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An error analysis on nature and radar system noises in deriving the phase and
group velocities of vertical propagation waves
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A Fourier analysis method has been employed deriving both the phase and group velocities of the atmospheric
and ionospheric waves observed by various radar instruments. In this paper, a simulation is conducted to estimate
errors of the two velocities resulted from the noises of natural background and radar system. The two noises
with various amplification factors are placed into both synthetic data and observations of the MU (Middle- and
Upper-atmosphere) radar for further investigations and validations. It is found that the errors of the phase and
group velocities caused by the system noise are approximately constants, while those by the natural background
noise are generally proportional to the amplification factors. The results confirm that the method can sustain the
influences from natural background and system noises.
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1. Introduction
Various sounding techniques ranging from VLF to UHF

bands are employed to observe the ionospheric waves
(Davies, 1990; Hunsucker, 1991). A Fourier analysis
method has been adapted deriving the phase and group ve-
locities of atmospheric and/or ionospheric waves in data of
the Doppler velocity by the Chung-Li very high frequency
(VHF) radar (Kuo et al., 1993), virtual height (Liu et al.,
1998; Lee et al., 2002), true height by ionosondes (Altadill
et al., 2001), and echo-power by the Middle- and Upper-
atmosphere (MU) radar (Liu et al., 2007). Most of the
studies simply adapted this method focus on calculating the
two velocities and finding the associated mechanisms of the
waves. However, noises of the nature background (the at-
mosphere and/or ionosphere) and of the sounding systems
contributing to the data could easily affect the accuracy in
deriving the phase and group velocities.

On the other hand, scientists examined the electron den-
sity perturbations in incoherent scatter measurements with
the MU radar (Fukao et al., 1993; Oliver et al., 1994, 1995,
1997). These papers report the electron density perturba-
tions showing downward phase propagation and parameters
of the observed perturbations obey the dispersion relation of
atmospheric gravity waves.

In this paper, based on the characteristic of incoherent
scattering observations of the MU radar, a synthetic data is
generated to investigate errors in the wave propagation by
using the Fourier analysis. Simulations with various ampli-
fication factors of the natural background and/or sounding
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system noises smearing both the synthetic wave packet and
the observation are used to estimate the associated errors in
the phase and group velocities.

2. Simulation
A simulation is developed to estimate the errors response

to the natural background and/or sounding system noises
and validate the phase and group velocities of the atmo-
spheric gravity waves in the incoherent scattering echo-
power observation by the MU radar reported by Liu et al.
(2007). Figure 1 shows the temporal variations of the MU
radar echo-power from 384 to 411 km height during 0000–
1600 local time (LT) of 17 June 2001, and the associated
phase and group velocities variance at each altitude. Fig-
ure 1(b) displays that the group (phase) velocity is in an up-
ward (downward) and downward (upward) direction above
and below 434–493 (430) km altitude, respectively. Note
that the received power is related to the ionospheric electron
density (Sato et al., 1989; Alcaydė, 1995). The phase and
group velocities at the adjacent altitudes near 398 km are
100.4 (m/sec) upward and 25.8 (m/sec) downward, respec-
tively. Figure 1(d) reveals that a period 224.5 minutes fluc-
tuation exists during 0240–1250 LT with amplitude around
105 (power 109). It is found the associated noises at 398 km
together with its adjacent altitudes to be a normalized Gaus-
sian distribution centering about 0.99 with a half width 0.1
(Fig. 2).

Here, we generate a synthetic data (i.e. wave packet) that
a time series of data at a certain altitude z by a vertical
sounding can be expressed as (for example, Kuo et al.,
1993)

N (z, t) =
n/2∑

j=1

C(ω j ) cos(ω j t − k j z) (1)
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Fig. 1. Observations of incoherent scattering echo-power of the MU radar and the corresponding synthetic data on 17 July 2001. (a) The radar
echo-power at fixed altitudes between 384 and 411 km during 0000–1600 LT (local time). (b) The associated phase (open mark) and group (solid
mark) velocities vs. altitude. (c) Synthetic wave packet at z = 1–7 and t = 1–2000. (d) The selected spectra of the MU radar echo power from 384
to 420 km altitude. The dotted symbols denote the center frequency.

where N is the recorded quantity, n is the number of data
points, C , ω j , and k j are the amplitude, angular frequency,
and vertical wave number of the j th harmonic, respec-
tively. Based on Eq. (1), we generate a wave packet ver-
tically propagating in the ionosphere with dispersion rela-
tion k = 100ω2, center period of the wave packet 200 (time
unit), the angular frequency 0.0314 (1/time unit), the max-
imum amplitude of wave packet 6 (amplitude unit), and the
vertical wave number 0.0986 (1/altitude unit). By defini-
tion, the vertical phase velocity vp of j th harmonic is given
as

vp = ω j

k j
. (2)

To evaluate the group velocity, vg , the different frequencies
closely distributed within the packet must be identified by
successively changing the length of the data from N to N ±
�N , where �N is an integer much smaller than N . Such
a process of consecutive analysis will generate a smooth
relation between the ω j and the k j if the wave packet does
exist. The group velocity is simply derivative of ω j with
respect to k j

vg = dω j

dk j
. (3)

In this synthetic data, the vertical phase and group velocities
are 0.318 and 0.159 (speed unit), respectively. Figure 1(c)
shows the synthetic data at z = 1–7 and t = 1–2000.

For an incoherent scattering observation, the received
echo-power pr returned from a certain altitude z can be
rewritten as (for example see, Davies, 1990)

pr = σ N

z2
× Cpt a = B(z, t) × S(t) (4)

where N is electron density, σ is the effective scattering
cross-section of an electron, a is the antenna aperture (m2),
pt is the rediated power and C is a calibration that takes
into account losses in feeds, effects of side lobes, pulse du-
ration, etc. Note that N , σ and z related to a natural func-
tion B(z, t) which is time and altitude dependent. On the
other hand, C , pt and a related to a system function S(t)
which is time dependent. In general the natural background
and/or system noises could cause errors in deriving radar
observables or parameters. Therefore, the noises exists in
the radar system S(t) and natural environment/background
B(z, t) are time dependent and time/altitude dependent, re-
spectively. Here, we assume that

S(t) = S0 × (1 + Fs × random(t)) (5)



C. C. HSIAO et al.: AN ERROR ANALYSIS ON NOISES IN DERIVING THE PHASE AND GROUP VELOCITIES 913

Fig. 2. The MU radar echo-power and the associated distribution at 398 km altitude. (a) Echo-power (thin line) and its running mean (bold line) with a
1-hour window (i.e. ±30 min) and shifting by 1 minute. (b) The Gaussian distribution of the echo-power.

Fig. 3. The synthetic and observation smeared by the system noises. (a) Synthetic data with Gaussian noise, (b) synthetic data with white noise, (c)
observation with Gaussian noise, and (d) observation with white noise.

and

B(z, t) = B0(z, t) + B0m FB × random(z, t) (6)

where S0 and B0(z, t) are a system constant and the nature
environment functions without the noises, and Fs and FB

are the amplification factors of the associated noises, re-
spectively. B0m represents a reference index which is the
a tenth of maximum value of B0(z, t). Note that, in this
simulation B0(z, t) is expressed by a wave packet N (z, t)
of Eq. (1). The function random (in software Matlab ver-
sion 5.0) returns a value between 0 and 1. To estimate the
error caused by the system (nature background) noise, we

simply combine Eqs. (4)–(6) and let FB = 0 (FS = 0) but
vary FS (FB) from 1 to 10, respectively. Two random func-
tions are adopted to generate the white noise and the noise
with Gaussian distribution (see Fig. 2(b)). Both the system
and natural background with the two noise distributions are
tested with the synthetic and observed data. Figure 3 il-
lustrates the synthetic and observed waves mixed with two
noises with a system amplification factor FS = 10. The
associated errors in the phase and group velocities are sim-
ulated with 100 times for each amplification factor FS from
1 to10. Figure 4 shows that the errors of the group velocities
are larger than those of the phase velocities, and the white
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Fig. 4. Errors of the phase and group velocities computed from Fig. 3. (a) Synthetic with Gaussian noise, (b) synthetic with white noise, (c) observation
with Gaussian noise, and (d) observation with white noise. The box plots of the upper and lower panels show the errors of phase and group velocities,
respectively. The box plots illustrate the median value (solid line) and inter quartile range (bar) estimated by 100 calculations (dot) at various
amplification factors.

noise results in much greater errors than the Gaussian. The
errors of the phase and group velocities in the observation
are much larger than those in the synthetic, respectively. In
general, for the various amplification factors, the errors are
about constants. Note that FS = 1 and FB = 0 is used to
estimate the errors caused by intrinsic noises of MU radar.

Following the similar approach, we evaluate the error
owing to the nature background noise by combining Eqs.
(4)–(6) and giving FS = 0 but varying FB from 1 to 10,
respectively. Figure 5 displays the synthetic and observed
waves mixed with two noises with a background amplifi-
cation factor FB = 10. Similarly, the errors of the group
velocities are larger than those of the phase velocities, and
the white noise results in much greater errors than the Gaus-
sian (Fig. 6). The errors of the phase and group velocities in
the observation are similar to those in the synthetic, respec-
tively. It is interesting to find that the larger background
amplification factors yield the larger errors in the phase and
group velocities.

3. Discussion and Conclusion
It is found that the phase velocities above and below 437

km altitude are in the downward and upward directions, re-
spectively, while the group velocities above and below 434–
493 km altitude are in the upward and downward directions,
respectively (Fig. 1(b)). The group (phase) velocity in the
away and toward direction indicates that the wave origin (or
energy source) is at about 434–493 km altitude where it is

near the F2 peak, upper F2 region. Kelley (1989, 2009) ob-
served some common features in several nights of the mid-
latitude ionosphere at the Arecibo radar observatory. He
reported that the F peak itself displays undulations with a
period of 2 hours and the F layer rose and fell many tens
of kilometers during these long-period oscillations. Kelley
(2009) further cross-examines characteristics of the above
features and those of atmospheric tides, and suggests grav-
ity waves are probable the causal. Similarly, the MU radar
observation shown in this paper reveals the F-layer electron
density undulations with a period of 3–5 hours (about 224.5
minutes). Liu et al. (2007) cross-compare characteristics
observed in this study with those of external factors, such
as traveling ionospheric disturbances, atmospheric gravity
waves, neutral winds, plasma flows, etc. Based on the ob-
served phase velocity and group velocity having opposite
directions Hines (1960), they also propose that the pro-
nounced signature is likely to be caused by atmospheric
gravity waves. Although, possible causal mechanism might
not be yet fully indentified, we focus on error analyses on
nature and radar system noises in deriving the phase and
group velocities of vertical propagation waves by using the
Fourier analysis.

Results show that the error percents of the group veloci-
ties are greater than those of the phase velocities. Note that
to derive the phase velocity we need to calculate the vertical
wave number by differentiating the phase with respect to the
altitude and dividing the center harmonic angular frequency
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Fig. 5. The synthetic and observation smeared by the natural background noises. (a) Synthetic with Gaussian noise, (b) synthetic with white noise, (c)
observation with Gaussian noise, and (d) observation with white noise.

Fig. 6. Errors of the phase and group velocities calculated from Fig. 5. (a) Synthetic with Gaussian noise, (b) synthetic with white noise, (c) observation
with Gaussian noise, and (d) observation with white noise.
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by the vertical wave number. The error of the vertical wave
number could result in that of phase velocity. In calculation
of the group velocity, it needs further differentiating the an-
gular frequency with respect to the vertical wave number.
It might be due to two derivative processes instead of one,
the errors of the group velocities are larger than those of the
phase velocities.

Figures 4 and 6 reveal that for both the synthetic data
and observation, the errors of the two velocities caused by
the system noise are about constants (i.e. the amplification
factor independent), while those by the natural background
noise are generally proportional to the amplification fac-
tors. Note that the received signal is the product of transmit-
ted power (modulated by the system) and the atmospheric
medium (wave packet with natural background noise). It
is clear that when the natural background is getting noisy,
the associated random noise fluctuation starts growing, even
competing with the wave packet amplitude. Because the
natural background noise is a random function of space and
time, the phase relationships between the adjacent altitudes
are disturbed and become less correlated, which results in
the errors of the two velocities increasing with the ampli-
fication factor of natural noise accordingly. On the other
hand, the system noise is simply a random function of time,
and therefore the transmitted power together with its noise
gives an equal weighting to each altitude, which preserves
the phase relationships along the altitude. Therefore, the
errors of the two velocities remain about constants and not
functions of the amplification factor of the system noise.

It is found that for the system noise simulations, the er-
rors of phase and group velocities in the observation are
much larger than those in the synthetic data (Fig. 4), while
for the natural background noise simulations the errors of
phase and group velocities in the synthetic data and obser-
vation are similar, respectively (Fig. 6). The received radar
signal is the product of its transmitted power and the atmo-
spheric medium (Eq. (4)). Since the atmospheric medium
inhabits some natural background noise, if the system noise
further smears, the errors in the two velocities in the ob-
servations could be much larger than those in the synthetic
data (Figs. 3 and 4). By contrast, for the natural back-
ground noise simulations (Fig. 5), since no system noise is
involved, the phase and group velocities in the observation
and the synthetic data are similar, respectively (Fig. 6).

Both the white noise and noise with Gaussian distribu-
tion are examined. It is found that either in the nature back-
ground or system noise simulation, the Gaussian distribu-
tion constantly yields the smaller errors of the two veloci-
ties than the white noise does. Note that a small value of
the half width in Gaussian distribution, the random func-
tion issues numbers about a constant, while the white noise
function randomly gives the numbers. Therefore, the Gaus-
sian distribution contributes similar amplitude of the noise
fluctuations to the wave packet, which results in the smaller
errors of the two velocities.

Since the system noise is not a function of altitude, the

phase of the observed waves at each altitude can be pre-
served, and therefore the accuracy in the phase and group
velocities won’t be seriously impacted. By contrast, the
nature background noise at each altitude could be rather
random, which can significantly disturb the phase at each
altitude. Consequently, the associated random errors con-
tributed by the nature background noise would severely af-
fect the accuracy of phase and group velocities. In con-
clusion, when the system noises is under a Gaussian dis-
tribution, and the nature background noise level is rela-
tively low, the Fourier analysis is capable to correctly derive
the phase and group velocities of pronounced atmospheric
and/or ionospheric waves.
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