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EXPRESS LETTER

Estimating the ashfall volume for a small 
eruption using ellipse-approximated isopach 
analysis: how many seeking points are required 
to determine a suitable axis?
Yasuhisa Tajima*  

Abstract 

A volcanic ash eruption began on March 1, 2018, and a lava flow was observed on March 6 at Shinmoedake volcano 
in the Kirishima Volcano Group. The small ash eruptions continued until June 27, 2018. The amounts of volcanic ashfall 
around Shinmoedake volcano from these eruptions were observed, and the volcanic ashfall distributions for each 
eruptions were analyzed. However, many cases of small eruptions were insufficient observation points to determine 
the ashfall volumes. Therefore, the ellipse-approximated isopach (EAI) method was used. However, the EAI method 
requires verification seeking points to determine an angle of a calculation axis including two calculation points to 
perform the analysis. Fortunately, adequate wind conditions enabled the observation of ashfall amount values at 
some locations after one eruption on June 27, 2018. And the EAI analysis was conducted to determine this ashfall 
distribution using 1–4 seeking points. As a result, it is considered that a suitable axis requires three seeking points to 
determine the EAI distribution.
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Introduction
Shinmoedake volcano in the Kirishima Volcano Group 
(Fig.  1) has undergone repeated magmatic eruptions 
and quiet periods lasting hundreds to thousands of years 
and is currently in an active magmatic eruption period 
(Tajima et  al. 2013a). Subplinian eruptions were pro-
duced in 1716–1717 and 2011 (Imura and Kobayashi 
1991; Nakada et al. 2013). The recent activities were small 
ash-producing eruptions from October 11–17, 2017. And 
a lava eruption from March 6 occurred in 2018 with small 
ash-producing eruptions from March 1 before the lava 
producing and Vulcanian or small eruptions until June 
27 after the lava producing. Small volumes of volcanic 
ash were emitted before the 2011 subplinian eruptions 

and the 2018 lava eruption. Therefore, rapid and accurate 
determination of the volumes of volcanic ash produced 
by small eruptions before a peak magmatic eruption is an 
important framework for future monitoring. Addition-
ally, the sequence of frequent Vulcanian or small erup-
tions after a peak magmatic eruption is indispensable for 
predicting the end of activity.

Several volume assessment methods for estimating of 
tephra using isopach have been proposed. The tephra 
volume is estimated using isopach in a plot of the layer 
thickness as log (T) against the area as log (A) of the 
deposit (Rose et  al. 1973). Furthermore, an exponen-
tially decreasing plot of log (T) against a simply square 
root of the area √A is used for larger tephra (Pyle 1989). 
Two proximal and distal exponential rates (κ) of the plot 
of log (T) against √A, which change at the break in the 
slope, have been used to calculate the volume (Fierstein 
and Nathenson 1992). A power method using a plot of 
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log (T) against √A was used to estimate the volume of 
the tephra (Bonadonna and Houghton 2005). The vol-
ume/mass of the ashfall can be calculated by segment 
integration, which introduces segments to a thickness/
weight-area plot (Takarada et  al. 2001; Takarada et  al. 
2002; Takarada et  al. 2016). The Weibull distribution 
has recently been proposed as a method for estimating 
tephra volume (Bonadonna and Costa 2012, 2013). How-
ever, many isolines of an isopach or ashfall amounts are 
required to accurately estimate the tephra or ashfall vol-
ume over large areas when using such methods. Mean-
while, obtaining the volume from a single isoline has 
also been proposed (Hayakawa 1985). The equation is 
V = 12.2TA, which is approximately based on the tephra 
volumes obtained by Walker (1980, 1981). Additionally, 
the following fixed equation has been proposed for the 
minimum volume obtained using some tephra isolines as 
V = 3.69TA (Legros, 2000).

Tajima et  al. (2013b) combined the concepts of the 
decay rate of the thickness of the ashfall layer with an 
increasing area approximated as the power of − 1 (Aram-
aki and Hayakawa 1982) and the ash distribution approx-
imated as elliptical shape (Pyle 1989; Bursik et  al. 1992; 
Sulpizio 2005). They argued that the mass of a volcanic 
ash deposit could be estimated with two observation 
points and an accurate distribution (calculation) axis by 
assuming an ellipse similar to the ellipse-approximated 
isopach (EAI) method (Tajima et al. 2013b). Additionally, 
ashfall verification values called "seeking points" have 
been adopted to determine the calculation axis in the EAI 
method. However, discussions on the required number of 
seeking points are limited. In this study, the amounts of 
ashfall from the June 27, 2018 eruption were observed to 
determine the number of points required to accurately 

estimate the calculation axis. Changing the number of 
seeking points produced variable ashfall distributions 
and the resulting variations indicated an appropriate 
number of seeking points.

The June 27 eruption and sample collection
A small eruption occurred at Shinmoedake volcano at 
15:34 Japan Standard Time (JST) on June 27, 2018. The 
column color was gray-white with a height of 2200  m, 
according to records from the Japan Meteorological 
Agency (Japan Meteorological Agency 2018). The erup-
tion column passed over the office in the town of Taka-
haru, according to the live camera image captured by 
UMK TV Miyazaki, and volcanic ash fell in central Taka-
haru east-northeast of Shinmoedake volcano (Fig. 2).

The ashfall distribution of the June 27 eruption was sur-
veyed between June 28 and June 29, and volcanic ash was 
sampled as follows. Areas with minimal wind-sweeping 
were selected, because wind sometimes removes volcanic 
ash. For volcanic ash collection, sampling areas, such as 
park benches, facility concretes, public dust boxes, mail 
posts, and the outdoor units of air conditioners, were not 
in contact with the ground. A folding ruler was used to 
measure a square sampling area, and volcanic ash was 
placed into a sample bag using a dustpan and a brush. 
Volcanic ash at a monitoring point installed in the ashfall 
area was sampled in a small, clear plastic cup (Additional 
file 1: Table S1). Furthermore, the amount of volcanic ash 
was recorded under the following categories: abundant 
(++), normal (+), faint (−), and not detected (nd) when 
not sampled (e.g., on leaves). A Garmin handheld GPS or 
a digital camera equipped with a GPS function was used 
to measure the latitude and longitude at the observation 
points. The weights of the dried samples were measured 

Fig. 1 Location index map of the Kirishima Volcano Group. a Index map of western Japan. VF: volcanic front. MTL: median tectonic line fault zone. b 
Shading relief map of the Kirishima Volcano Group obtained using the website of the Geospatial Information Authority of Japan
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and converted into the ashfall amount (g/m2) of the col-
lection area.

In the field survey, the amounts of ashfall exceeded 
60  g/m2 at Hinamoridai and Suigenchi (Fig.  2). The 
southern limit of the ashfall distribution was in Kozuka, 
near the Takasaki River and the northern limit was in 
Aikubo. The gray break lines indicate the ashfall distri-
bution limits and the isoline of 40  g/m2. Accretionary 
lapilli were approximately 1 mm in diameter at the Sui-
genchi (61.2  g/m2) point. No rainfall was registered in 
central Takaharu during the ashfall, but weak rainfall in 
Hinamoridai reported in the interview might have fallen 
in the mountainous area. Ash particles were divided five 
types as black glass with sometimes drop-like shapes 
(14%), gray glass fragments with fresh and sharp shapes 
(56%), red fragments with sharp shapes (13%), plagio-
clase (11%), and pyroxenes (5%) (Additional file  4: Fig. 
S1). In addition, microscopic observations revealed 
that some red fragments had secondary minerals and 
rounded shapes. Ash particles were smaller than 2 mm in 
diameter in the observed area (Additional file 4: Fig. S1). 
This was not significantly different from those of the 2011 
vulcanian or small eruptions (Suzuki et al. 2013).

EAI analysis method
The EAI analysis is a volume (mass) estimation tool for 
an ashfall deposit that sets four conditions, including 
the fixed crater/vent location (P0), observation point 

1 (P1), observation point 2 (P2), and a calculation axis 
(Fig.  3; Tajima et  al. 2013b). The vent location of this 
eruption was set at 31.911598° N, 130.882959° E based 
on the 2018 lava production center observed by the 
Geospatial Information Authority of Japan (2018) on 
April 1, 2018. This value was converted into a point on 
a rectangular coordinate system using the GSI web-
site (Kawase 2011; Geospatial Information Author-
ity of Japan 2013). The latitudes and longitudes of the 
observation points were also converted into rectangu-
lar coordinate system values, which were plotted on 
a coordinate system as an abscissa (x) of east positive 
and an ordinate (y) of north positive from an origin P0 
(0, 0) representing the vent location. The EAI method 
requires that the two observation points introduce sim-
ilar ellipses with a same axis. The ellipses 1 and 2 were 
assigned to observation points P1 (x1, y1) and P2 (x2, y2), 
respectively. T1 and T2 are the thicknesses of P1 and 
P2, respectively. The locations of P0, P1, and P2′ on the 
ellipse 1 were calculated as follows:

  P2′ is a converted equivalent value of P2 on the ellipse 
1. The major calculation (a1) and minor orthogonal (b1) 
axes lengths of the ellipse 1 can be calculated as follows:
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Fig. 2 Ashfall distribution map of the June 27, 2018 eruption. Numerical values are the amounts of ashfall (g/m2). Values with parentheses have 
lower accuracy. Marks of the points as volcanic ash abundant (++), normal (+), faint (−), and not detected (nd). Gray dashed lines are the 0 and 
40-g/m2 isolines obtained via the field survey
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The ashfall volume was calculated as the area (A) and 
volume (V) using the following equation to fix from 
Tajima et al. (2013b):

The volume integral is:

The constant value α is obtained from the area and 
thickness. The minimum integral range area value (m) 
is 10,000  m2 (Takarada et  al. 2001). The maximum 
integral range area value (n) is an area surrounded by 
an isoline of 0.1  g/m2 given by the elliptical area for-
mula using the axis length calculated according to Eq. 7 
in Tajima et  al. (2013b) and the elliptical aspect ratio. 
The maximum area of thickness (0.1 g/m2) is based on 
observations of a very small eruption in the Sakurajima 
volcano (Tajima et al. 2013b). The amount of ashfall (g/
m2) was converted into a thickness of 1 g/cm3 based on 
the densities of ashfall deposit from the small eruption 
on January 19, 2011 at Shinmoedake volcano (Addi-
tional file  2: Table  S2). The reliable deposit densities 
of volcanic ashfall of the small eruption on January 19 
are 0.7 to 1.0  g/cm3. The ashfall deposit density 1.5  g/
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cm3 was used in Tajima et al. (2013b), but that sampling 
ashfall deposit was affected by slight compaction due to 
the time elapsed. In this study, the ashfall deposit den-
sity 1 g/cm3 is considered as the represented value from 
those observation values.

The goal of this study is to determine the number of 
seeking points required to obtain an accurate calcula-
tion axis. Thus, we examined the following. First, obser-
vation points (67.3, 61.2, 93.8, and 43.7 g/m2) that were 
less affected by weather and sampling error were selected 
for calculation (Fig.  2). The values contained in paren-
theses in Fig.  2 were only used as supporting values, as 
they might have been affected by the bending column or 
wind. Two calculation points were chosen from the above 
the four observation points and a preliminary calculation 
axis was set based on the entire distribution. The insuf-
ficiency of the previous article (Tajima et al. 2013b) is the 
incomplete discussion regarding how to choose seeking 
points for a determined axis. Therefore, cases of one, two, 
three, or four seeking points were examined for verifica-
tion. The following seeking points were used the observa-
tion point results at 67.3, 61.2, 26.9, 43.7, 93.8, and 0.8 g/
m2. The analysis of the number of seeking points cases 
calculated 24, 36, 24, and 6 combinations were obtained 
with one, two, three, and four seeking points excluded 
two calculation points, respectively. An optimal solu-
tion (determined axis) was eventually defined as the 
minimum value of the sum of (Obs./Cal. − 1)2 for the 
amounts of ashfall for an axis of 0.1°. A value "Obs." is 

Fig. 3 Conceptional model of the ellipse-approximated isopach (EAI) analysis modified from Tajima et al. (2013b). Details are provided in the “EAI 
analysis method” section
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an observed volcanic ashfall amount (g/m2), and a value 
"Cal." is a volcanic ashfall amount (g/m2) calculated by 
the EAI method. The ashfall distribution derived by the 
EAI method was defined as the EAI distribution, and the 
volume (mass) was called the EAI ashfall volume  (m3), or 
mass (t).

Results
The EAI distributions were calculated by the EAI analysis 
for 1–4 seeking points. And the angle of the determined 
axis, ellipse aspect ratio (half radius of the orthogonal/
calculation axes), and the EAI volume were obtained for 
every calculation result (Additional file 3: Table S3). The 
EAI volumes were reported with three significant figures. 
The angle of the calculation axis ranged from 0° to 360° 
clockwise, starting from the east. Maximum, average 
close, and minimum examples of the EAI volumes (dis-
tributions) of each seeking points cases were obtained 
(Fig. 4). And the calculation limit of the EAI distribution 
(indicated by the gray dashed line in Fig.  4) was 0.1  g/
m2, based on Tajima et al. (2013b). The mean value and 
standard deviation of the EAI volume were estimated for 
each seeking points cases using the probability density 
distribution (Fig. 5).

For the 24 one-point seeking calculations, the average 
axis angle was 345.9°, and the maximum–minimum angle 
difference was 2.8°. The average ellipse aspect ratio was 
0.042 and ranged from 0.026 to 0.057. The average EAI 
volume was 2.96 ×  103  m3 and ranged from 0.68 ×  103 to 
4.74 ×  103  m3. The standard deviation of the EAI volume 
was 0.93 ×  103  m3, based on the one-point seeking calcu-
lations (Fig. 5). The EAI distribution limit was narrower 
than the observed distribution limit of the minimum EAI 
volume result, which was consistent with the smaller 
ellipse aspect ratio (Fig. 4a(1)). The EAI and observation 
distribution limits were similar to the result of average 
close EAI volume (Fig. 4a(2)). However, the EAI distribu-
tion limit was wider than the observed distribution limit 
of the maximum EAI volume result (Fig. 4a(3)).

For the 36 two-point seeking calculations, the average 
axis angle was 345.9°, and the maximum–minimum angle 
difference was 1.6°. The average ellipse aspect ratio was 
0.043 and ranged from 0.034 to 0.056. The average EAI 
volume was 2.76 ×  103  m3 and ranged from 1.62 ×  103 
to 4.44 ×  103  m3. The standard deviation of the EAI vol-
ume was 0.49 ×  103  m3 (Fig. 5). The distribution limit of 
the minimum EAI volume result was almost consistent 
with the observation result, but the 40 g/m2 isoline axis 
of the EAI distribution was shorter (Fig. 4b(1)). The EAI 
distribution limit of the average close EAI volume result 
was consistent with the observation (Fig. 4b(2)). The EAI 
distribution limit of the maximum EAI volume result was 
wider than that of the observation result (Fig. 4b(3)).

For the 24 three-point seeking calculations, the average 
axis angle was 345.8°, and the maximum–minimum angle 
difference was 0.7°. The average ellipse aspect ratio was 
0.043 and ranged from 0.035 to 0.054. The average EAI 
volume was 2.66 ×  103  m3 and ranged from 2.09 ×  103 to 
3.28 ×  103  m3. The standard deviation of the EAI volume 
obtained from the three-point seeking calculations was 
0.30 ×  103  m3 (Fig. 5). The EAI distribution limits of the 
minimum, average close, and maximum EAI volumes in 
these cases were very similar to the observation results. 
However, the volumes differed depending on the length 
of the isoline major axes (Fig. 4c).

For the six four-point seeking calculations, the average 
axis angle was 345.9°, and maximum–minimum angle 
difference was 0.4°. The average ellipse aspect ratio was 
0.043 and ranged from 0.035 to 0.052. The average EAI 
volume was 2.63 ×  103  m3 and ranged from 2.22 ×  103 to 
2.98 ×  103  m3. The standard deviation of the EAI volume 
obtained from the four-point seeking calculations was 
0.28 ×  103  m3 (Fig. 5). The EAI distribution limits of the 
minimum, average close, and maximum EAI volumes in 
these cases were very similar to the observation results 
(Fig. 4d).

Discussion and conclusion
The distribution limit of the EAI analysis of the mini-
mum value of the residual sum of the squares of the seek-
ing with three and four points and the limit of the field 
observation almost correspond with the geometric calcu-
lation. The relationship between the area and thickness of 
the larger tephra is generally expressed as the square root 
of the isopach area (e.g., Pyle 1989; Sparks et  al. 1992; 
Fierstein and Nathenson 1992). However, the plot of the 
thickness versus the square root of the isopach area of 
the tephra contain break-in-slopes depending on the dif-
ferences in the Reynolds number based on the grain size, 
density, and eruption height (Rose 1993; Bonadonna et al. 
1998). Intermediate- and low-Reynolds-number particles 
in the distal area are better described by the power-law 
behavior. This tendency is significant in the lower col-
umns (Bonadonna et al. 1998). The ashfall of small Vul-
canian eruptions can be approximated by the power-law 
function, because ashfall is composed of grains smaller 
than 2 mm (78 wt. % in 2 and 3 φ in Additional file 4: Fig. 
S1) deposited at a column height of less than 10 km. The 
ashfall distribution of small eruptions from Sakurajima 
and other volcanoes exhibited approximately straight 
lines in the thickness versus isoline area (Tajima et  al. 
2013b; Oishi et al. 2018), suggesting power behavior. The 
EAI method approximated with a power of − 1 may be 
well-distributed under Vulcanian or small magmatic ash-
fall conditions. Additionally, the creation of accretionary 



Page 6 of 9Tajima  Earth, Planets and Space          (2021) 73:156 

Fig. 4 Calculation results of the EAI distributions for the eruption at 15:34 on June 27. a The one-point seeking result of the minimum (1), average 
close (2), and maximum (3) EAI volume cases. b The two-point seeking result of the minimum (1), average close (2), and maximum (3) EAI volume 
cases. c The three-point seeking result of minimum (1), average close (2), and maximum (3) EAI volume cases. d The four-point seeking result of 
minimum (1), average close (2), and maximum (3) EAI volume cases. Numerical values are the amounts of ashfall (g/m2) to the points and axis 
angle (°) of the calculation. Blue dashed lines are the 0 and 40-g/m2 isolines obtained via the field survey, and the black line is the 40-g/m2 isoline 
obtained via the EAI calculation. Results of cases are shown in Additional file 3: Table S3
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lapilli did not significantly impact power-law behavior in 
this case.

The standard deviations of the EAI volume decreased, 
and the average values slightly decreased when the num-
ber of seeking points increased from one to four (Fig. 5). 
The standard deviations and mean values of the seek-
ing cases with three and four points were very simi-
lar. Therefore, three seeking points are desirable, and at 
least two seeking points are required when estimating 

the axis using only the seeking points. The EAI volume 
from the three-point seeking cases in this study was 
2.66 ± 0.60 ×  103  m3 (2σ). The volumes calculated by 
V = 12.2TA (Hayakawa 1985) and V = 3.69TA (Legros 
2000) were 3.0 ×  103 and 0.9 ×  103  m3 based on the 40 g/
m2 isoline, respectively. The average EAI volume of the 
three-point seeking case between these two volumes 
is acceptable. In another study, the EAI volume was 
between the exponential decay value calculated by the 

Fig. 5 Probability density function of the EAI volume with 1–4 seeking points. a Result of the one-point seeking cases. b Result of the two-point 
seeking cases. c Results of the three-point seeking cases. d Results of the four-point seeking cases. The table at the bottom denotes the EAI analysis 
results with different point-seeking numbers for the small eruption of Shinmoedake volcano on June 27, 2018
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method of Fierstein and Nathenson (1992) and area-
thickness product calculation value at V = 12.2TA by 
Hayakawa (1985) (Tajima 2014). Therefore, the volume 
calculated by the EAI method is acceptable when com-
pared to that of those methods. Thus, the EAI distribu-
tion (axis) determined using the minimum value of the 
residual sum of the squares could represent the observa-
tion results in the proximal area of the Vulcanian or small 
ashfall eruptions.

This study suggests that an ashfall distribution could 
be mechanically estimated within a certain accuracy by 
the EAI analysis. However, the EAI method is a simplified 
method and should be used with caution. For example, 
we know the tephra distribution is not always symmet-
rical across the axis and that the distribution axis may 
be biased. The eruption column may spread in a con-
centric circular shape around the crater with very weak 
wind. In these cases, ashfall distribution analysis by the 
EAI is possible, but the accuracy of the EAI volume may 
decrease. In small eruptions of the Sakurajima volcano, 
the high- and low-level wind directions are different. 
Therefore, even one eruption may produce ashfall in dif-
ferent directions (Poulidis et al. 2017, 2019). The selection 
of observation locations and analysis techniques must be 
improved in such conditions. In addition, it is necessary 
to calculate on multiple axes when the wind direction 
changes during an eruption, and many observed ashfall 
amount values are required to set them. Fortunately, the 
EAI calculation for a single eruption on June 27, 2018 
could be performed in a simple case with a stable wind 
direction. Further research is needed to obtain cases that 
will be compared with other tephra volume assessment 
methods. This research case shows the potential of the 
EAI method to be applied to eruption analysis and tephra 
fields.
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