation of the chamber are considered, the relation-
ship between the chamber deformation and the magma
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activity becomes more complex (e.g., Ueda et al. 2005;
Segall 2016; Anderson et al. 2019).

One of the complex magma plumbing systems observed
in the volcanoes with silicic eruptions is the system com-
posed of dual magma chambers. In some petrological
studies, the dual-chamber system has been proposed to
explain the magma mixing process: two types of magma
with lower and higher degrees of fractionation (i.e., lower
and higher SiO,) are stored in the deeper and shallower
chambers, respectively, and the magma injection from
the deeper to shallower chambers leads to the magma
mixing (Sparks et al. 1977). The magma chamber’s depth
is deduced from the magma storage pressure that is esti-
mated from thermodynamic constraints for petrological
data. In geodetic analyses for volcanic activities such as
based on GPS, tiltmeter, strainmeter, and InSAR, mul-
tiple deformation sources are sometimes detected to
explain the surface deformation patterns (e.g., Kohno
et al. 2008; Foroozan et al. 2011; Reverso et al. 2014). In
this case, the chamber depth is directly estimated from
the depth of the deformation source.

In the dual-magma-chamber system’s observations,
there is a concern that the petrological imaging of the
chamber system does not always agree with the geodetic
imaging. In the observations during some well-moni-
tored eruptions, there is a common feature that the dual
chambers at the shallower and the deeper depths were
inferred from the petrological observations, whereas the
geodetic observations mainly detected the deformation
of the deeper chamber. At Mount Usu, Hokkaido, Japan,
two magma chambers with storage pressures (depths) of
200-250 MPa (8-10 km) and 100-150 MPa (4-6 km)
were inferred from petrological experiments (Tomiya
et al. 2010). On the other hand, geodetic observations
during the first few days of the 2000 eruption report a
deflation of a deeper magma chamber at a depth of 10 km
(Murakami et al. 2001). In the 2011 eruption at Kirishima
Shinmoe-dake volcano, Kyushu, Japan, petrological
observations revealed that basaltic andesite magma and
silicic andesite magma were stored in deeper and shal-
lower magma chambers with pressures (depths) of 250
MPa (10 km) and 125 MPa (5 km), respectively (Suzuki
et al. 2013). The erupted magma originates from the
mixing of these magmas. Precise geodetic observations
based on borehole-type tiltmeter and GPS measurements
detected a deflation of a spherical source at a depth of 9.8
km that was accompanied with three sub-Plinian erup-
tions with the duration of 2-3 h in each event and lava
extrusion with two days duration, whereas a shallower
source was not detected (Ueda et al. 2013). At Sakura-
jima volcano, Kyushu, Japan, petrological observations
based on melt inclusion data revealed that magma stor-
age depth immediately before the 1914 Plinian eruption
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is 0.9-3.2 km, and a few data show a storage depth of 4.1
km (Araya et al. 2019). A geodetic deformation source
accompanied by recent Vulcanian explosions is esti-
mated to be located at a depth of 4 km beneath the crater
(Iguchi et al. 2013), implying a shallower magma cham-
ber. In contrast, a precise leveling survey revealed that
a sudden deflation source during the 1914 eruption was
deeper, located at a depth of 10 km beneath Aira caldera
(Mogi 1958). These observations at three volcanoes show
a common feature: a deeper chamber deflation was pre-
dominant during the eruption in the dual-magma-cham-
ber system.

The dual-chamber system dynamics have been inves-
tigated in some previous studies, mainly focusing on the
magma plumbing system’s long-term evolution. At Sou-
friere Hills volcano on Montserrat, West Indies, a magma
transfer between the dual chambers connected by a verti-
cal conduit has been imaged by inverting magma efflux
data and surface deformation data by GPS during erup-
tive and inter-eruptive periods for about 12 years (1995—
2007) (Elsworth et al. 2008; Foroozan et al. 2011). These
results also showed that the eruptive episodes deplete
the deeper chamber only (Elsworth et al. 2008), whereas
whether the shallower chamber’s deflation is apparent
or not depends on model assumptions of the plumbing
system and the GPS data quality (Foroozan et al. 2011).
Melnik and Costa (2014) developed a numerical model
for the plumbing system composed of two magma cham-
bers connected by a dyke and a shallower conduit with
dyke-to-cylindrical shape by referring to Soufriere Hills
volcano. The model showed that connectivity between
the chambers significantly influences the dynamics, such
as the timing of chamber pressure change and the period
of cyclic behavior of discharge rate corresponding to 2—3
years eruption cyclicity. At Grimsvétn Volcano, Iceland,
posteruptive displacements measured by dense GPS net-
work after the 1998, 2004, 2011 eruptions were explained
by an analytical model that has two connected magma
chambers (Reverso et al. 2014). More recently, Bato et al.
(2018) applied a sequential data assimilation technique
(Ensemble Kalman Filter) to the GPS data after the 2011
eruption based on the two-chamber model and revealed
the temporal evolution of the basal magma inflow and a
possible interplay between the activities of Grimsvotn
volcano and its adjacent volcano (Bardarbunga).

Recently, the short-term geodetic deformations accom-
panied with the eruptions were successfully measured by
high-resolution observations such as based on tiltmeter
and strainmeter (e.g., Bonaccorso et al. 2013; Iguchi et al.
2013; Ueda et al. 2013). As shown in the previous studies
for the long-term geodetic data, an appropriate physical
model is also necessary to observe the short-term phe-
nomena. In this study, we try to develop a physical model
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Fig. 1 A schematic illustration of dual-magma-chamber model

for the dual-magma-chamber system dynamics during
the eruption. Using this model, we obtain an analytical
solution for temporal changes in pressures at the two
chambers accompanied by the eruption, which describes
the relationship between a pattern of the chamber pres-
sure changes and magmatic and geological conditions.
We discuss whether a deformation pattern in which the
pressure decrease in a deeper magma chamber is pre-
dominant, commonly observed in some eruptions, can
occur under realistic conditions.

A model for dual-magma-chamber system

We consider a magma plumbing system in which two
elastically deformable magma chambers are connected in
series with non-deformable conduits (Fig. 1). A pressure
change in each magma chamber is controlled by the bal-
ance between magma influx from the deeper conduit and
outflux to the shallower conduit. In this case, the tempo-
ral changes in the chamber pressures are formulated as

d,
% = C1(Qin1 — Qout1)» (1)
and
17
% = C3(Qin2 — Qour2)» @)
t
where
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Ccl=————— and GQ=——"———,
01 V1(km1 + Kch1) p2Va(km2 + Kch2)
(3)

p is the chamber pressure, ¢ is time, Qi and Qo are the
magma influx and outflux, respectively (in kg s™1), p is
the magma density, V' is the chamber volume, «p, is the
magma compressibility in the chamber, and «, is the
compressibility of the magma chamber. The number sub-
scripts “1” and “2” correspond to the deeper and shal-
lower magma chambers, respectively (Fig. 1). Here, C;
and C, are the parameters controlling a variability of the
chamber pressure: a larger C; or C; leads to a larger mag-
nitude of the chamber pressure change for given magma
influx and outflux.

The magma flow in the conduit is modeled as a Poi-
seuille flow. To set the conduit geometry as general as
possible, we consider a dyke-like conduit with an ellip-
tical cross section (Costa et al. 2007, Fig. 1). Under the
assumption that a temporal change in the magma den-
sity in the conduit is negligible, the mass conservation
in the conduit between the two chambers is expressed
as

p12w1ama12b1z = Qout1 = Qin2, (4)

where w is the ascent velocity, 2 and b are the semi-major
and semi-minor axes of the ellipse, respectively, and the
subscript “12” represents the conduit between the two
chambers (Fig. 1). In the momentum conservation, we
assume a linear pressure gradient and that the inertia
term is negligible. In this case, we obtain:

pP2—p1 = —pog — 47}12”’12(“%2 + b%z)
L bl

’ (5)

where L is the conduit length, g is the gravity accelera-
tion, and 7 is the magma viscosity. Similarly, the mass and
momentum conservations in the conduit between the
shallower chamber and the surface are approximated as
P2sW2s T A2sb2s = Qout2s (6)

and

bs—p2 5o — 4"723”’25(61%5 + b%s)
Los a%sb%s

) (7)

where ps is the pressure at the surface, and “2s” repre-
sents the conduit between the shallower chamber and the
surface (Fig. 1). From Egs. (4)—(7), we obtain

Qout1 = QL12(p1 — p2 — p128L12), (8)
and

Qoutz = S225(p2 — ps — P2sglas), 9)
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where

__ pasmay b,
dnoslos(az, + b3y
(10)
The parameters Q217 and €2y correspond to “conduit
conductivity” (Slezin 2003): a larger €12 or Qs leads to
a higher magma flux for a given pressure gradient in the
conduit due to lower viscous resistance. Here, the cham-
ber pressure is expressed using the overpressure (Ap)
with respect to lithostatic pressure as

3 13
paraiybiy

p=———=2-—and
dniaLia(aly, + b3y) *

and  py = pcglas + Apa,
(11)

p1 = pcgL1a + Las) + Apy

where p. is the crust density (~ 2500 kg m~3).
From Egs. (1), (2), (8), (9), and (11) and under the
assumption that ps < py, we obtain
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It is noted that when pj3 and pys in Eq. (17) are approxi-
mated as (1 — ¢12)pc and (1 — ¢as)ple, respectively,
where ¢ is the magma porosity in the conduit and p is
the liquid-crystals density which is close to pc, p’ corre-
sponds to the ratio of the porosity in the shallower con-
duit to that in the deeper conduit, ¢ys/¢12. Here, the
non-dimensional numbers C’ and ’ are the ratio of C5 to
C1 and that of Q9 to 219, respectively, expressed as

G
C'=-=—== gK/ 1, (19)
G mVs
and
;D pasmz (bas \ s+,
Q=== oB) Rl (o)
Q2 pramas \b12/) ria(ry” + 1)

where «’ is the ratio of the sum of the magma and the

dAp: chamber compressibilities in the shallower chamber to
ar C1[Qim — Qu2{Ap1 = Apa + (pc — pr2)gla}], that in the deeper chamber:
(12)
and
dA
22 = Gy [22{Ap1 — Ap2+ (pc — pro)gLiz} — Qs Apa + (pc = pasleLas}]- (13)
Egs. (12) and (13) are normalized by substituting ¢ = ¢/, r_ M, 1)
Ap = pAp', and Q = QQ/, where £, p, and Q are Km1 + Kch1
- 1 _ _
L= , p=1(pc—p12)gliz, and Q = Qu2(pc — p12)gl12. (14)
C1€Q12

As aresult, we get

dAp'
dt/l = —Ap| + Apy — 1+ Ql, (15)
and
dAp)
dt{’z = C'[Ap, — (@ + DApy+1-Qp'L],
(16)
where
e
I Pc 17
=12 a7
Pe
and
L25
L'=— 18
I (18)

and r is the ratio of the semi-major to semi-minor axes of
the ellipse in the conduit cross section:
ay azs

2
rip=-— and rys=-—

b1y 25 (22)

From the simultaneous differential equations (15) and
(16) and under the assumption that p’, L', C’, €/, and Q,;
are constant during the pressure changes, we obtain an
analytical solution for Ap} and Ap;, as
/
p/L/ + %Q;np
(23)

Ap =A™t 4 A —1—

and

/

APy = (y + DA + (G + DA — p'L + #1
(24)

where
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di = ;[—{C’(Q/ +1D)+1}+ \/{C/(Q/ + 1)+ 1} -

soe.

(25)

When we use the boundary conditions that Ap} = Apj
and Apy = Ap) ,fort’ =0, A, and A_are expressed as

02s/pc = 0.7, and Lys/Lip = 1. These conditions cor-
respond to the case that the average magma porosities

Q' +1
)”:F |:1 + p/L/ - Q/ i/nl + Ap/l,O:| +1- Q;nl + Ap/l,O - A19/2,0 (26)
Ai = :F .
VIC(@ + D+ 1) — 40
Results in the deeper and the shallower conduits (¢12 and ¢os)

We investigate temporal changes in the chamber pres-
sures during an eruption using the analytical solu-
tion (Egs. (23) and (24)). For simplicity, the magma
influx to the deeper chamber Qj,; is set to be 0 under
the assumption that it is substantially smaller than
the magma flux in the conduits during the eruption,
and Ap| ; and Ap),  are set to be 0. We first show the
typical results for temporal changes in Ap} and Ap), for
o'L’ =3 (Fig. 2). This value of p'L’ is obtained under
realistic conditions in which, for example, p12/pc = 0.9,

are 0.1 and 0.3, respectively, and the deeper magma
chamber is two times deeper than the shallower cham-
ber. The temporal changes in Ap] and Ap) strongly
depend on the non-dimensional parameters C’ and '
When C’' = Q' = 1, both Ap] and Ap), decrease simul-
taneously (Fig. 2e). For larger C’ and €/, the decrease in
Ap), is followed by the decrease in Ap] (Fig. 2c). On the
other hand, for smaller C’ and €/, the decrease in Ap) is
followed by the decrease in Ap/, (Fig. 2g). In this case,
Ap), is kept constant during the decrease in Ap] in the
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initial phase. This feature reflects the fact that a larger
Ci (i.e., higher variability of the pressure in the deeper
chamber) or a larger €13 (i.e., higher conductivity of the
deeper conduit) leads to an efficient pressure decrease
in the deeper chamber. For larger C’ and smaller €/,
Ap), increases during the decrease in Ap) (Fig. 2i). The
deformation pattern observed during some eruptions,
in which the deeper magma chamber’s deflation was
predominant, corresponds to the case of smaller C’ and
Q' (Fig. 2g).

The dependence of the features of the temporal
changes in the chamber pressures on the parameters can
be evaluated by checking the magnitude of Ap), when
Ap| reaches a critical value (Fig. 3). To investigate the
features of the pressure changes during the initial phase
of the eruption, we set the critical value of Ap} as —0.5
or —1. Figure 3 shows the contour map for Ap) at the
critical value of Apj in the parameter space of C’ and '
for p’L’ ranging from 1 to 10. The range of p'L’ was set
under the assumptions that ¢12 = 0.1, ¢os = 0.2-0.5, and
L’ = 0.5-2. The region of negative Ap), smaller than the
critical value of Ap) corresponds to the case in which the
decrease in Ap) is followed by the decrease in Ap/ (i.e.,
Fig. 2c). On the other hand, the region of Ap), ~ 0 cor-
responds to the case in which the decrease in Ap) is fol-
lowed by the decrease in Ap), (i.e., Fig. 2g). The region of
positive Apj at Apy = —0.5 (Fig. 3a, ¢, and e) reflects the
case in which Ap) increases during the decrease in Ap
(i.e., Fig. 2i). Figure 3 indicates that the typical patterns
of the temporal changes in the overpressures shown in
Fig. 2 exist for a wide range of p'L’. From the quantita-
tive point of view, the boundary of the region depends
on p'L': As p'L’ increases, the region of negative Ap)
expands to the smaller ' range, whereas the region of
positive Ap/, contracts.

In the region of smaller C’ and €/, we can specify a
condition for Apj, to be close to 0 during the decrease
in Ap). As an example, we now specify the condition of
the ranges of C" and Q' for Ap, to be in the range of —0.1
to 0.1 both at Ap} = —0.5 and —1 (referred to as “small-
Ap), condition”). When p’L’ =1, the small-Ap), condi-
tion is satisfied for C’ < 0.200 and " < 0.493 (Fig. 3a, b).
As p'L’ increases, the range of C’ is unchanged, whereas
that of ' decreases: Q' < 0.048 at p'L’ = 10 (Fig. 3e, f).
Therefore, under a wide range of p'L’, the small-Ap, con-
dition is satisfied when C’ < 0.200 and ' < 0.048.

Discussion

We have specified the ranges of C’ and ' for the small-
Ap), condition in the previous section. This condition
is interpreted as the case in which the deflation of the
deeper magma chamber is predominant. Here, we dis-
cuss whether the small-Ap) condition is satisfied under
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realistic magma properties and geological conditions.
Among the parameters included in C’ and @’ (Egs. (19)
and (20)), Va/ V1, L', bys/b1a, ras, and 1o are related with
the geometry of the magma plumbing system such as
the chamber volume and the conduit length and depth,
and pa/p1, pas/p12, and nas/n12 are determined by the
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magma properties such as the density and the viscos-
ity. The parameter «’, which is defined as the ratio of the
sum of the magma compressibility k, and the chamber
compressibility k¢, (Eq. (21)), is a complex function of the
magmatic and geological parameters: k, is expressed by
a function of the magma density p as (dp/dp)/p, and kcp
is controlled by the chamber shape and the rigidity of the
surrounding rocks.

To obtain the relationship between «’ and the magmatic
and geological parameters, we first calculate the magma
compressibility by formulating the magma density as
the density of the gas-liquid-crystals mixture, in which
the gas density follows the equation of state for ideal gas
and the liquid-crystals density is constant (= 2500 kg
m~3). The equilibrium volatile exsolution is assumed to
follow the HpO-CO3 solubility model by Newman and
Lowenstern (2002). We also assume that the magma tem-
perature is 1000 °C, the melt-crystals compressibility is
10710 Pa~!, and the pressure and the crystal content in
the deeper and the shallower chambers are 250 MPa and
0 vol.%, and 125 MPa and 30 vol.%, respectively. Under
these formulations and assumptions, we can calculate
the magma compressibilities in the deeper and the shal-
lower chambers («km1 and km2) as a function of initial HyO
and CO; contents (Fig. 4a). Furthermore, the compress-
ibility of the magma chamber is expressed by (3S.)/(4u)
where p is the rigidity of the surrounding rocks set to be
10 GPa, and S; is a non-dimensional parameter used for
evaluating the effect of the shape change in the magma
chamber on the compressibility. The value of S, is equal
to 1 when the magma chamber is purely spherical, and it
increases as the chamber changes to a penny-shaped sill.
When the ratio of the longer to shorter axes of the sill is
10, Sc reaches up to about 10 (Anderson and Segall 2011).
We defined S for the deeper and the shallower chambers
as Sc1 and Sco, respectively.

In the case that both the deeper and the shallower
chambers are spherical (i.e., Sc; = Sc2 = 1), the variation
of ¥’ ranges from 1 to about 20 (Fig. 4b), which originates
from the effect of volatile exsolution on the magma com-
pressibility (Fig. 4a). For higher H»O, the volatiles are
exsolved and the gas phase is generated, leading a dras-
tic increase in the magma compressibility. On the other
hand, for lower HyO, the volatiles are not exsolved and
the magma compressibility is equal to the melt-crystals
compressibility. For given volatile contents, k3 is larger
than «m1 because lower pressure and higher crystallin-
ity lead to more efficient volatile exsolution in the shal-
lower chamber. Especially, «’ drastically increases under
the conditions of larger k3 due to volatile exsolution and
constant 1 without volatile exsolution (i.e., k1 is equal
to the melt-crystals compressibility), as shown in the case
of HyO = 4 wt % and CO, = 500 ppm (Fig. 4b). Figure 4c
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shows the effects of the change in the combination of
the chamber shape on «’, in which S¢; and/or S¢; are set
as 10 to take into account the penny-shaped chamber.
Compared to the case of S¢; = Scy = 1, «’ is larger for
Sc1 = 1 and S = 10, whereas it is smaller for S¢;; = 10
and S = 1. When S¢1 = Ses = 10, the increase in the
magnitude of k., in ¥’ weakens the effect of the contrast
between k1 and kma, leading to a smaller «’ than the case
of S¢1 = Sc2 = 1. Nevertheless, «’ is larger than 1 except
for the case of extremely small HyO. When S.; = 1 and
Sc2 = 10, which corresponds to the combination of the
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deeper spherical chamber and the shallower penny-
shaped chamber, «’ reaches up to 20.

Now we investigate the assemblage of the magmatic
and geological parameters which satisfies the small-Ap),
condition (i.e., C' < 0.2 and Q" < 0.048). Figure 5a shows
the dependence of C’ on the ratio of the chamber volume
(Vo/V1) and «'. If the volumes of the two chambers are
comparable (i.e., Vo/Vq ~ 1), a larger «’ due to the effect
of the compressibility contrast between the chambers
plays a key role in satisfying the condition of C’ < 0.2.
Under an extreme condition that x’ = 1, in which the
two chambers with the same shape are filled with incom-
pressible magma, a larger V,/ V] up to about 10 is needed
to satisfy the condition of C’ < 0.2. On the other hand,
when «’ reaches up to 20 because of larger magma com-
pressibility due to efficient volatile exsolution and larger
chamber compressibility due to penny shape in the shal-
lower chamber (Fig. 3b, c), the condition of C’ < 0.2 is
satisfied even in the case of V/V; < 1. Figure 5b shows
the dependence of €’ on the ratio of the magma viscos-
ity in the conduit (12s/712) and conduit geometry. In the
case that the conduit is entirely cylindrical and keeping
the same size (r1p = ros = 1 and bos/b1p = 1), the con-
dition of ' < 0.048 is satisfied when 19/712 is larger
than about 20. Here, we consider a combination of the
deeper dyke-like conduit and the shallower cylindrical
conduit (r12 > 1 and rps = 1) under the constraint that
the cross-sectional area of the conduit is constant (i.e.,
aiabia = axsbas). In this case, a larger bog/b1y is set for
a larger r1, which corresponds to a thinner dyke with
a larger aspect ratio. Because the thinning of the dyke
leads to the decrease in the conductivity of the deeper
conduit and the increase in €/, the minimum value of
n2s/M12 satisfying the condition of ' < 0.048 is larger
than the case of the entirely cylindrical conduit, and it
reaches 103 for 1o = 100 and bos/b12 = 10. Generally, the
magma viscosity increases during magma ascent because
of crystallization and the evolution of melt composition
such as the decrease in HyO dissolved in the melt. Fur-
thermore, the basaltic magma injection from the deeper
to the shallower chambers has been inferred from many
petrological studies, implying a lower magma viscosity
in the deeper conduit. Therefore, nys/n12 is estimated to
be much greater than 1, and the condition of Q" < 0.048
is easily satisfied. These results indicate that the defor-
mation pattern characterized by the dominance of the
deeper chamber’s deflation can occur under realistic
magmatic and geological conditions.

Finally, we evaluate the timescale and the magni-
tude of the volume change of the magma chamber ana-
lyzed in this study. The non-dimensional timescale for
Ap] to reach —1 is of the order of 1 (i.e., t' ~ 1; Fig. 2).
Therefore, the dimensional timescale is approximated
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as t = 1/(C1R12) (Eq. (14)), which is a function of mag-
matic and geological parameters included in C; and Q12
(a12, b12, L12, V1, km1, Keh1> M2, P1, and p12; see Egs. (3)
and (10)). Under the assumptions that a1 ~ b1p ~ 10 m,
L1z ~ 5000 m, Vi ~ 10%-10'" m?, km1 ~ kepy ~ 10710
Pa~l, n1p ~ 103-10° Pa s}, and p1 ~ p12, £ is estimated
as about 10-10° s. From the definition of the chamber
compressibility, the volume change of the deeper magma
chamber (§V7) is related with the pressure change (5p1)
as V1 = kcn1 V1p1. Because the dimensional magnitude
of the pressure change in the deeper chamber (|§p;|) at
Apy = —1is equal to |p| = (pc — p12)gL12 (Eq. (14)), the
magnitude of the volume change (|6V1]) is expressed as
Keh1 Vi(pe — p12)glia. By setting the values of «cpy, Vi,
and L;3 same as those for the estimation of £ and assum-
ing that p1p ~ 2000-2250 kg m~2 (i.e., the porosity is
0.1-0.2), |8V7] is estimated as about 10°-107 m3. The
estimated values of £ and |8 V1| cover the duration of the
crustal deformation and the magnitude of the change in
the chamber volume observed during the 2000 Usu and
the 2011 Shinmoe-dake eruptions (Murakami et al. 2001;
Ueda et al. 2013). Although we recognize that both ¢ and
|6 V1] strongly depend on unconstrained parameters such
as the chamber volume, a rough agreement between the
analytical results and the observations implies that the
analytical solution has the potential to be combined with
the observation data during the eruptions.

Conclusions

We developed the physical model of the co-eruptive
magma dynamics in the plumbing system, where the
two elastically deformable magma chambers are con-
nected in series with the conduits. Based on the physical
model, we obtained the analytical solution for the tem-
poral changes in the two chambers’ pressures accom-
panied by the eruption. The solution showed that the
feature of the pressure changes is mainly controlled by
the non-dimensional numbers C’ and Q': C’ is the ratio of
the parameter controlling the magnitude of the pressure
change in the shallower chamber to that in the deeper
chamber, and €' is the ratio of the conduit’s conductiv-
ity between the shallower chamber and the surface to
that between the chambers. We found that for smaller
C’ and €/, the shallower chamber’s pressure is kept con-
stant during the decrease in the pressure at the deeper
chamber in the initial phase of the eruption. This corre-
sponds to the deformation pattern commonly observed
in some eruptions, in which the deflation of the deeper
magma chamber was predominant. The estimation of
C’ and Q' based on the parameters related to the magma
properties and the geometries of the chambers and the
conduits revealed that the smaller C’ and €’ conditions
are satisfied under realistic magmatic and geological
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parameters. This indicates that the magma dynamics in
the dual-chamber system generally cause the dominance
of the deeper chamber’s deflation. In the dual-chamber
system modeling, additional effects should be considered
in future studies, such as elastic deformation of conduits,
inclined conduits, magma temperature change, and vis-
coelastic deformation of magma chambers. Nevertheless,
because the analytical solution obtained in this study can
reproduce various chamber pressure changes for wide
ranges of the parameters, it can be used for sophisticated
geodetic data analyses such as based on data assimilation
techniques and Bayesian inversions.
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